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EMBEDDING THEOREM FOR BESOV-MORREY TYPE
SPACES AND VOLTERRA INTEGRAL OPERATORS

DAN QU AND XIANGLING ZHU*

(Communicated by T. Buric)

Abstract. A family of Besov-Morrey type spaces in the open unit disc are introduced in this
paper. The boundedness of the embedding from Besov-Morrey type spaces to a class tent spaces
is studied. As an application, the boundedness, compactness and essential norm of the Volterra
integral operator from Besov-Morrey type spaces to a general function space are investigated.

1. Introduction

Let D be the open unit disc in the complex plane and H (D) be the set of all
analytic functions in . Let 0 < s < 1 < p < eo. A function f € H(ID) belongs to the
Besov type space B)(s) if

111, 5) = |f(0)|p+/D\f’(Z)l”(1 —[2)P A () < e,

where dA denotes the normalized area measure on ). The space B,(0) is just the
classical Besov space, which always denoted by B,,.

Let 0 < p<oo, —2<g<o and 0 < s <eo. Afunction f € H(ID) belongs to the
general function space F(p,q,s), if

A IE () = |f(0)|p+825 D\f’(Z)I”(l —[2)1(1 = |0a(2) ) dA(z) < o,

a

where 0,(z) = {=% is a MObius map that interchanges 0 and a. The space F(p,q,s)
was introduced by Zhao in [23]. When g+ s > —1, the space F(p,q,s) is nontrivial.
F(2,0,1) = BMOA, the space of analytic functions of bounded mean oscillation. When
s=0and ¢ > —1, F(p,q,s) is called Dirichlet type space and always denoted by DY .
When g=p—2and s=0, F(p,p—2,0) is the Besov space B,,. A function f € H(DD)
is said to belong to the space Fy(p,q,s) if

lim /D|f’(z)|1’(1 —122)7(1 — |04(2)|?)*dA(z) = 0.

‘u‘%l
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Let g € H(ID). The Volterra integral operator T, induced by g is defined by

/f $)d¢, feH(D), zeD.

In [13], Pommerenke showed that T is bounded on H 2 if and only if g € BMOA. In
[11, the authors proved that 7, is bounded on H”(p > 1) if and only if g € BMOA. The
operator T, has attracted the attention of many authors. See [, 2, 4, 5, 6,9, 8, 7, 10,
12, 14, 15, 16, 17, 18, 22] and the references therein for more results of the operator
T,.

Throughout this paper, let K : [0,0) — [0, ) be a nondecreasing and right-conti-
nuous function, not identically zero. Without losing generality, we assume that K sat-
isfies (see [21]):

1
X
and
Tk 4 50 )
| ylto : :
where K(sx)
SX
x)= sup ——=, 0 < x < oo,
()= 0 Ry

In [18], Sun and Wulan defined a Dirichlet-Morrey type space Z3 for 1 <s < oo, which
consisting of all f € H(ID) such that

(1—laPy’

Hfllzg;-(=|f(0)|2+sup " laP )IIfOGa—f(a)llf)g_ <o

acD K (
They found the sufficient and necessary conditions of the boundedness for the identity
operator I; from Zj to a tent space .7 (i) and characterized the boundedness and
compactness of the operator 7, on Zj;.
Let 0 <s,A <1< p <-eo. In[22], Yang and Zhu introduced the Besov-Morrey
space, denoted by B% (s), which consisting of all f € H(ID) such that

_ (1-2)
1155 = A +sup(1 = a0 00— fla)f, <=

They found the sufficient and necessary conditions for the identity operator I; to be
bounded from BI% (s) to a tent space and characterized the boundedness and essential
norm of the operator 7, from Bl’l (s) to a function space.

Inspired by [18, 22], here we define a new Besov-Morrey type space BI’,( (s) as
follows. Let 0 < s < 1 < p < eo. The Besov-Morrey type space Bf (s) is the space of
all f € H(ID) such that

11 = O +sup-U 1)

p oo
ST 1af 1%~ @l <=
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If K(t) =1** and 0 < s,A < 1, then BX (s) = B(s), and if p =2, then BX (s) = 7.
Let 0< @ <o, 0 < g <o and u be a positive Borel measure on D. The space
&% () consists of all measure functions f for which

1
1040 = 90 G o NP0 () <

I1CoD

The paper is organized as follows. In Section 2, some basic properties of Besov-
Morrey type spaces BII,( (s) are given. In Section 3, we study the boundedness of the

q
embedding mapping I; from Bf (s) to 9,? 7(u). As an application, the boundedness,
compactness and the essential norm of the Volterra integral operator 7, from BII,{ (s)
into a general function space are discussed in Section 4.
In the whole paper, we say that f < g if there exists a constant C such that f < Cg.
The symbol f =~ g means that f < g < f.

2. Some basic properties
In this section, some basic properties of the space Bf (s) are given.

PROPOSITION 1. Let 0 < s < 1 < p < co. Then Bllf(s) C By(s). Moreover,
Bf(s) = B)(s) ifand only if K(0) > 0.

Proof. Let f € BX(s). Making a change of variable w = 0,(z), we get

(1—lal*)*

P
>Z‘£5K<1 a1 0= @l
|Cl‘ / p 2\p—2+s
_ 3 “dA(z
ngK o [Irea) @ -1 2dat)
a _
= up LT 0 2200 )P A )
aGDK |a‘
Y[ - oA
= Su fdA w
QEBK ey Jp O = e g e dA)

> i L O (= 2,

So f € By(s), that s, BII,((S) C B,(s).
Next, we prove that BII,{ (s) = Bp(s) if and only if K(0) > 0. First, we assume that
f €B,(s) and K(0) > 0. Using the monotonicity of K, we get

(1—lal?)*

sup

9P ety 1 0 S @G, ) S 9P s 5 L1r@pa-jry2e s (el 14

| Z‘2s

S [ 1@ -2t <
D
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Therefore, f € BX (s). Furthermore, B (s) = B(s).
Conversely, assume that Bf (s) = B,(s). For any y € D, consider the function

2 (1= |yH)dw
fY(Z):/ %7 z€D.

O (L—7yw)™"?
Applying Lemma 3.10 in [24], we get

15 = [ IA@IP0 = 1Pr>aA()

1— sz —2+s
— [ e (- R i S 1

Thus, fy, € By(s). For a €D and r > 0, let D(a,r) denote the Bergman metric disk
centered at a with radius r, i.e., D(a,r) ={z€D: (a,z) < r}. Then

o> 1l 0 = Wil
ZEBKI_“L| [ @I =1ePr 20~ lou@PaAG)
sz /Ify )71~ 721 - 0y P)'dA()

which implies that K(0) > 0. O

PROPOSITION 2. Let 0 < s < 1 < p <eo. Then Bg(s) =F(p,p—2,s) ifand only
if K(x) ~

Proof. Since

K(1—|a)
||fHI7 F(p,p—2,) Zlelg”fOO-a_f(a)ng( S Sup ( | | ) ||fH
and
Hf”gg( <Sup (( | || |))||fppp 2s

the desired result follows immediately. [

LEMMA 1. [11] Let s,t >0, r>—1and s+t—r>2.Ift <2+r<s, then

(- 1Py I
B AR < . abeD.
/Du_azm_bzt © % T a2 —asr
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LEMMA 2. [18] Let 0 < o0 < B < oo and K satisfy (2) for some & > 0. Then for

sufficiently small positive constants ¢ < 0,
o—c 1)
KB) _ (B\"°_(B)"
K(o) o o

PROPOSITION 3. Let 0 < s <1 < p <oo, yED and K satisfy (2) for some
6 € (0,2s). Then the function

2SR 2N 3
f'y(Z):<(1 )(/1)_§£)12s |Y|)) zeD,

belongs to Bf (s).

Proof. Using Lemmas 1 and 2, we have that

|a‘ /|fy @I (1= 12772 (1~ |0u(2) *)*dA(2)

Il =30 1
_ 2s _ _al2)\s 1 12\p—2+s
<o U PP RU IR [ O=RPP
a€b K(1—|al?) D |1 — yz|»+P|1 — az|?
1— 2 2SK 1— 2 1— 2\s 1
B YU R N
a€D K(1—lal?) (1= YRy —ayl®

K(|1—ayl) (1—Iaz>
e K(1—aP?) \T—ay]
2\ 25—
<su p< — g )
ach l_aﬂ

which means that f, € B (s).

]
PROPOSITION 4. Let 0 < s < 1 < p < and K satisfy (2) for some 6 € (0,s)
Then for any f € Bllf(s),

K
|ﬂ@—f@»5(((|wf)me,aeD
Proof. For a € D and r > 0, from [24] we see that

A—laP?? 1 1
[T—azl* = (12?7 (1—[aP)?’
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when z € D(a,r). Hence,

@ S e o, [ P20
e

1 , - .
S TR oy O~ £~ o)
K(1—la)
S (—fapyrss W g
Therefore, 1
/ Kr
f@sgﬁﬁgfh

By Lemma 2, there exists a constant ¢ € (0,5 — 6) such that

alK7 (1 —|az|?
@)~ 5@ =a [ Fa2)ae] < I lageo u——iﬁ
—lazf?)7*
1
Kr(1—la?) ! Sy
ﬁwmwi—%gfwwmv ala:
(1~ a7

e\ 7
=S (%) 1/ 115 s)-
This finishes the proof. [J
For any arc 1 C 9D, let |I| = 1 [;|d&| be the normalized arc length of I and
Sy={z=re® eD:1-|I|<r<1,e?cl}

be the Carleson box based on /. We say that a positive Borel measure ¢t on D is a
K -Carleson measure if (see [18])

u(s))
U|k = sup <
il = sup "R
Let 0 < s < oo. If we choose K(z) =¢°, then u is an s-Carleson measure and
wu(Si
lkells = sup (,(.Y))~
1CoD ‘ |

LEMMA 3. [18] Suppose K satisfies (2) for some 6 € (0,2). u is a K-Carleson
measure if and only if

lal?\!
sup ! /(1 Ci|)du(z)<oo, 0 <1 <oo.

ae K(1—lal?) Jo \ |1 - az|
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PROPOSITION 5. Let 0 <s <1< p<eo, feH(D), K satisfy (2) for some
6 €(0,2s). Then f € Bllf(s) if and only if

1
sup
Ica]DJ (|I|

7 L PO PP aA) <

Proof. Given any arc I C dD, let a = (1 —|I|)&, where & is the centre of 1. We
have
|l —az| =~ 1—la*~=|l|, z€S().

Let dus(z) = [f'(2)[P(1 —|2|*)P~?"*dA(z). By Lemma 3,

(1—laP)*
Hf”gg( NSUPK( ‘ |)Hf Oq — (a)ngp(s)

= sup ey £ @0 |>P—2+f(l‘—'“2)2§dA<z>
T - |

1 1—\a|2
= e o (1 = az) iy )
~ SU M
oo K(I)

1 / —2+s
= sup / PP (1—2P)r~2+aA().

Then the desired result immediately follows. [J

3. Embedding map from BX (s) to T b (n)
In this section, we will consider the boundedness of the identity operator 1 :
B(s) — 77 ().
LEMMA 4. [3] Let 1 <p<eo, s> —1,t >0 suchthatt <2+s. If f € H(D),
then
[ro-rort=Elaq < [ 1ror T e, we.

THEOREM 1. Let 0 <5 <1< p <q<oo, U bea positive Borel measure on D,

q
and K satisfy (2) for some & € (O s). Then the identity operator I : Bf(s) — 9157” (1)
is bounded if and only if | isa £ -Carleson measure.

q
Proof. First we assume that I : Bf(s) — :7,?7” (1) is bounded. For I C dD, let
& be the center of I and y = (1 —|I|)&. It is known that

[L—vel = 1=y = 1], zeS).
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Using the function fy, given in Proposition 3, we get

w0 1 e <
T R0 g R S 1y

S A Gk ) <
7,2%0!) TIBE)

which implies that u is a % -Carleson measure.

Conversely, let  be a % -Carleson measure and f € BIIf (s). Forany I C 9D, let
& be the center of I and a = (1 —|I|)&, we have

! q
20 g O
1

a)l?
ST o O+

=G+ Gy.

10 g O~ F@lau (@

By Proposition 4, |f(a)| < <%) ||fHBK . Hence

1
a_KMmAmﬂ@mma

! (1) q
<KMmAm(VS)nf an) £ 118

By the assumption that u is a % -Carleson measure, we know that the identity operator
I; : B,(s) — Li(u) is bounded (see [5]). According the Proposition 1, we see that
Ig: Bj(s) — L9(u) is also bounded. We have

_ 1 — fla)ld
@_Kamgmm@fxnw@

5 208
< (lq— jal”) 7 /
K7 (1—|a]2) Jst)

(1 JaPy?
5<mvwmé

d f&)—f@]"
dz (I—Ez)%

u—dwﬂﬂmw>5

Since

2s

df)~fl@) _L@1=a)7 +aZ) ()~ fla)(1-az)7 !
% (1—az)r (1—az)r

we deduce that G, < (Q+J )% , Where

. (1— |a‘2)2s ‘f/(z)|p .
©T k1 -1aP) /]D) nazp ™ [2?)P 2 dA(2)
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and
;o= > 1 1f&) = f@lP

1
KTl Jo |1 —azprr "

_ |Z|2>p72+.\'dA(Z)'

Clearly,

1 - |Cl‘ — s
T L @021 = @R dAw < 1y,
Making the change of variable w = 6,(z), by Lemma 4 we obtain

g U=laP)® 1 |f(=) =~ fla)

K(1—lal?) Jo |1 —az|>*r
_ 1 (L= |wP)P(1
- K(l— |a‘2) /];)‘fOGa(W)—fOGa(O”p |1—§W‘p

_w22—2+5 _a2s
S s Jo oo wp U )

|1 —aw|P

(1= [z~ dA(z)

9 ao)

L—|w)P27(1 — |a]?)*
|1 —aw|p

B m/ﬂy‘f’@(w)npu— o))" dA(w)

_ 1 / (1= [0a(@)[?)P > (1~ |a’)’ (1 |a]*)?

T KO- |a\ / @I (1 =1 11— ao,(z) T ags Q)
l_a 1_ 22p72+s1_a2s
l—a 1_ 22p72+s1_a2s

— [(((1 | |a / ‘f |I7 Z||1)_az|p5rzs | ‘ ) dA(Z)

(1 ja?)* 2\p-2 2ys
s [ QP - 20 - @R aaG)
§||fHB§(S)

Hence, G, < Hf||g§(s). Therefore,

oS

IfH % S 1185 sy

I’

forall f € B (s), which implies the desired result. [J

4. Integral operator T,

Let 0 < p<oo, =2 < g<oo, 0<s,t,r <o and f € H(D). We say that f belongs
to the space Fx(p,q,s,t,r) if

1y = O 500 (L —ldy ) L17@Pa- 10~ o A

acD |a‘
< oo,
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It is easy to see that Fx(p,q,s,t,r) is a Banach space when p > 1 under the above

norm. Moreover, Fx(p,q,s,t,r) = F(p,q,s) when k(o) =o' .
In this section, using Theorem 1, we characterize the boundedness, compactness
and essential norm of the Volterra operator 7T : Bg(s) — Fx(q,9—2,q5/p,s,q/p).

THEOREM 2. Let g€ H(D), 0 <s< 1< p < g<eooandK satisfy (2) for some
0 € (0,s). Then the operator Ty : Bg(s) — Fx(q,q9—2,qs/p,s,q/p) is bounded if and

only if
g€ F(q,9—2,q95/p).

Proof. Assume that Ty : Bllf(s) — Fx(q,9—2,9s/p,s,q/p) is bounded. For any
1 C dD, let & be the midpoint of / and y= (1 —|I])&. Set

YK — 2N B
ity = (LI e,

Then by Proposition 4, we have that f, € BX (s) and || fy|| B(s) < 1. Thus,

”Tng”FK(q,q—Z,qs/p,s,q/p) S ||Tg||||fYHBII,<(5) 5 HTg”

‘We have

q
e ”TngHFK (9,:a-2,95/p, s,q/p)

:sup(&) LT @ =121 = |, P) A ()

acD K(l—‘a|)

><1_yy>p/mfmg|% 2P (1~ oy ) 7 dA)
: KU ot pyaaes

>( (|I|))%/1) |I|% lg"(2)]7(1 — |z]%) dA(z)

1 _n s
- I /s(l) 18/ ()1(1— |27 P dA(2),
J2

which implies that g € F(q,q —2,4qs/p).
Conversely, suppose that g € F(q,q—2,¢s/p) . From [23] we obtain

q ~ FONG(1  (12Yd—2(1 _ 0L
181 gz~ 520 [ Q170 P21 = o)) F (o)
1 24 4
~sup =g [ @01~ ) FaAG)
1com |1 » /SU)

pug( (7))

IC8]DJ ‘I| I’

)
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which means that g is a 2> -Carleson measure. Here ,u,, 1§’ (z)7(1— |z|2)q72+%dA(z).

By Theorem 1, the identlty operator I; : B (s) — T (ug) is bounded. Let f € B (s).
We get

q
||TngFK (9.9—2.95/ps HI/P

“sn (5 a|a| ) LIr@rIg @ (1= 1zP) 21~ louz)) F aace)

acD
qs

a oy (1 —lal?) P
—sup (L ) ) [ @i @i - e S g
ach ‘a| ‘l_az|
~swp g [ QI QI ) FaAG)
e (K (|1]))7 5

1

~sup g [ 1702y (2
1can (K(|1]))7 5
_ q < q . oo
W1 gy S WV el <

Therefore T, : BS (s) — Fk(q,q —2,9s/p,s,q/p) is bounded. O]

Finally, we give an estimation for the essential norm of 7. Recall that the essential
normof 7 : X — Y is defined by

IT||ex—y = i%f{HT—KHxHY : K is a compact operator from X to ¥ },

where (X,]|-||x) and (Y,]| - ||y) are Banach spaces and T : X — Y is a bounded linear
operator. Itis clear that 7 : X — Y is compact if and only if || T'||. x—y = 0. For a closed
subspaces A of X, given f € X, the distance from f to A, denoted by distx(f,A), is
defined by distx (f,A) = infeen || f — gl|x-

LEMMA 5. [12] Let 1 < g<eo, 0 < x <oo. If g€ F(q,q—2,0), then

disty(q.q-2.0)(8:F0(q,q—2,@)) =~ limsup(|g — g/l F(g.q—2.0)
r—1-
1

~limsup (/D lg'(2)|9(1 — |z*)972(1 — Ga(Z)|2)adA(Z)) '

la|—1

Here g,(z) =g(rz), 0<r<1, zeD.
Similarly to the proof of Lemma 5 in [22], we have the following result.

LEMMA 6. Let 0 <5 <1 < p < g <-oo and K satisfy (2) for some & € (0,s).

IfO<r<1andgecF(q,q—2,q5/p), then Ty, :Bf(s) — Fx(q,9—2,q5/p,s,q/p) is
compact.
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THEOREM 3. Let g€ H(D), 0 <s <1< p < g<-ooandK satisfy (2) for some
0€(0,5). If Ty : Bllf(s) — Fx(q,.9—2,q9s/p,s,q/p) is bounded, then

H Tg"e,B{f(5)—>FK(q,q—2,qs/p,s,q/p) ~ diStF(q,q—qu/p) (gaFO(% q— 2,qs/p)) .

Proof. Let {I,} C dD and lim,_...|I,| = 0. Suppose ¢® is the center of I, and
cn = (1 —|I,])e® . For each n, let

A= (55 ey K (1~ cn|2>>

(1 _ aZ)ZS

Then f, is bounded in BII,( (s) and {f,} converges to zero uniformly on every compact
subsets of . Given a compact operator K : BI’f(s) — Fx(q,9—2,qs/p,s,q/p). Using

Lemma 2.10 in [19], we have 1imy—c | K fu| £ (.9-2.95/p.s.q/p) = O SO

”Tg _KH Zli;nsup H(Tg _K)fil”Fx(q.qu,qs/p,s.q/p)

Zli;nsup (”Tgfn”Fx(q.qflqs/p,s.q/p) - HKfﬂ”Fx(q.qu,qs/p,s.q/p))

=limsup H Tgfﬂ | ‘ Fx(q,9—2.95/p.s,q/p)
n—oo

1

—leal?)* Por , _ @ ‘
<Hnsp ((1(;(1—")2)) LI @I (1= 1P 21~ o5, ()5 dA<Z>>

1

q

. 1 BT
2iimsup (— [ (/@101 - P FaAw) )
|In|” S(In)

n—oo

which implies that

1

e.BY (s)—Fk(q.9-2.q5/p.5.4/p) 2 11;1Lsup <|—qs /S(In) lg'(2)|9(1 - |Z|2)q b dA(Z)> .

o L7

T,

By Lemma 5 and the arbitrariness of n, we have
| Tg"e,B{f(S)—>F1<(q,q—Z,qS/p,s,q/p) R distp(q.q-2.4s/p) (8, F0(9,9 = 2,45/p))-

On the other hand, by Lemma 6, we see that Ty, : BIIf(s) — Fx(q,9—2,9s/p,s,q9/p)
is compact. Then

1Telle55 )~ a.a-2.05/ps.arp) < 1T = Tee |l = [T
~|g— ngF(q,q*qu/P)'

Using Lemma 5 again, we obtain
| Tg"673{5(S)HFK(q,q*27qS/p7s7q/P) S lirnl?‘fp g — g’HF(Mfl%)

~ diStF(q,qflqs/p) (ngO(q7 q— 2,qS/p)) .
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The proof is complete. [

The following result can be directly obtained by Theorem 3.

COROLLARY 1. Let g€ HD), 0<s <1< p<q<-oo and K satisfy (2) for

some & € (0,s). Then the operator Ty : Bllf(s) — Fx(q,9—2,95/p,s,q/p) is compact
if and only if g € Fy (9,9 —2,45/p)-
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