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EMBEDDING THEOREM FOR BESOV–MORREY TYPE

SPACES AND VOLTERRA INTEGRAL OPERATORS

DAN QU AND XIANGLING ZHU ∗

(Communicated by T. Burić)

Abstract. A family of Besov-Morrey type spaces in the open unit disc are introduced in this
paper. The boundedness of the embedding from Besov-Morrey type spaces to a class tent spaces
is studied. As an application, the boundedness, compactness and essential norm of the Volterra
integral operator from Besov-Morrey type spaces to a general function space are investigated.

1. Introduction

Let D be the open unit disc in the complex plane and H(D) be the set of all
analytic functions in D . Let 0 < s < 1 < p < ∞ . A function f ∈ H(D) belongs to the
Besov type space Bp(s) if

‖ f‖p
Bp(s)

= | f (0)|p +
∫

D

| f ′(z)|p(1−|z|2)p−2+sdA(z) < ∞,

where dA denotes the normalized area measure on D . The space Bp(0) is just the
classical Besov space, which always denoted by Bp .

Let 0 < p < ∞ , −2 < q < ∞ and 0 � s < ∞ . A function f ∈ H(D) belongs to the
general function space F(p,q,s) , if

‖ f‖p
F(p,q,s) = | f (0)|p + sup

a∈D

∫
D

| f ′(z)|p(1−|z|2)q(1−|σa(z)|2)sdA(z) < ∞,

where σa(z) = a−z
1−az is a Möbius map that interchanges 0 and a . The space F(p,q,s)

was introduced by Zhao in [23]. When q+ s > −1, the space F(p,q,s) is nontrivial.
F(2,0,1) = BMOA , the space of analytic functions of bounded mean oscillation. When
s = 0 and q > −1, F(p,q,s) is called Dirichlet type space and always denoted by Dp

q .
When q = p−2 and s = 0, F(p, p−2,0) is the Besov space Bp . A function f ∈H(D)
is said to belong to the space F0(p,q,s) if

lim
|a|→1

∫
D

| f ′(z)|p(1−|z|2)q(1−|σa(z)|2)sdA(z) = 0.
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Let g ∈ H(D) . The Volterra integral operator Tg induced by g is defined by

Tg f (z) =
∫ z

0
f (ζ )g′(ζ )dζ , f ∈ H(D), z ∈ D.

In [13], Pommerenke showed that Tg is bounded on H2 if and only if g ∈ BMOA . In
[1], the authors proved that Tg is bounded on Hp(p � 1) if and only if g∈ BMOA . The
operator Tg has attracted the attention of many authors. See [1, 2, 4, 5, 6, 9, 8, 7, 10,
12, 14, 15, 16, 17, 18, 22] and the references therein for more results of the operator
Tg .

Throughout this paper, let K : [0,∞) → [0,∞) be a nondecreasing and right-conti-
nuous function, not identically zero. Without losing generality, we assume that K sat-
isfies (see [21]): ∫ 1

0

ϕK(x)
x

dx < ∞ (1)

and ∫ ∞

1

ϕK(x)
x1+δ dx < ∞, δ > 0, (2)

where

ϕK(x) = sup
0<s�1

K(sx)
K(s)

, 0 < x < ∞.

In [18], Sun and Wulan defined a Dirichlet-Morrey type space D s
K for 1 � s < ∞ , which

consisting of all f ∈ H(D) such that

‖ f‖2
D s

K
= | f (0)|2 + sup

a∈D

(1−|a|2)s

K(1−|a|2)‖ f ◦σa− f (a)‖2
D2

s
< ∞.

They found the sufficient and necessary conditions of the boundedness for the identity
operator Id from D s

K to a tent space T s
K (μ) and characterized the boundedness and

compactness of the operator Tg on D s
K .

Let 0 < s,λ < 1 < p < ∞ . In [22], Yang and Zhu introduced the Besov-Morrey
space, denoted by Bλ

p (s) , which consisting of all f ∈ H(D) such that

‖ f‖p
Bλ

p (s)
= | f (0)|p + sup

a∈D

(1−|a|2)s(1−λ )‖ f ◦σa− f (a)‖p
Bp(s)

< ∞.

They found the sufficient and necessary conditions for the identity operator Id to be
bounded from Bλ

p (s) to a tent space and characterized the boundedness and essential

norm of the operator Tg from Bλ
p(s) to a function space.

Inspired by [18, 22], here we define a new Besov-Morrey type space BK
p (s) as

follows. Let 0 < s < 1 < p < ∞ . The Besov-Morrey type space BK
p (s) is the space of

all f ∈ H(D) such that

‖ f‖p
BK

p (s) = | f (0)|p + sup
a∈D

(1−|a|2)s

K(1−|a|2)‖ f ◦σa− f (a)‖p
Bp(s)

< ∞.



BESOV-MORREY TYPE SPACES AND VOLTERRA INTEGRAL OPERATORS 1663

If K(t) = tsλ and 0 < s,λ < 1, then BK
p (s) = Bλ

p(s) , and if p = 2, then BK
p (s) = D s

K .
Let 0 � α < ∞ , 0 < q < ∞ and μ be a positive Borel measure on D . The space

T q,α
K (μ) consists of all measure functions f for which

‖ f‖q
T

q,α
K (μ)

= sup
I⊂∂D

1
(K(|I|))α

∫
S(I)

| f (z)|qdμ(z) < ∞.

The paper is organized as follows. In Section 2, some basic properties of Besov-
Morrey type spaces BK

p (s) are given. In Section 3, we study the boundedness of the

embedding mapping Id from BK
p (s) to T

q, q
p

K (μ) . As an application, the boundedness,
compactness and the essential norm of the Volterra integral operator Tg from BK

p (s)
into a general function space are discussed in Section 4.

In the whole paper, we say that f � g if there exists a constant C such that f �Cg .
The symbol f ≈ g means that f � g � f .

2. Some basic properties

In this section, some basic properties of the space BK
p (s) are given.

PROPOSITION 1. Let 0 < s < 1 < p < ∞ . Then BK
p (s) ⊆ Bp(s) . Moreover,

BK
p (s) = Bp(s) if and only if K(0) > 0 .

Proof. Let f ∈ BK
p (s) . Making a change of variable w = σa(z) , we get

∞ > sup
a∈D

(1−|a|2)s

K(1−|a|2)‖ f ◦σa− f (a)‖p
Bp(s)

= sup
a∈D

(1−|a|2)s

K(1−|a|2)
∫

D

|( f ◦σa)′(z)|p(1−|z|2)p−2+sdA(z)

= sup
a∈D

(1−|a|2)s

K(1−|a|2)
∫

D

| f ′(w)|p(1−|w|2)p−2(1−|σa(w)|2)sdA(w)

= sup
a∈D

(1−|a|2)s

K(1−|a|2)
∫

D

| f ′(w)|p(1−|w|2)p−2+s (1−|a|2)s

|1− aw|2s dA(w)

� 1
K(1)

∫
D

| f ′(w)|p(1−|w|2)p−2+sdA(w).

So f ∈ Bp(s) , that is, BK
p (s) ⊆ Bp(s) .

Next, we prove that BK
p (s) = Bp(s) if and only if K(0) > 0. First, we assume that

f ∈ Bp(s) and K(0) > 0. Using the monotonicity of K , we get

sup
a∈D

(1−|a|2)s

K(1−|a|2)‖ f ◦σa− f (a)‖p
Bp(s)

� sup
a∈D

1
K(0)

∫
D

| f ′(z)|p(1−|z|2)p−2+s (1−|a|2)2s

|1−az|2s dA(z)

�
∫

D

| f ′(z)|p(1−|z|2)p−2+sdA(z) < ∞.



1664 D. QU AND X. ZHU

Therefore, f ∈ BK
p (s) . Furthermore, BK

p (s) = Bp(s) .
Conversely, assume that BK

p (s) = Bp(s) . For any γ ∈ D , consider the function

fγ (z) =
∫ z

0

(1−|γ|2)dw

(1− γw)2+ s
p
, z ∈ D.

Applying Lemma 3.10 in [24], we get

‖ fγ‖p
Bp(s)

=
∫

D

| f ′γ (z)|p(1−|z|2)p−2+sdA(z)

=
∫

D

(1−|γ|2)p

|1− γ z|2p+s (1−|z|2)p−2+sdA(z) � 1.

Thus, fγ ∈ Bp(s) . For a ∈ D and r > 0, let D(a,r) denote the Bergman metric disk
centered at a with radius r , i.e., D(a,r) = {z ∈ D : β (a,z) < r} . Then

∞ > ‖ fγ‖p
Bp(s)

= ‖ fγ‖p
BK

p (s)

= sup
a∈D

(1−|a|2)s

K(1−|a|2)
∫

D

| f ′γ (z)|p(1−|z|2)p−2(1−|σa(z)|2)sdA(z)

� (1−|γ|2)s

K(1−|γ|2)
∫

D

| f ′γ (z)|p(1−|z|2)p−2(1−|σγ(z)|2)sdA(z)

� (1−|γ|2)p+2s

K(1−|γ|2)
∫

D(γ,r)

(1−|z|2)p−2+s

|1− γ z|2p+3s dA(z)

≈ 1
K(1−|γ|2) ,

which implies that K(0) > 0. �

PROPOSITION 2. Let 0 < s < 1 < p < ∞ . Then BK
p (s) = F(p, p−2,s) if and only

if K(x) ≈ xs .

Proof. Since

‖ f‖p
F(p,p−2,s) = sup

a∈D

‖ f ◦σa− f (a)‖p
Bp(s)

� sup
a∈D

K(1−|a|2)
(1−|a|2)s ‖ f‖p

BK
p (s)

and

‖ f‖p
BK

p (s) � sup
a∈D

(1−|a|2)s

K(1−|a|2)‖ f‖p
F(p,p−2,s),

the desired result follows immediately. �

LEMMA 1. [11] Let s,t > 0 , r > −1 and s+ t− r > 2 . If t < 2+ r < s, then

∫
D

(1−|z|2)r

|1− az|s|1− bz|t
dA(z) � 1

(1−|a|2)s−r−2|1− ab|t , a,b ∈ D.
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LEMMA 2. [18] Let 0 < α � β < ∞ and K satisfy (2) for some δ > 0 . Then for
sufficiently small positive constants c < δ ,

K(β )
K(α)

�
(

β
α

)δ−c

�
(

β
α

)δ
.

PROPOSITION 3. Let 0 < s < 1 < p < ∞ , γ ∈ D and K satisfy (2) for some
δ ∈ (0,2s) . Then the function

fγ (z) =
(

(1−|γ|2)sK(1−|γ|2)
(1− γ z)2s

) 1
p

, z ∈ D,

belongs to BK
p (s) .

Proof. Using Lemmas 1 and 2, we have that

‖ fγ‖p
BK

p (s) = sup
a∈D

(1−|a|2)s

K(1−|a|2)
∫

D

| f ′γ (z)|p(1−|z|2)p−2(1−|σa(z)|2)sdA(z)

� sup
a∈D

(1−|a|2)2sK(1−|γ|2)(1−|γ|2)s

K(1−|a|2)
∫

D

(1−|z|2)p−2+s

|1− γ z|2s+p|1− az|2s dA(z)

� sup
a∈D

(1−|a|2)2sK(1−|γ|2)(1−|γ|2)s

K(1−|a|2)
1

(1−|γ|2)s|1− aγ|2s

� sup
a∈D

K(|1− aγ|)
K(1−|a|2)

(
1−|a|2
|1− aγ|

)2s

� sup
a∈D

(
1−|a|2
|1− aγ|

)2s−δ

� 1,

which means that fγ ∈ BK
p (s) . �

PROPOSITION 4. Let 0 < s < 1 < p < ∞ and K satisfy (2) for some δ ∈ (0,s) .
Then for any f ∈ BK

p (s) ,

| f (a)− f (0)| �
(

K(1−|a|2)
(1−|a|2)s

) 1
p

‖ f‖BK
p (s), a ∈ D.

Proof. For a ∈ D and r > 0, from [24] we see that

(1−|a|2)2

|1− az|4 ≈ 1
(1−|z|2)2 ≈ 1

(1−|a|2)2 ,
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when z ∈ D(a,r) . Hence,

| f ′(a)|p � 1
(1−|a|2)p

∫
D(a,r)

| f ′(z)|pdAp−2(z)

� 1
(1−|a|2)p

∫
D(a,r)

| f ′(z)|p(1−|z|2)p−2(1−|σa(z)|2)sdA(z)

� K(1−|a|2)
(1−|a|2)p+s ‖ f‖p

BK
p (s).

Therefore,

| f ′(a)| � K
1
p (1−|a|2)

(1−|a|2) s
p+1

‖ f‖BK
p (s).

By Lemma 2, there exists a constant c ∈ (0,s− δ ) such that

| f (a)− f (0)| =
∣∣∣∣a
∫ 1

0
f ′(az)dz

∣∣∣∣� ‖ f‖BK
p (s)

∫ 1

0

|a|K 1
p (1−|az|2)

(1−|az|2) s
p +1

dz

� ‖ f‖BK
p (s)

K
1
p (1−|a|2)

(1−|a|2) δ−c
p

∫ 1

0
(1−|az|) δ−c−s

p −1|a|dz

�
(

K(1−|a|2)
(1−|a|2)s

) 1
p

‖ f‖BK
p (s).

This finishes the proof. �
For any arc I ⊂ ∂D , let |I| = 1

π
∫
I |dξ | be the normalized arc length of I and

S(I) = {z = reiθ ∈ D : 1−|I|� r < 1,eiθ ∈ I}

be the Carleson box based on I . We say that a positive Borel measure μ on D is a
K -Carleson measure if (see [18])

‖μ‖K = sup
I⊂∂D

μ(S(I))
K(|I|) < ∞.

Let 0 < s < ∞ . If we choose K(t) = ts , then μ is an s-Carleson measure and

‖μ‖s = sup
I⊂∂D

μ(S(I))
|I|s .

LEMMA 3. [18] Suppose K satisfies (2) for some δ ∈ (0,2) . μ is a K -Carleson
measure if and only if

sup
a∈D

1
K(1−|a|2)

∫
D

(
1−|a|2
|1− az|

)t

dμ(z) < ∞, δ � t < ∞.



BESOV-MORREY TYPE SPACES AND VOLTERRA INTEGRAL OPERATORS 1667

PROPOSITION 5. Let 0 < s < 1 < p < ∞ , f ∈ H(D) , K satisfy (2) for some
δ ∈ (0,2s) . Then f ∈ BK

p (s) if and only if

sup
I⊂∂D

1
K(|I|)

∫
S(I)

| f ′(z)|p(1−|z|2)p−2+sdA(z) < ∞.

Proof. Given any arc I ⊂ ∂D , let a = (1−|I|)ξ , where ξ is the centre of I . We
have

|1− az| ≈ 1−|a|2 ≈ |I|, z ∈ S(I).

Let dμ f (z) = | f ′(z)|p(1−|z|2)p−2+sdA(z) . By Lemma 3,

‖ f‖p
BK

p (s) ≈ sup
a∈D

(1−|a|2)s

K(1−|a|2)‖ f ◦σa− f (a)‖p
Bp(s)

= sup
a∈D

1
K(1−|a|2)

∫
D

| f ′(z)|p(1−|z|2)p−2+s
(

1−|a|2
|1− az|

)2s

dA(z).

= sup
a∈D

1
K(1−|a|2)

∫
D

(
1−|a|2
|1− az|

)2s

dμ f (z)

≈ sup
I⊂∂D

μ f (S(I))
K(|I|)

= sup
I⊂∂D

1
K(|I|)

∫
S(I)

| f ′(z)|p(1−|z|2)p−2+sdA(z).

Then the desired result immediately follows. �

3. Embedding map from BK
p (s) to T

q, q
p

K (μ)

In this section, we will consider the boundedness of the identity operator Id :

BK
p (s) → T

q, q
p

K (μ) .

LEMMA 4. [3] Let 1 < p < ∞ , s > −1,t � 0 such that t < 2+ s. If f ∈ H(D) ,
then ∫

D

| f (z)− f (0)|p (1−|z|2)s

|1−wz|t dA(z) �
∫

D

| f ′(z)|p (1−|z|2)s+p

|1−wz|t dA(z), w ∈ D.

THEOREM 1. Let 0 < s < 1 < p < q < ∞ , μ be a positive Borel measure on D ,

and K satisfy (2) for some δ ∈ (0,s) . Then the identity operator Id : BK
p (s)→T

q, q
p

K (μ)
is bounded if and only if μ is a qs

p -Carleson measure.

Proof. First we assume that Id : BK
p (s) → T

q, q
p

K (μ) is bounded. For I ⊂ ∂D , let
ξ be the center of I and γ = (1−|I|)ξ . It is known that

|1− γ z| ≈ 1−|γ|2 ≈ |I|, z ∈ S(I).
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Using the function fγ , given in Proposition 3, we get

μ(S(I))

|I| qs
p

≈ 1

K
q
p (|I|)

∫
S(I)

| fγ (z)|qdμ(z) � ‖ fγ‖q

T
q,

q
p

K (μ)
� ‖ fγ‖q

BK
p (s) < ∞,

which implies that μ is a qs
p -Carleson measure.

Conversely, let μ be a qs
p -Carleson measure and f ∈ BK

p (s) . For any I ⊂ ∂D , let
ξ be the center of I and a = (1−|I|)ξ , we have

1

K
q
p (|I|)

∫
S(I)

| f (z)|qdμ(z)

� 1

K
q
p (|I|)

∫
S(I)

| f (a)|qdμ(z)+
1

K
q
p (|I|)

∫
S(I)

| f (z)− f (a)|qdμ(z)

=G1 +G2.

By Proposition 4, | f (a)| �
(

K(1−|a|2)
(1−|a|2)s

) 1
p ‖ f‖BK

p (s). Hence

G1 =
1

K
q
p (|I|)

∫
S(I)

| f (a)|qdμ(z)

� 1

K
q
p (|I|)

∫
S(I)

(
K(|I|)
|I|s

) q
p

‖ f‖q
BK

p (s)dμ(z) � ‖ f‖q
BK

p (s).

By the assumption that μ is a qs
p -Carleson measure, we know that the identity operator

Id : Bp(s) → Lq(μ) is bounded (see [5]). According the Proposition 1, we see that
Id : BK

p (s) → Lq(μ) is also bounded. We have

G2 =
1

K
q
p (|I|)

∫
S(I)

| f (z)− f (a)|qdμ(z)

� (1−|a|2) 2qs
p

K
q
p (1−|a|2)

∫
S(I)

∣∣∣∣∣ f (z)− f (a)

(1− az)
2s
p

∣∣∣∣∣
q

dμ(z)

�
(

(1−|a|2)2s

K(1−|a|2)
∫

D

∣∣∣∣∣ d
dz

f (z)− f (a)

(1− az)
2s
p

∣∣∣∣∣
p

(1−|z|2)p−2+sdA(z)

) q
p

.

Since

d
dz

f (z)− f (a)

(1− az)
2s
p

=
f ′(z)(1− az)

2s
p + a( 2s

p )( f (z)− f (a))(1− az)
2s
p −1

(1− az)
4s
p

,

we deduce that G2 � (Q+ J)
q
p , where

Q =
(1−|a|2)2s

K(1−|a|2)
∫

D

| f ′(z)|p
|1− az|2s (1−|z|2)p−2+sdA(z)
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and

J =
(1−|a|2)2s

K(1−|a|2)
∫

D

| f (z)− f (a)|p
|1− az|2s+p (1−|z|2)p−2+sdA(z).

Clearly,

Q =
(1−|a|2)s

K(1−|a|2)
∫

D

| f ′(z)|p(1−|z|2)p−2(1−|σa(z)|2)sdA(z) � ‖ f‖p
BK

p (s).

Making the change of variable w = σa(z) , by Lemma 4 we obtain

J =
(1−|a|2)2s

K(1−|a|2)
∫

D

| f (z)− f (a)|p
|1− az|2s+p (1−|z|2)p−2+sdA(z)

=
1

K(1−|a|2)
∫

D

| f ◦σa(w)− f ◦σa(0)|p (1−|w|2)p−2+s(1−|a|2)s

|1− aw|p dA(w)

� 1
K(1−|a|2)

∫
D

|( f ◦σa)′ (w)|p (1−|w|2)2p−2+s(1−|a|2)s

|1− aw|p dA(w)

=
1

K(1−|a|2)
∫

D

| f ′ (σa(w)) |p(1−|σa(w)|2)p (1−|w|2)p−2+s(1−|a|2)s

|1− aw|p dA(w)

=
1

K(1−|a|2)
∫

D

| f ′(z)|p(1−|z|2)p (1−|σa(z)|2)p−2+s(1−|a|2)s

|1− aσa(z)|p
(1−|a|2)2

|1− az|4 dA(z)

=
(1−|a|2)s

K(1−|a|2)
∫

D

| f ′(z)|p (1−|z|2)2p−2+s(1−|a|2)s

|1− az|p+2s dA(z)

=
(1−|a|2)s

K(1−|a|2)
∫

D

| f ′(z)|p (1−|z|2)2p−2+s(1−|a|2)s

|1− az|p+2s dA(z)

� (1−|a|2)s

K(1−|a|2)
∫

D

| f ′(z)|p(1−|z|2)p−2(1−|σa(z)|2)sdA(z)

� ‖ f‖p
BK

p (s).

Hence, G2 � ‖ f‖q
BK

p (s). Therefore,

| f‖
T

q,
q
p

K (μ)
� ‖ f‖BK

p (s)

for all f ∈ BK
p (s) , which implies the desired result. �

4. Integral operator Tg

Let 0 < p < ∞ , −2 < q < ∞ , 0 � s,t,r < ∞ and f ∈H(D) . We say that f belongs
to the space FK(p,q,s,t,r) if

‖ f‖p
FK(p,q,s,t,r) = | f (0)|p + sup

a∈D

(
(1−|a|2)t
K(1−|a|2)

)r ∫
D

| f ′(z)|p(1−|z|2)q(1−|σa(z)|2)sdA(z)

< ∞.
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It is easy to see that FK(p,q,s,t,r) is a Banach space when p � 1 under the above
norm. Moreover, FK(p,q,s,t,r) = F(p,q,s) when k(α) = αt .

In this section, using Theorem 1, we characterize the boundedness, compactness
and essential norm of the Volterra operator Tg : BK

p (s) → FK(q,q−2,qs/p,s,q/p) .

THEOREM 2. Let g ∈ H(D) , 0 < s < 1 < p < q < ∞ and K satisfy (2) for some
δ ∈ (0,s) . Then the operator Tg : BK

p (s) → FK(q,q−2,qs/p,s,q/p) is bounded if and
only if

g ∈ F(q,q−2,qs/p).

Proof. Assume that Tg : BK
p (s) → FK(q,q− 2,qs/p,s,q/p) is bounded. For any

I ⊂ ∂D , let ξ be the midpoint of I and γ = (1−|I|)ξ . Set

fγ (z) =
(

(1−|γ|2)sK(1−|γ|2)
(1− γ z)2s

) 1
p

, z ∈ D.

Then by Proposition 4, we have that fγ ∈ BK
p (s) and ‖ fγ‖BK

p (s) � 1. Thus,

‖Tg fγ‖FK(q,q−2,qs/p,s,q/p) � ‖Tg‖‖ fγ‖BK
p (s) � ‖Tg‖.

We have

∞ > ‖Tg fγ‖q
FK(q,q−2,qs/p,s,q/p)

= sup
a∈D

(
(1−|a|2)s

K(1−|a|2)
) q

p ∫
D

|(Tg fγ )′(z)|q(1−|z|2)q−2(1−|σa(z)|2)
qs
p dA(z)

�
(

(1−|γ|2)s

K(1−|γ|2)
) q

p ∫
D

| fγ (z)|q|g′(z)|q(1−|z|2)q−2(1−|σγ(z)|2)
qs
p dA(z)

� 1

(K(|I|)) q
p

∫
S(I)

(K(|I|)) q
p

|I| qs
p

|g′(z)|q(1−|z|2)q−2+ qs
p dA(z)

=
1

|I| qs
p

∫
S(I)

|g′(z)|q(1−|z|2)q−2+ qs
p dA(z),

which implies that g ∈ F(q,q−2,qs/p) .
Conversely, suppose that g ∈ F(q,q−2,qs/p) . From [23] we obtain

‖g‖q
F(q,q−2, qs

p ) ≈ sup
a∈D

∫
D

|g′(z)|q(1−|z|2)q−2(1−|σa(z)|2)
qs
p dA(z)

≈ sup
I⊂∂D

1

|I| qs
p

∫
S(I)

|g′(z)|q(1−|z|2)q−2+ qs
p dA(z)

≈ sup
I⊂∂D

μg(S(I))

|I| qs
p

,
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which means that μg is a qs
p -Carleson measure. Here μg = |g′(z)|q(1−|z|2)q−2+ qs

p dA(z).

By Theorem 1, the identity operator Id : BK
p (s)→T

q, q
p

K (μg) is bounded. Let f ∈BK
p (s) .

We get

‖Tg f‖q
FK(q,q−2,qs/p,s,q/p)

=sup
a∈D

(
(1−|a|2)s

K(1−|a|2)
) q

p ∫
D

| f (z)|q|g′(z)|q(1−|z|2)q−2(1−|σa(z)|2)
qs
p dA(z)

=sup
a∈D

(
(1−|a|2)s

K(1−|a|2)
) q

p ∫
D

| f (z)|q|g′(z)|q(1−|z|2)q−2+ qs
p

(1−|a|2) qs
p

|1− az| 2qs
p

dA(z)

≈ sup
I⊂∂D

1

(K(|I|)) q
p

∫
S(I)

| f (z)|q|g′(z)|q(1−|z|2)q−2+ qs
p dA(z)

≈ sup
I⊂∂D

1

(K(|I|)) q
p

∫
S(I)

| f (z)|qdμg(z)

=‖ f‖q

T
q,

q
p

K (μg)
� ‖ f‖q

BK
p (s)‖g‖

q
F(q,q−2, qs

p ) < ∞.

Therefore Tg : BK
p (s) → FK(q,q−2,qs/p,s,q/p) is bounded. �

Finally, we give an estimation for the essential norm of Tg . Recall that the essential
norm of T : X → Y is defined by

‖T‖e,X→Y = inf
K
{‖T −K‖X→Y : K is a compact operator from X to Y },

where (X ,‖ · ‖X) and (Y,‖ · ‖Y ) are Banach spaces and T : X → Y is a bounded linear
operator. It is clear that T : X →Y is compact if and only if ‖T‖e,X→Y = 0. For a closed
subspaces A of X , given f ∈ X , the distance from f to A , denoted by distX( f ,A) , is
defined by distX ( f ,A) = infg∈A ‖ f −g‖X .

LEMMA 5. [12] Let 1 < q < ∞ , 0 < α < ∞ . If g ∈ F(q,q−2,α) , then

distF(q,q−2,α)(g,F0(q,q−2,α))≈ limsup
r→1−

‖g−gr‖F(q,q−2,α)

≈ limsup
|a|→1

(∫
D

|g′(z)|q(1−|z|2)q−2(1−|σa(z)|2)αdA(z)
) 1

q

.

Here gr(z) = g(rz) , 0 < r < 1 , z ∈ D.

Similarly to the proof of Lemma 5 in [22], we have the following result.

LEMMA 6. Let 0 < s < 1 < p < q < ∞ and K satisfy (2) for some δ ∈ (0,s) .
If 0 < r < 1 and g ∈ F(q,q−2,qs/p) , then Tgr : BK

p (s) → FK(q,q−2,qs/p,s,q/p) is
compact.
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THEOREM 3. Let g ∈ H(D) , 0 < s < 1 < p < q < ∞ and K satisfy (2) for some
δ ∈ (0,s) . If Tg : BK

p (s) → FK(q,q−2,qs/p,s,q/p) is bounded, then

‖Tg‖e,BK
p (s)→FK(q,q−2,qs/p,s,q/p) ≈ distF(q,q−2,qs/p) (g,F0(q,q−2,qs/p)).

Proof. Let {In} ⊂ ∂D and limn→∞ |In| = 0. Suppose eiθn is the center of In and
cn = (1−|In|)eiθn . For each n , let

fn(z) =
(

(1−|cn|2)sK(1−|cn|2)
(1− cnz)2s

) 1
p

.

Then fn is bounded in BK
p (s) and { fn} converges to zero uniformly on every compact

subsets of D . Given a compact operator K : BK
p (s) → FK(q,q−2,qs/p,s,q/p) . Using

Lemma 2.10 in [19], we have limn→∞ ‖K fn‖FK(q,q−2,qs/p,s,q/p) = 0. So

‖Tg −K‖ � limsup
n→∞

‖(Tg −K) fn‖FK(q,q−2,qs/p,s,q/p)

� limsup
n→∞

(
‖Tg fn‖FK(q,q−2,qs/p,s,q/p) −‖K fn‖FK(q,q−2,qs/p,s,q/p)

)
= limsup

n→∞
‖Tg fn‖FK(q,q−2,qs/p,s,q/p)

� limsup
n→∞

((
(1−|cn|2)s
K(1−|cn|2)

) q
p ∫

D

| fn(z)|q|g′(z)|q(1−|z|2)q−2(1−|σcn(z)|2)
qs
p dA(z)

) 1
q

� limsup
n→∞

(
1

|In|
qs
p

∫
S(In)

|g′(z)|q(1−|z|2)q−2+ qs
p dA(z)

) 1
q

,

which implies that

‖Tg‖e,BK
p (s)→FK(q,q−2,qs/p,s,q/p) � limsup

n→∞

(
1

|In|
qs
p

∫
S(In)

|g′(z)|q(1−|z|2)q−2+ qs
p dA(z)

) 1
q

.

By Lemma 5 and the arbitrariness of n , we have

‖Tg‖e,BK
p (s)→FK(q,q−2,qs/p,s,q/p) � distF(q,q−2,qs/p) (g,F0(q,q−2,qs/p)).

On the other hand, by Lemma 6, we see that Tgr : BK
p (s)→FK(q,q−2,qs/p,s,q/p)

is compact. Then

‖Tg‖e,BK
p (s)→FK(q,q−2,qs/p,s,q/p) � ‖Tg−Tgr‖ = ‖Tg−gr‖

≈ ‖g−gr‖F(q,q−2,qs/p).

Using Lemma 5 again, we obtain

‖Tg‖e,BK
p (s)→FK(q,q−2,qs/p,s,q/p) � limsup

r→1−
‖g−gr‖F(q,q−2, qs

p )

≈ distF(q,q−2,qs/p) (g,F0(q,q−2,qs/p)).
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The proof is complete. �
The following result can be directly obtained by Theorem 3.

COROLLARY 1. Let g ∈ H(D) , 0 < s < 1 < p < q < ∞ and K satisfy (2) for
some δ ∈ (0,s) . Then the operator Tg : BK

p (s) → FK(q,q−2,qs/p,s,q/p) is compact
if and only if g ∈ F0 (q,q−2,qs/p).
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[11] J. ORTEGA AND J. FÀBREGA, Pointwise multipliers and corona type decomposition in BMOA , Ann.
Inst. Fourier (Grenoble) 46 (1996), 111–137.

[12] J. PAU AND R. ZHAO, Carleson measures, Riemann-Stieltjes and multiplication operators on a gen-
eral family of function spaces, Integral Equ. Operator Theory 78 (2014), 483–514.

[13] C. POMMERENKE, Schlichte Funktionen und analytische Funktionen von beschrankter mittlerer Os-
zillation, Comment. Math. Helv. 52 (1997), 591–602.

[14] R. QIAN AND S. LI, Volterra type operators on Morrey type spaces, Math. Inequal. Appl. 18 (2015),
1589–1599.

[15] R. QIAN AND X. ZHU, Embedding of Qp spaces into tent spaces and Volterra integral operator,
AIMS Math. 6 (2020), 698–711.

[16] C. SHEN, Z. LOU AND S. LI, Embedding of BMOAlog into tent spaces and Volterra integral opera-
tors, Comput. Meth. Funct. Theory 20 (2020), 217–234.

[17] Y. SHI AND S. LI, Essential norm of integral operators on Morrey type spaces, Math. Inequal. Appl.
19 (2016), 385–393.

[18] F. SUN AND H. WULAN, Characterizations of Morrey type spaces, Canad. Math. Bull. 65 (2022),
328–344.

[19] M. TJANI, Compact composition operators on some Möbius invariant Banach spaces, Michigan State
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