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ON A NEW PRODUCT-TYPE OPERATOR ON THE UNIT BALL

STEVO STEVIC

(Communicated by M. Krni¢)

Abstract. Let me N, u;, j= T,m, be holomorphic functions on the open unit ball B ¢ C", 0]
be a holomorphic self-map of B, and D; be the partial derivative operator in the /th variable [ €
{1,2,...,n}. We introduce here the following polynomial differentiation composition operator

m
K(Pf = 2 Mjc(pD[f ---D[lf
J=1

and give some necessary and sufficient conditions for the boundedness and compactness of the
operator from the logarithmic Bloch spaces to weighted-type spaces of holomorphic functions
on B.

1. Introduction

Before we present some basic facts, previous investigations in the topic of the
paper, motivations, and the aim of the investigation, we give some notation and conven-
tions.

1.1. Notation and conventions

Let N denote the set of positive integers, Ny = NU {i}, and C the set of all
complex numbers. If k,/ € Ny, then we use the notation j = k,[ instead of j=k,... [,

k<I. If s,t € Ng and s > ¢, then we regard by convention that Z’j:s aj =0 and

;;1 aj=1.
Let B” =B be the open unit ball in C" and D = B!. Let z = (21,22, -+++2n) s
w= (w,wa,...,w,) € C", then the quantity (z,w) = z\W| + 20Wp + -+ - + 2,Wy is the
standard inner productin C”, whereas |z| = (z,z)'/? is the corresponding norm therein.
If n> 1, then by D;, where j € {1,2,...,n}, we denote the partial derivative

operator

d
Djf=8—zj;, j=1n, (1)

(the differentiation in the jth variable).
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By Q we denote a domain in C” (an open and connected subset in C"), H(Q)
the linear space of holomorphic functions on Q, and by S(€2) the class of holomorphic
self-maps of Q2. Some information on holomorphic functions in several variables can
be found, for example, in [19] and [20].

1.2. Basic operators and some history

Let ¢ € S(€2). The composition operator Cy, induced by ¢ is defined by
Cof=fop, [fEH(Q). 2)

Let u € H(Q), then the multiplication operator M,, induced by function u is defined
by

Myf=uf, feH(Q). 3)

Let n =1 and m € Ny, then the mth differentiation operator D™ on H(Q) is defined
by
D"f(2)=f" (), fEH(Q),zeQ

where we regard that D% =1 (the identity operator, i.e., If = f), whereas D'=Dis
the classical differentiation operator, that is,

Df=f, feH(Q). 4)

There have been a lot of investigations of products of operators (2), (3), (4), and
other operators on spaces of holomorphic functions. Out of the ones containing the
differentiation operator, the products DCy, and CyD seem studied first, usually on some
subspaces of H(DD) (see, for instance, [6, 11, 12, 16, 17] and the related references
therein). Some of the products of all three operators in (2)-(4) on subspaces of H (D)
were studied, for example, in [7, 10, 24]. The weighted differentiation composition
operators

D’(’;M =M, CyD"™
and their special cases (usually with # = 1), have been also considerably studied on
subspaces of H(D) (see, e.g., [13, 28, 37, 38, 39, 42, 43, 44, 45]). The operator

R, = MCoR",

where R is the radial differentiation operator

Rf =D, zD,f,
=1

J

which is a multidimensional relative of the operator D’(:,'M, was introduced in [29], and
studied later, for example, in [30, 32, 33]. Some other product-type operators containing
differentiation type operators have been also studied in [14, 41]. In [34] and [35] were
investigated sums of two operators of the form MMC(ij , and the investigation was
continued, e.g., in [1, 4, 5, 8, 36]. For some other related operators, including those

containing integral ones, see, e.g., [9, 18, 23, 25] and the related references therein.
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1.3. A new operator

A natural problem is to investigate sums of related product-type operators on
spaces of holomorphic functions on B. I have introduced such an operator recently,
and studied it, e.g., in [31]. Here we introduce and start studying properties of the
following new polynomial differentiation composition operator

Bof = > uiCoDy;---Dy f, f€HB), 5)
=1

where m€ N, u; € HB), j=1,m,and ¢ € S(B).

REMARK 1. Since we deal with holomorphic functions, which on B have deriva-
tives of all orders, note that the order of the differentiation operators appearing in the
summands in (5) is not relevant. Namely, for any permutation ¢ of the entries in the
vector (1,2,...,j), j € N\ {1}, we have

DDy f = Dy, Dy, f-

Since we have products of maximally m partial differentiation operators, the observa-
tion concerns the case 2 < j < m.

1.4. The spaces used in the paper

The logarithmic Bloch space Zioq(B) = Ziog (see, e.g., [25]) consists of all f €
H(B) such that

Bi() =sup(1 ~ i) ( - |2) VA < oo

It becomes a Banach space with the norm || || z,,,.1 = [£(0)[ + Bi(f)-
By PBiog,0(B) = Biog0 We denote the class of all f € Ay, such that

tim (1~ ) (1n =" ) 970 =0,
It is known that %o, o is a closed subspace of %, and that the set of all polynomials
is dense in Hogp (see, e.g., [26]). For some results on the logarithmic Bloch-type
spaces and operators from or to them see, e.g., [13, 14, 25, 26, 40].

Since

B(f) = sup(1 — |12 (ln - 2) %R7()] < sup(1 — |12 (ln - |2) VG,

z€B z€B

forevery f € H(B), and || f{|,, := |f(0)|+ B(f) is another norm on space Hiog, by
the open mapping theorem (see, e.g., [3] or [21]), we have that the norms are equivalent
on the space, that is, there is Cy > 1 such that

—1
CO ||fH«@1og,1 g ||fH«@1og g CO”fH«@]ogJ? (6)
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forevery f € Pog. So, we can use either of the norms depending on the situation.

A positive and continuous function on B is called weight function. Let u be a
weight function. The weighted-type space H;;(B) = H,; consists of all f € H(B) such
that

11l = sup p(2)| f(2)| < oo
z€B

The little weighted-type space H;:O(IB) =Hp, is a subspace of H containing all
f € H(B) such that

lim p1(2)|f(2)] =

lz]—1

It is well known that H7, is a closed subspace of H7. If p =1, then H,;" becomes the
space of bounded holomorphic function on B, Wthh is denoted by H” For these and
related weighted-type spaces and operators acting from or to them see, for example,
[2,7,9,13,14,27, 28,32, 38, 43, 46] and the related references therein).

1.5. Our aim

Let X and Y be two Banach spaces, and L : X — Y be a linear operator. The
operator is called bounded if there is M € [0, +<) such that

ILf [y < M fllx,

for every f € X. If the operator maps bounded subsets of X to relatively compact
subsets of Y, then we say that it is compact. Many information on such linear operators
can be found, for instance, in books [3] and [21]. If Z is a normed space, then by Bz
we denote the unit ball in Z.

Investigation of boundedness and compactness of concrete operators on spaces of
holomorphic functions on domains in the complex plain C or the vector space C",
is a topic of a great recent interest. Some results in the topic can be found, e.g., in
[1,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 23, 24, 25, 26, 27, 28, 29, 30, 31,
32,33,34,35,37,38,39,40,41, 42,43, 44,45, 46], as well as in the related references
therein.

Our aim here is to investigate the boundedness and compactness of the operator
(5) from the logarithmic Bloch spaces to weighted-type spaces on B.

1.6. On constants in the paper

As usual, the constants in this paper are denoted by C. They may vary from line to
line. The notation a < b (resp. a 2, b) means that there is a constant C > 0, independent
of essential variables, such that a < Cb (resp. a > Cb). When a <b and b < a, we
write a < b.
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2. Preliminary results

In this section, we present several auxiliary results which are used in the proofs of
the main results in this paper.

The first auxiliary result is a typical characterization for the compactness which is
proved similarly to the proof of the corresponding result in [22], so we omit the proof.

LEMMA 1. Let u; € H(B), j=1,m, ¢ € S(B), u be aweight function on B, and
X = PBiog(B) (or Biog0(B)). Then the bounded operator Py , : X — Hp (B) is compact

if and only if for any bounded sequence (fi)ieny C X such that Je — O uniformly on
compact subsets of B as k — 4o, it follows that

Jim 1D fel [ = 0.
The following lemma is a technical auxiliary result, which is easily proved by

differentiation.

LEMMA 2. Let k> 1 and a > {/e. Then the function
a
i a(x) = *1n p

is increasing on the interval (0,1].
The following result gives some estimates for differentiation operators on Hjoe (B).

LEMMA 3. Let N € N, and for each k € {1,...,N}, D;, be one of the operators
in (1). Then there are Cy > 0 and Ex > 1 such that

CN (11| 10 N
(1—[z2)VIn {257

1—z?

|DjN"' Jlf( )|

forevery f € PBiog(B) and z € B.
Proof. If N =1, then by using the fact
IDif@I<IVf(@)], Jj=1n,

the definition of the logarithmic space, and (6), we obtain immediately estimate (7),
with C; = Cy and E| = 1, where Cy is defined in (6).
We prove that

~

Cw
Djy-+DjpDj f(2)] < —IIfH Brog (8)
(1=1]zhN1

—\ZI

for every f € PBioe(B) and z € B, and some CN >0 and Ey > 1, from which along
with ( | |2)N
Ene 1—1|z Eye
1—1z)M1 > 1 ,
AR I > = "y

z€B,
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estimate (7) with Cy = 2V fN and Ey = EN, easily follows.
Assume that we have proved (8) for any such operator with N =k —1 for some
ke N\ {1}, that is, there exist C;_; >0 and E;_; > 1 such that

Cri—1

1. Eg_qe
(I—|z)}1In lk_‘lz|

|Di_, -+ Di, Dy f(2)] < 11| g )

for all f € Hiog(B) and z € B, where D
differential operators.
Let g € H(B) and g € (0,1). By Chauchy’s estimate, we have

--D;, Dy, is any product of k — 1 partial

k-1 "

~ SUPyep(zqg(1- o)) [8(W)]
Djg(o)] < G—=EE =,

(10)

for j€{1,2,...,n}, z€ B and some G, >0.
If w e B(z,9(1 —z])), then we have
(I=g)(1—z)) < 1=|w] < (1+4q)(1—[z]).

From this, and by Lemma 2 where & is replaced by k— 1 and a = E\k,le, we have

_ _ Ek—le k—1 Ek—le
(1= (1 =z I ————= < (1= [w])* 'In . an
(1—q)(1—z]) 1—|w|
for w € B(z,q(1 —z])) and z € B.
From (9) and (11), it follows that
6k—1 Hf”%’o,
B(Sug ‘ D)‘Dik—l Dy, Dy, f(w)| < g log e (12)
web(z,q(1—|z k—1 =g
(1—]z)*1In 1_|‘2\
From (10) with g = D;,_, ---D;,D;, f, and where j is replaced by i, we have
~ SUPycp(zq(i—|2))) Py - Diy Diy f(W)]
IDiDi_, -+ DyDi, £(2)] < Co—==EE4 IZ\))I _H — (13)
Combining (12) and (13) we obtain
Ce
[Diy D Diy f(2)]| € ————— [l ll7,» (14)
(1—z[)*In 1-[¢]

where 6kf 52(1 —q)l_ké\k,l and E; = Ek,l/(l —¢q), from which together with E =1

we have E; = (1 —¢)' % > 1, k > 2. From this and the method of induction, relation
(8), and consequently (7) follows. [

The following result gives a useful class of functions belonging to Hjoe o(B).
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LEMMA 4. Let we B, t > 1 and E > 1, then the following function

-y
el = Ty 2 (1

belongs to PBiog0(B).
Moreover, we have

<1 (16)

weB

Proof. By a direct calculation, we have

11— wP)' e, W>

R s (2) = (0 Gow)) a2

)

- W\ :
and consequently

t(LA+ [w])'wl

(R fos ()] €
S (= ) in e

This shows that R f,,, is bounded on B.
From this and since

hm(1—|z| )In —220, (17)
jel— =[]
we obtain that f,,; € Bioe0(B).
By using the following inequality
e e
1—|z») (In——— ) <2(1— In—— |, B,
- ) (=) <20 (). <
and Lemma 2 with k=1 and a =e¢, and k =t and a = ¢, we have
(1-1zP) (1 ) ) = L N0l
—Iz _c
— |2]? " [1—(z W>|t+11n |W|2
2t(1 — [2]) (1 — |w|? )tln P
ST Ol 2
2
_ 20Ky (1 el i
(= kWD = (1 kIl In e
127 In ; |W| _ In — ‘W‘2+ln(1—|—|w|)
T Iy +InE

\W\z

<12 n(2e),

from which (16) follows. [
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The following lemma presents a family of test functions, which is employed in
the investigation of the boundedness and compactness of the operators studied in this

paper.
LEMMA 5. Let m€ N, we B and E > 1. Then for each s € {1,...,m} there

exist constants c,(:), k = 1,m, such that the function

S )
= 2 Ck fw,k(z)
k=1
where f,,; is defined in (15), satisfies
R Wi, Wi, - Wi
Dy, -+ D h\(y)(W) = L2 s (18)
| (= wP)In 22
and
Dy, Dy, RS (w) =0, (19)
Sforevery re {l1,....m}\ {s}.
Moreover, h&f) € Biogo(B) and
sup [P (20)
Proof. Let
ho(2) = Y, cfui(2).
k=1
By some standard calculations we get
D Dih _ i k+l (k+l"—l)wllwlz Wl'(l—‘w‘z)k
3 ] (1 _ <Z W>)k+rln = ‘W‘Z )
for each r € Ny, from which it follows that
Dy - Dy (w) = — W W“ﬂ }p%[1k+z @1

(1—‘W‘2) 1 [w ‘zk =0

for each r € Ny.
Consider the linear system

S
3

Tk k+1~-‘w+m—u v 1
Hl = : (22)

k=1 k=1 k=1 Cm 0



ON A NEW PRODUCT-TYPE OPERATOR ON THE UNIT BALL 1683

where the unit in the last vector is on the sth position.
The determinant D,, of system (22) is

1 1 1
[T+ 11 Il
k| |(k+1) (k+m—1)
Dy =m!|i2 = k=2
ITcTk+1) - []k+m—1)
k=2 k=2 k=2
The last determinant is different from zero (see, e.g., [27, Lemma 5]), and consequently
Dy, #0. Hence, for each s € {1,...,m}, there is a unique solution to the system
cpi=c, k=Tm. Let h{(z) := 3, ¢\ fui(2), then it satisfies (18) and (19).

Lemma 4 implies h&,) € Piog0(B), and (16) implies (20), as desired. [

3. Main results
This section contains our main results. First, we consider the boundedness of the
operator Py, : Blog (B)(or Biogo(B)) — H7 (B).
THEOREM 1. Let meN, u; € HB), j=1,m, ¢ =(¢y,...,9,) € S(B),

min 1nf|(p,( )| =6 >0, (23)
j—l

and [ be a weight function on B. Then the operator Py, : Biog(B)(0r Biogo(B)) —
H (B) is bounded if and only if

<o, j=1Lim, (24)

p(z)u;(z)]
M/ = Sup 2 J E,-e
B (1—]o(2)| )”nw
where E;, j=1,m, are defined in Lemma 3.

Moreover, if the operator Pp; , : Biog(B)(or PBrogo(B)) — Hy (B) is bounded, then
the following asymptotic relationships hold

™=

1D | 210 (B) 115 (B) = | D | B 0 (8) 15 () = 2, M- (25)

1

J

Proof. Suppose that (24) holds. By using Lemma 3, we have
1(2)|Pp o f(2) Zuj 1Dy f(9(2))

si GLIICIPT 26)

R Eje
S -le@PYIn =5
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By taking the supremum in (26) over B, then over the ball B Prog(B) (or B%’mgo(ﬁ) ),
and using (24), we have Fhat the operator Ppy, : Biog(B)(or Biog0(B)) — Hy (B) is
bounded. From this and since B%Og‘o(]ﬂg) C B@log (B)» We have

S

H (P”A’logo )HH ) < ||anq)||%’10g(ﬁ)—>Hff(E) Mj' (27)

M:

Now, suppose that Pp} , : Ziog (B)(or Biogo(B)) — Hy (B) is bounded. Then there
exists a positive constant C such that

forevery f € PBog(B) (or Biog0(B)).
By Lemma 5, for each s € {1,...,m}, @(w) € B and E = E;, there is a function

hf;()w € Piog,0(B) such that
(s) o, (W)@, (w) - 1, (w)
Dls . Dllhq)(w)((p(w)) = 2\ s Ege ’ (29)
(1—lo(w)[?): IHW
Dy Dy kb (@(w) =0, (30)
forevery t € {1,...,m}\ {s}, and Ly :=sup,,cp ||h | < oo

From this, the relations in (28)—(30), and employmg cond1t10n (23), it follows that

Ly[1P ol x—t (2) = P ohis), ||H»«

=supi(z

z€eB

D, - D1, (010)|

) éu,(w)Dzj Dy (000

= (w)[us(w)|

lor, (W)l |r, (w ﬂ
(I—|p(w)[*)*In T‘ﬁi@?ﬁ
s(w)

w09 0|
>6°
0 T Tp0n) Py In =B

for every w € B, where X € { oo (B), Biog 0(B)}-
By taking the supremum in (31) over B, we obtain M, < +oo, for each s €
{1,...,m}. Moreover, we have

; €1V

L\||P6n(pHX—>H‘T(]B) = 6SM\'7 §= lam7

from which it follows that

m

> M S BB gl g0 (B)— 5 (B) - (32)
=1

~.
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Combining asymptotic relations (27) and (32), we get (25), finishing the proof. [

REMARK 3. From the proof of Theorem 1 we see that if we do not pose condition
(23), then we can only conclude that

1 (2)|us(@)e ()] [, (2)]
B (1— |‘P(Z)|2)Sln1,|iﬁ

<Aoo, s=1,m.

The following theorem deals with the boundedness of the operator Py, : PBlog(B) —
Hpo(B).

THEOREM 2. Let m€ N, u; € H(B), j=1,m, ¢ € S(B), and | be a weight
function on B. Then the operator Ppy , - PBrog(B) (or Prog0(B)) — Hj ((B) is bounded
if and only if Py , : Biog(B) (or Brog,0(B)) — H (B) is bounded and

lim p(2)|u;(2)| =0, j=Tom. (33)

|z]—1

Proof. Assume that Py, : Ziog(B) (or Ziog 0(B)) — Hy (B) is bounded and (33)
holds. Then, for each polynomial p, we have

M=

=
~

u(z) i”](Z)Dl,”'DZIP((P(Z)) < D 1(@)|uj(@)||Dy; - Dy p(@(2))]
‘=

~.
Il
_

N
M=

(@) ()|Dy; - Dy, - (34)

~.
Il
_

By letting |z] — 1 in (34), using the fact

HDlj Dllp||H°° = Sup|Dlj Dllp(z)| < oo, J: lam7
z€eB

and the conditions in (33), it follows that Py ,p € H;:O(IB%), for each polynomial p.
Since the set of all polynomials is dense in Zjog(B) and Hioe0(B), we have that
for every f € Zio(B) there is a sequence of polynomials (py)ken such that

i =Pl =0

From this and the boundedness of Ppj , : Piog (B) (or Ziog 0(B)) — H;(B) we have

HPK(pf_Pg’(ppk”H’T S HPIY)”"” “@log(B)ﬁHﬁ(B)Hf_PkH,%log —0

as k — +oo.
Fr(jr_n this and since H;;((B) is a closed subspace of Hy(B), we have Ppy,f €
Hp((B). Thus, we have
Ppo(Piog(B)) S Hyjo(B),
from which it follows that the operator Py, : Blog(B) (or Blog,0(B)) — Hy((B) is
bounded.
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Now assume that the operator P, : Bliog(B) (or Biog,0(B)) — H,7 ((B) is bounded.
Then the operator Ppy , : Ziog(B) (or Ziogo(B)) — H (B) is bounded.
Let

fi@) =z, (35)

Since fi € Pog0(B), we have Py ,(f1) € Hy o(B), thatis,

lim 1(2)Pppfi(2)] = lim p(2)lir(2)] =0. (36)

|2]—1

thatis, u € Hy ((B).
Let

fr(z) =z, 2,- (37

Since f> € HBlog0(B), we have Py, (f2) € Hy; ((B). There are two cases to be consid-
ered.

Case 1| # 1. Since ] # I, we have

lim 1(2)|Ppp 2(2)] = lim, (@)1 (2) 9, (2) +102(2)] = 0. (38)

|z]—1
From (38), since |y, (z)| < 1, and using (36), it follows that

l;‘iml p(z)u2(z)| =0, (39
that is, up € H;‘”O(B), in this case.
Case I} =1,. Since [} = I, we have

lim 1(2)[Pp.p/2(2)] = lim p1(2)|2u1(2) 1 (2) +2102(2)] = 0. (40)

lz[—1

From (40), since |¢y, (z)| < 1, and using relation (36), it follows that (39) also holds in
this case.

Now assume that we have proved (33) for 1 < j <s, for an s such that 2 < s <m.
Let

for1(R) =z, 2y,
Since fi1 € Biogo(B), we have Py (P( fs41) € HEO(B). Note that f;.; can be written
in the form
fin@ =z" -,

for some o € No, j=1,n, such that 3}_, otj =s+1.
Since f;y1 is a homogeneous polynomial, it is easy to see that for each € Ny
such that 0 <7 < s+ 1, we have

—k o —kn
Dj,---Dj fir1(z) = iz 1(1).“&? (1)

)
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for some ¢; € N, where k;(¢) is the number of appearance the operators D; in the
product operator Dj, ---Dj, .

Note that .
N ki(r) =t
j=1
and
Dj -+ Dj for1(2) = cs41, 41)
for some ¢y € N.
Hence, we have
s+1 n e
Jim, L(@)IPp o fs+1(2)| = |l\1m1“( 2)| Y ui@)e;i [J(ei(2)% 4D =0.  (42)
- j=1 i=1

From (42), using the facts |¢;(z) i=1n, o=k(j),fori=1,n, j=1,s+1,
the induction hypothesis u; € H; o(B), j = 1,s, and (41), it follows that
(

from which together with the fact ¢, # 0, we obtain u;, | € HEO(B). This inductive
argument shows that (33) holds for j = 1,m, as claimed. [

Now we give a characterization for the compactness of the operator Py 0 PBiog(B)
(or Blog0(B)) — H (B).

THEOREM 3. Let meN, u; € H(B), j=1,m, ¢ € S(B), U be a weight function
on B, and condition (23) holds. Then the operator Ppy ,, : Biog(B) (or Progo(B)) —

H:I’(IB) is compact if and only if the operator is bounded and the following conditions
hold

p(2)|u;(2)]
l0@)=1 (1 —|o(z)|?)/ ln%

=0, j=1Lm, (43)

where Ej, j= 1,m, are defined in Lemma 3.

Proof. Assume that the operator Py, : Biog(B) (or Biog0(B)) — H; (B) is com-
pact. Then, the operator is obviously bounded. If we suppose that ||qu.><, <1, then
the conditions in (43) vacuously hold. Assume now that ||@||. = 1. Let (zx)ren be a
sequence in B such that [@(zx)| — 1 as k — -0, and

(). 709 _
hy ’_hw(zk)’ s=1,m,

(s)

where h,,”, s = 1,m, are defined in Lemma 5. Then we have h,(:) € Piog0(B) and

supl|h |z, < +oo. (44)
keN
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for s=1,m.
From the definition of the functions it is easy to see that for each s € {1,...,m},

h,(f) — 0 uniformly on compact subsets of B as k — +oo. From this, (44), and by using
Lemma 1 it follows that

Jim 1B o 1z =0, (45)

for s =1,m.
On the other hand, by the proof of Theorem 1 (see (31)), we have

1 (zx) s (22) |
(1—=1]o(z)[?)/In

Fe S C\\Pg,¢h;€v)||ﬂﬁ, (46)

1]z

for s =1,m.

By letting k — +oo in (46), and using (45), we get (43).

Now assume that the operator Ppy, : Ziog(B) (or Ziog 0(B)) — H; (B) is bounded
and that (43) holds. From (43) we have that for arbitrary € > 0, there is 6 € (0,1) such
that

1))
(1=l In =25

<e, j=1,m, 47

for every z € B such that |@(z)| > 6.
Assume that (fi)ren is a sequence in HBog(B) or Hiog o(B) such that

sup [ fill z,, <M (48)
keN

and f; — 0 uniformly on compact subsets of B as k — +oo. Let Ks ={z€B: |o(z)| >
6}.
Then by Lemma 3, (47) and (48), we have

IPB o ill =supa(2)| 3 us (D1, - Dy fl(2)|

i uj(z)
=1
i uj(z
=1

= sup u(z)‘ )Dy; - Dllfk((P(Z)))
Z€K5
+ sup u(z)‘ Zuj(Z)Dl_,-"'Dllfk((p(z)))
z€B\Kg j=1
<CY sup ”(Z)M(Z” e [ ficll 210,

j=126Ks (1 —|@(z)|?)/ IHW

+C Y, sup w(@)|u;(@)||Ds; -+~ Dy fi(@(2))
j:lzeIB%\K5
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J

ngSka Brog
+CY, sup p(2)|uj(z)] sup |Dy - Dy fi(@(2))]
j=12€B\Ks O
m
<mMCe+C Y. ||uj|lmz sup |Di, - Dy, fi(w)]. (49)

1 [w|<o

Since f;y — 0 uniformly on compacts of B as k — 4o, by Cauchy’s estimates, we also
have that the sequences

Dlj"'Dllfk—>0a jzlam7 (50)

uniformly on compacts of B as k — +-oo.
By using the test functions

L@ =11z, s=TLm,
=1

and a similar inductive argument as in the proof of Theorem 2 we obtain u; € Hy (B),
Jj=T1,m, thatis, ||u;l|lg> < +ee, j=T,m.

Using this fact, (50), and the fact that |w| < & is a compact subset of B, by letting
k — oo in (49), we obtain

limsup || Py fi ||y < mMCe.
k— oo

Since the last inequality holds for each &€ > 0, it follows that
kETMHPZL,(pkaH; =0. (5D

From (51) and Lemma 1, we have that the operator Py, : Ziog(B) (or Ziog o(B)) —

H7(B) is compact. [

Now we give a characterization for the compactness of the operator Py 0 PBiog(B)
(or Brog0(B)) — Hp((B). Before it we need a known auxiliary result, which is a
natural generalization of Lemma 1 in [15].

LEMMA 6. A closed set K in H7 (B) is compact if and only if it is bounded and

lim sup ()| /(0] = 0.
l2l=1 rek

THEOREM 4. Let meN, u; € H(B), j=1,m, ¢ € S(B), u be a weight function
on B, and condition (23) holds. Then the operator Py , : Biog(B) (0r Biogo(B)) —

H7 (B) is compact if and only if the operator is bounded and

1(z)|uj(2))| —0. i=Tm (52)

: — =0, J
=1 (1= J(2)[2)  In

1-o(2)?



1690 S. STEVIE

where E;, j= 1,m, are defined in Lemma 3.

Proof. Suppose that the conditions in (52) hold, then it is easy to see that (24) hold.
From this and Theorem 1 we have that the operator Py, : Ziog(B) (or Biog0(B)) —
Hj;(B) is bounded. By letting |z| — 1 in (26) and employing (52), we obtain

Jim, 1(@)|Pp o f ()] =
foreach f € Biog(B) (or Blog,0(B)). So, Ppy ,(Prog0(B)) C Ppy (%riog(B)) C Hyy o(B).
Thus, the operator Ppy , : Biog(B) (or Biog0(B)) — Hy o(B) is bounded.

By taking the supremum in (26) over B and the balls B@log () and B*@log.O(B) , and
using (24), it follows that

sup  supl(z)|Pp o f(z)] < sup supu()IP{)”(pf |<2M <ee, (53)

fEB%log‘O(]B) z2€B feB’@log( ) 2€B j=

where M;, j = 1,m, are as in (24). So, the sets K := {Ppof [ € Bg,,om) ) and
K = {Pg" of 1€ B%Og(ﬁ)} are bounded in H7,. Taking the supremum in (26) over
B%ﬁog(B) and B%Ug‘o(B) and letting |z| — 1 in such obtained inequalities we get

lim  sup |qu,f | = lim sup u(z |P1’)”(pf } =
IZ‘HI fEB*%IL)g,O(B) ‘ZIHI fEB Al()é (B)

This fact together with Lemma 6 implies compactness of the operator Py, : PBiog(B) (or
%log,O(IB%)) - H;ZO(IB%) :

Now we assume that the operator Py, : Biog(B) (or Biog,0(B)) — Hy o(B) is
compact. This implies that the operator Py, : HBiog(B) (or Blog0(B)) — Hy; (B) is
compact. This fact together with Theorem 3 implies that (47) holds, whereas from
Theorem 2 it follows that (33) holds.

From (33) it follows that there is 17 € (0,1) such that

Eje

—6%

1(2)[u;(2)] <s(1—62>fl j=Tm, (54)

when 1 < |z] < 1, where € and & are the numbers in (47).
From (54) and by Lemma 2 with k = j and a = Eje, it follows that

(@) ()] < AL RS (55)

(- lp@PVIn s (182

when |@(z)] < 6 and n <|z] < 1.
From (47) and (55) we get (52) for j=1,m. U
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