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ON THE GENERALIZED POWER-TYPE TOADER MEAN

TIE-HONG ZHAO, MIAO-KUN WANG*, YE-QI DAI AND YU-MING CHU

(Communicated by L. Mihokovi€)

Abstract. This paper deals with the so-called generalized power-type Toader mean which is
defined by

2 "7/2 2/n
Ta(ab) = (;/ \/a"cos20+b”s'n29d0>
0
for a,b > 0 with non-zero integer n. In this study, we establish the following chain of inequal-
ities
H(a,b) < T_1(a,b) < G(a,b) < T1(a,b) < A(a,b)
< T2(a,b) < Q(a,b) < Tz(a,b) < Ta(a,b) < C(a,b)

for al a,b > 0 with a# b, where H(a,b) = 2ab/(a+b), G(a,b) = vab, A(a,b) = (a+
b)/2, Q(a,b) = [(a%+b?)/2)/2 and C(a,b) = (a®+b?)/(a+b) arethe harmonic, geometric,
arithmetic, quadratic and contra-harmonic means, respectively. Further, we provide sharp bounds

for T_1(a,b) and T4(a,b) interms of bivariate means mentioned above. As applications, new
bounds for complete elliptic integral of the second kind are established.

1. Introduction

Let a,b be positive real numbersand

(a"cos? +b"sin?9)/" n#0,

() =
n(6) a0 6 psin” 6 n=0.

For a strictly monotonic function p: RT — R, the integral quasi-arithmetic mean
Mpn(a,b) [1] isdefined by

M o) = pt (2 [ pra(e)de) = pt (2 i 6))d6
watab) = p (52 [ ptrao)ds) =p* (2 [ pira(o)ae ).
where p~! istheinverse function of p.

As was shown in [2, 3], the means My, can represent some known means for
special choicesof p and n. For instance,
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e The Gaussian arithmetic-geometric mean [4] is

T

AG(a,b) =
2 [7/%(a2cos? 6 + b2sin?6) - 12dg

My/x2(ab),

which is also defined by the common limit of the sequences {a,} and {bn}
satisfying

an+b ——
d = q, bO = ba an+1 = 2 na bn+1 = anbn

e TheToader mean [5] is

T(ab) = / * @020+ Sr6de = Ms(ab). (L)
e The Toader-Qi mean [6] is
Q(a,b) = 2/ S OpI 049 = M o(ab).
e A specia quasi-arithmetic mean is defined by
2 (m/2 2
- <;/ \/acosze+bsin29d6> =My, (ab), (12
Jo '
which wasfirst treated in [7].

The eye-catching similarity between (1.1) and (1.2) allows us to raise the the fol-
lowing generalization

2 n/2 2/n
Tn(a,b) :=M2(ab) = <;/0 \/a“cosze+b”sin29d6> (1.3

for ne Z* = Z\{0}. The mean of the form (1.3) will be called generalized power-type
Toader mean. Actually, an aternative representation of Tp(a,b) can be derived from
Toader mean

Toab) = [T (a2072) " (n20) (1.4)

Thisisalso called the n/2-modification of T (a,b) introduced in [8], where the authors
study a one-parameter mean AGy(a,b) = [AG(a',bt)]Y/" (that is called t-modification
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of AG(a,b)). In particular, some well-known means are the p-modification of the
classical means, such as the power mean, which is given by

aPapp\ /P
Mp<a,b>:{<%) I (L5)
Vab, p=0.

As specia cases we denote in this paper the arithmetic mean A = M1, the harmonic
mean H = M _; and the quadratic mean Q = M.
We recall the Gauss identity [9]

AG(Lr") 2 (r) ==

for r € (0,1) where and in what follows r’ = v/1—r2, which shows that the Gauss
arithmetic-geometric mean can be expressed by the complete elliptic integral of the
first kind 2#". Asusua, 22 and & denote the complete elliptic integrals of the first
and second kinds [10] given by

m/2 ~1/2

H(r) :'/0 (1-r2sin?de) 2 de,

/2
&) :/ (1-r2sin?de)"*de. (1.6)
0

Inview of (1.3) and (1.6), Tn(a,b) can be expressed by complete elliptic integrals
of the second kind

Ta(ab) = o (n#0). (1.7)
b [w} , a' < bn7

T

2
o[/ " s

Legendre complete elliptic integral s have wide applicationsin the geometric func-
tion theory [11, 12, 13, 14, 15, 16, 17, 18, 19, 20], differential equation theory [21,
22, 23, 24, 25, 26], theory of mean values [27, 28, 29, 30] and many other fields
[31, 32, 33, 34, 35]. Dueto their importance, in the past few years, estimating precise
boundsfor the complete elliptic integrals of thefirst and second kinds and their general-
izations have attracted the attention of many mathematicians[36, 37, 38, 39, 40, 41, 42].

Recently, one way to study complete elliptic integralsisto be applied in the theory
of mean values, and present sharp bounds for the bivariate means related to complete
elliptic integrals (such as AG(a,b) and T(a,b)). As a consequence, several elegant
double inequalitiesfor .#'(r) and &(r) were established in [43, 44, 45, 46]. Specifi-
cally, the authorsin [8, 47, 48] proved the double inequality

L(a,b) < AG(a,b) < gn_(a, b)
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for al a,b > 0 with a# b, where L(a,b) = (b—a)/(logb—loga) is the logarithmic
mean of a and b.
Sandor [49, 50] proved that the double inequality

A(a,b)+G(a,b)+Q2(a b),/H(a,b)
4 C(a,b),/G(a,b)

holds true for al a,b > 0 with a # b, where C(a,b) = (a?+b?)/(a+b) is contra-
harmonic meansof a and b.

Barnard, Pearce and Richards [36], and Alzer and Qiu [51] proved that the double
inequality

A(a,b)G(a,b) < AG(a,b) <

M3/2(a,b) < T(a,b) < Miog2/10g(r/2) (@, D) (1.8)
holds for al a,b > 0 with a # b, where the parameters 3/2 and log2/log(n/2) are
the best possible constants satisfying the inequality (1.8).

In [52], Qian and Chu proved that A = <1 1-— (2\/§/n)4/P) /2 and u =
1/2—.,/p/(4p) arethe best possible parameters such that the double inequality
GP(Aa+(1-2)b,Ab+ (1—-2A)a)A P(a,b) < E(a,b)
< GP(ua+ (1—p)b,ub+ (1 p)a)At P(a,b)

holdsforall p e [1,.) and a>b > 0.
Very recently, Zhao et a. [53] proved that the double inequalities

o [TEED HED] (1 [AED), BB gy
7C(a,b) 9H(a,b) 3A(a,b) G(a,b)
<o | R Ry |2 BED)
{7C(a7 b) , 9H(a, b)} o2 [3A(a, b)  G(a, b)]l o2 “E(ab)
16 16 4 4 ’
7C(a,b) 9H(a,b)]”2[3A(ab) G(ab)] P
<[ 6 16 ] [ 2 T2 ]

holdforal a,b >0 witha#bif andonly if c; < 3/16, 31 > 64/n2—6: 0.4845. - -,
o2 < 3/16 and B, > log[32/(3n?)]/log(7/6) = 0.5038- - -
The goal of thisarticleisto establish the chain of inequalities

H(a,b) < T_1(a,b) < G(a,b) < T1(a,b) < A(a,b)
< T2(a,b) < Q(a,b) < Ts(a,b) < T4(a,b) < C(a,b)

for all a,b> 0 with a+# b. Motived by thischain, it makes sense to ask what are sharp
linear boundsfor T_1(a,b) and T4(a,b) intermsof classical bivariatemeans H, G, A,
Q and C. Asapplications, new boundsfor complete elliptic integral of the second kind
& aregiven.
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2. Thechain of inequalitiesfor T(a,b)

In order to prove our main results, we need several notationsand technical lemmas
which we present in this section.

Thefollowing formulasfor the completelipticintegrals 2# and & can befound
inthe literature[9],

dot -1’ d&  E-H
a2 7 dr ro’

and Landen identities

(2

)= . (2.9)

1+r

20T\ 261
1+r

> =(1+n)%, £‘<
A specia valuefor & will be used later, which is given by

4T(3/4)2+T(1/4)?
8Vm

where I'(x) = [Ft*"te~tdt (x> 0) istheclassical Euler gamma function [54].

=1.35064388- - -,

& (fz/z) -

LEMMA 2.1. Thefunction
(i) r—r'° isstrictly decreasing from (0,1) onto (0,7/2) if c € [1/2,0);
(i) r— (57 r’zlf) / (r2¢) isstrictly decreasing from (0,1) onto (0,1/2);
(iii) r— 2& —r'2¢ isstrictly increasing from (0,1) onto (7/2,2);
(iv) r— {2(20@7 r’z()i/)/nf 17r2/4} /r# isdtrictly increasing from (0,1) onto

(1/64,4/mt—5/4).

Proof. Parts (i), (ii) and (iii) can befound inthe literature [9, Theorem 3.21(7),
Exercises 3.43(13) and (46)] and part (iv) canbefoundin [55, LemmaZ2.4]. O

The following lemmais derived from a consegquence of (1.4) and (1.8).

LEMMA 2.2. Let p€ R and n € Z*. Then the following statements are true:

(i) If 2plog(m/2)/1og2 < n< 0 or n > max{4p/3,0}, then Tnh(a,b) > Mp(a,b)
holdsfor all a,b > 0 with a# b;

(i) If n<min{4p/3,0} or 0 < n< 2plog(r/2)/log2, then Th(a,b) < Mp(a,b)
holdsfor all a,b > 0 with a# b.
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Proof. Asshownin (1.4) and (1.5), it can be easily seen that

Tofab) = {T (a”/z,b”/z)r/n, M py2(a,b) = [Mp<an/27bn/2)}2/n.

Combining thiswith (1.8), it follows that

M3n (a,b) < Tn(a,b) <M nieg2 (a,b) (2.10)
2log(n/2)
if n>0and
M g2 (a,b) < Th(a,b) <Mz (ab) (2.11)
2log(n/2) E
if n<O.

It is well-known that p — Mp(a,b) is strictly increasing for fixed a,b > 0 with
a#b. Thus, if 2plog(n/2)/log2 < n< 0, thatis p< nlog2/[2log(x/2)] and n < 0,
then from (2.11) we obtain

Mp(a,b) <M oz (a,b) < Tn(ab).

2log(/2)

If n > max{4p/3,0}, namely, n> 0 and p < 3n/4, then it follows from (2.10) that
Mp(a,b) < M%(a, b) < Tn(a,b).

This completes the proof of part (i) and similar for the proof of part (ii). O

Asspecial casesof Mp(a,b), Lemma2.2 can derivethe following Proposition 2.3.

PROPOSITION 2.3. Theinequality
(1) Tn a')
(2 Ta

(a,b) < holdsfor all a,b> 0 with as b if andonlyif n< —2;
(a,b)
(3) Tn(a,b) <
(@,b)
(@,b)

H(a,b)
a,b) < G(a,b) holdsfor all a,b> 0 with a=£bifandonlyif n< —1;
A(a,b)

(a,b) holdsfor all a,b> 0 with az=bifandonlyif n<1;

(4) Tn(a,b) < Q(a,b) holdsfor all a,b> 0 with a b ifandonlyif n< 2;
M

(5) Tn(a,b) < M3(a,b) holdsfor all a,b >0 with a b if andonlyif n< 3.

PrOPOSITION 2.4. Theinequality Tn(a,b) < C(a,b) holdsfor all a,b > 0 with
a# b if n< 4. Moreover, neither Ty(a,b) > C(a,b) nor Tp(a,b) < C(a,b) for all
a,b>0witha#bif n>5.

Proof. Without lossof generality, we may assume a > b > 0. A smplecalculation

<0

a®+b® (a?+b? 37 (a-b)*(a® +ab+b?)
2 a+b ) 2(a+b)3



ON THE GENERALIZED POWER-TYPE TOADER MEAN 253

gives M3(a,b) < C(a,b). According to this and Proposition 2.3(5), the first half of
Proposition 2.4 will be proved if we can show T4(a,b) < C(a,b) for al a,b > 0 with
a#h.

Let us denote ry = \/1— (b/a)" € (0,1) for n > 0 in what follows. Then from
(1.7) we obtain

Tisab) [2 Y214 1,
Cap || T3 (2.12)
Dueto 4/m —5/4=0.023239--- < 1/40, Lemma2.1(iv) enablesusto know
2 5 2 r2 r4
E(zgfr %)<1+Z+% (2.13)

forre(0,1).
Let rg =2,/r/(1+r). Then (2.12) and (2.13) together with Landen identity (2.9)
lead to the conclusion that

12

- 2

Ta@b) |2 2 VItr+vI-r

C(a,b) ;(2@@4 ) 2

r 2 12
2

1—r/2+(1_r') 14

4 40 2

<||1+

1 n2 1/2
= {1—% {4(r/+7)+(1—r/)(1+4r/+r’2)}} <1

for r € (0,1), which completes the proof of Tn(a,b) < C(a,b) for n< 4.

For the second half of Proposition 2.4, we first prove that there exist a > b > 0
suchthat Ty(a,b) < C(a,b) foreach n> 5. For simplicity wedenote 6 =b/a€ (0,1).
As we know, the function r — &(r) is strictly decreasing from (0,1) onto (1,7/2).
Thisin conjunction with (1.7) yields

Tn(ab) _ E‘”@ (m)r/n lto _ [g@@( 1—05)}2/“ 1+o (2.14)

C(a,b) 1+02 & 1+0?

forn> 5.
Note that

2 Mito 2)\2n
i z e TP \_ [z
lim {[n@@(\/l - )} 1+02} <n> <1 (2.15)
foreachn>5.

Equation (2.14) and inequality (2.15) imply that there exists small enough g, €
(0,1) suchthat Tn(a,b) < C(a,b) for b/ae (0,en) witheach n> 5.
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Next, we prove that there exist a > b > 0 such that Tn(a,b) > C(a,b) for each
n>5. Asin(2.12), for n> 5 we obtain

Ta(ab) [2 ( )2/”1+r'n2/”
2 BT

@b (2.16)

Letb=a/V/2for n>5. Thenitiseasy to seethat rp =+/2/2 and so 1}, = /2/2.
Numerical experiment showsthat log [%5 (ﬂ/z)} /log(v/2/2) =0.435--- < 11/25,
which gives

2 11/25
= (v2/2) > (v2r2) " =i, (2.17)
It followsfrom (2.16) and (2.17) that
Tn(a,b) 11/25\2/" 142 2/n
G > () T =) 219)
where 14
_ s L+X
P =x 1+x2°
Differentiating p(x) gives
oy p(x)
P (X) - 25X14/25(1+X2)2, (219)
where p(x) = 11+ 36x — 39x? — 14x°.
Simple calculations lead to
p(1/2)=35/2, p(1)=-6, (2.20)
/() = — S [04 (2x— 1)(33+ 14%)] < O. (2.21)

2
Equations (2.19)—(2.21) lead to the conclusion that there exists xp € (1/2,1) such
that p(x) isstrictly increasing on (1/2,%g) and strictly decreasing on (Xp,1). Accord-
ing to thisand 1/v/2=0.87--- € (1/2,1), it follows that
p(x) = min{p(1/V2),p(1)} =1 (2.22)

for xe [1/v/2,1).
Therefore, Tn(a,b) > C(a,b) for each n > 5 and a,b> 0 with b =a//2 follows
from (2.18) and (2.22) together with r'?/" € [1/¥/2,1). O

We are now in a position to state our first Theorem.
THEOREM 2.5. The chain of inequalities

H(a,b) < T_i(a,b) < G(a,b) < T1(a,b) < A(a,b)
< Tz(a,b) < Q(a,b) < Ts(a,b) < Ta(a,b) < C(a,b)

holds for all a,b > 0 with a # b. Moreover, the sequence {Tn(a,b)} is strictly in-
creasing for n € [—43,43|NZ* and all a,b> 0 with a#b.

(2.23)
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Proof. The chain (2.23) can be obtained from a consequence of Proposition 2.3
and Proposition 2.4. This makes reasonable to study the monotonicity of the sequence
{Tn(@,b)}.

Let usfirst consider the sequence {Tn(a,b)} for n> 1. Then the monotonicity is
valid if we can find a suitable number p = p(n) such that

Th(a,b) <Mp(a,b) < Tnii(a,b) (2.24)

for all fixed a,b > 0 with a# b.
Lemma 2.2 enablesusto know that the inequality (2.24) holdsfor al a,b > 0 with

aZbif
< 2plog(n/2) -\ - 4P
log2 3

which is equivalent to
nlog2 . 3(n+1)

. <= 77 .
2log(n/2) SPS T 2 (2:25)
Theinequality (2.25) can hold only if
nlog2 3(n+1) 3(logm —log2)
< < 27 9T 4D,
2log(n/2) = 4 < s 5log2 — 3logrm 42.9448
For 1 < n< 42, wecan teke
o _1[3(n+1) nlog2
P=P) =3 | =2~ * Zlog(x/2)
to make inequality (2.25) hold and so is (2.24).
Similarly, for —42 < n< —1, numerical calculations show that
3(logm —log2) nlog2 3(n—1)
>~ 2 9 42 >
n= 5log2— 3logrm 42.9448 2log(r/2) 4
Thisalows usto take
«. s, 1] nlog2 3(n—1)
=P (V=3 |Siogn2) T 4
such that
3(n—1) nlog2 4p* 2log(m/2)p*
<pr < —0—— —-1< —=T L )
1 SP S giogyy O Nlsgad gy sn<0
According to thisand Lemma 2.2, we obtain
Th-1(a,b) <Mp(a,b) < Tn(a,b) (2.26)

fordl a,b > 0 with a+# b. Thisgivesthe monotonicity of Tn(a,b) for —42<n< —1.
Therefore, it can be easily seen from (2.24) and (2.26) together with T_1(a,b) <
T1(a,b) that the sequence {Tn(a,b)} isstrictly increasing for ne [—43,43]NZ*. O

As AG(a,b) and M(a,b) mentionedin the introduction, their monotonicity cor-
responding to the parameter and Theorem 2.5 allow usto pose the following conjecture.
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CONJECTURE 2.6. Thegeneralized power-type Toader mean sequence {Tn(a,b)}
isstrictly increasing for n€ Z* and all fixed a,b > 0 with a# b.

3. Sharp boundsfor T_1(a,b) and T4(a,b)

In this section, we will present several sharp bounds for T_1(a,b) and T4(a,b)
by the convex combination of G,H,A, Q,C and a homotopy between A and C. The
proofsrely on the monotonicity of functionsrelated to complete elliptic integrals.

THEOREM 3.1. The doubleinequality

01G(a,b) + (1—a1)H(a,b) < T_1(a,b) < f1G(a,b) + (1 - f1)H(a,b)  (3.27)
holdsfor a,b > 0 with a+ b if and onlyif oy <0 and 8; > 1/4.
Proof. Since H(a,b), G(a,b) and T_1(a,b) are symmetric and homogeneous of

degree one, without |oss of generality, we assumethat a>b > 0. Letr = /1—b/ac
(0,1). Thenit can be easily obtained from (1.7) that

2
T b 2b
T 1(ab)=b b)=—=, H(ab) =——. 3.28
@b =b|5 7] sab =D Hab-n (G2
Further, substituting x = /1 — (b/a)? into (1.7) and (1.8), we obtain
2/3
2 14 x3%2
=& 3.29
p (X)>< > (3:29

for xe (0,1).

It is obvious that the left-side of inequality (3.27) for oz = 0 can be derived
from Theorem 2.5. Thus, Theorem 3.1 will be proved if we can show the right-
side of inequality (3.27) and the optimal constants satisfying the inequality (3.27) are
a1:07[31: 1/4.

Dueto H(a,b) < G(a,b), itfollowsthat p— pG(a,b)+ (1— p)H(a,b) isstrictly
increasing with respect to p € R. For p> 1/4, then (3.28) and (3.29) lead to

T _1(a,b)—[pG(a,b) + (1 - p)H(a,b)] < T_1(ab) — He(a, b) + ZH(a, b)}
( n )Z_L_ 3 ( 2 )4/3_1+6r’+r/2
2£(r) 4’ 2(1+172) 14132 4r' (14172)

:=bf(VI'), (3.30)

<b

f(u) = 2 4/371+6u2+u4
C\1+wd 42 (1+u%)”
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In order to determinethe sign of f(u), it sufficesto verify that
2[4 (14 0]~ (14 )" (1+ 602+ uh)
= — (1—u)* (1+4u+ 28u®+ 96u° + 342u” + 972u° + 1426u° + 1588u”
+ 1561u8 + 2460u° + 3012u'® + 2460u' + 1561u'? + 1588u'® + 1426u
+972u™® + 342u™° + 96u*’ + 28u'® + 4u™ + %) < 0.

Therefore, T_1(a,b) < pG(a,b) + (1 — p)H(a,b) for p>1/4 and al a,b> 0
with a = b followsfrom (3.30) and f(u) < 0.

It remainsto prove a; = 0 and f3; = 1/4 are the best possible constants.

Let 0< p< 1/4. Then from (3.28) we clearly see that

T \° p 21-p
28(r) o 14r?
Asr — 0", by using of Taylor expansion and (3.31), we obtain

T.1(ab) - [pG(ab) + (1 pH(ab] = 5 (5 p)rt+olr).

T_1(a,b)— [pG(a,b)+ (1— p)H(a,b)] =b (3.31)

8

which in conjunction with p < 1/4 implies that there exists small enough 8; € (0,1)
suchthat T_1(a,b) < pG(a,b)+ (1—p)H(a,b) forall a,b> 0 with (1-6;)a<b<a.
On the other hand, if p> 0, thenit is easy to see that

( n )2_3_2<1—p>

lim
2&(r) 1412

r—1-

— —oo,

Combining this with (3.31) leads to the conclusion that there exists small enough &, €
(0,1) such that T_s1(a,b) > pG(a,b) + (1— p)H(a,b) foral a,b> 0 with 0 <b <
528.. O

THEOREM 3.2. The doubleinequality
02C(a,b) + (1— op)A(a,b) < Ta(a,b) < BC(a,b) + (1— B2)A(a,b)
holdsfor all a,b>0witha#bifandonlyif op < /8/m—1=0.5957--- and 3, > 1.

Proof. Without loss of generality, we may assumethat a=1 and b=,/ % with

€ (0,1). Thenit can be easily seen from (1.7) and Landen identity (2.9) that

1/2
2 _(2yf\1Y?2 (2 (26-1Px

and
14+r+r 2
A(a7b) - 2(1+r) ) C(a7b) 1

(3.33)
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Let pe R. Thenfrom (3.32) and (3.33) we obtain
T3(a,b) — [pC(a,b) + (1— p)A(a,b)?
A(a,b)

- [ie qu P+ p)}2

A(a,b)
_ (4/m)2s—rx) ([ 2p 2 gl
- 1+r/ B (1+r’+1p> N (339

where
4 / o 2 2002 _ 2\ 1 2
0p(r) = = (L+1) (26 =12 ) = (1— )2~ 21— '~ (1+ )2
Elaborated computations lead to

007 =0, g(17) =~ (14’ (339)
(1) = 0 Gp(r). (339)
where
N (& — /2%
65(r) = — (26 2 ) ¢ TOEONT 20D | 20 p2aert) o mpla ).
Moreover,

6(0") =7(1=p). Gp(1) =3 (1-p) -2 (3:37)
We divide the proof into three cases.

Case2.1 p=+/8/m— 1. Then from (3.35) and (3.37) we obtain
9p(07) =gp(17) =0, (3.39)
Gp(0") = 2(m —V21) = 1.269---  @p(17) =2(V2r—3) = —0.986---. (3.39)
Lemma2.1 (i), (ii) and (iii) enable usto know that the functions r — — (28 —
r’zji/) and r — [r’(lJr r’)(@@fr’zz)i/)] /r? are strictly decreasing on (0,1), which
yields §p(r) isstrictly decreasing on (0,1). According to thiswith (3.39) and (3.36), it
follows that there exists r1 € (0,1) such that gp(r) isstrictly increasing on (0,r1) and

strictly decreasing on (rq,1). We conclude that gp(r) > 0 for r € (0,1) from (3.38)
and the piecewise monotonicity of gp(r).

Therefore, the inequality T4(a,b) > (\/8/71 1)C a,b)+ (2 \/8/7r)
for al a,b > 0 with a## b follows easily from (3.34) and gp(r) > 0.

Case2.2 p=1. Thentheinequality T4(a.b) < C(a,b) foral a,b >0 witha#b
follows directly from Proposition 2.4.

Case2.3 /8/m— 1< p< 1. Thenfrom (3.35) and (3.37) we clearly see that
Op(17) <0 (3.40)
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and
Gp(07) > 0. (3.41)

Equations (3.34)—(3.36) and inequalities (3.40) and (3.41) lead to the conclu-
sion that there exist small enough 63,04 € (0,1) such that T4(a,b) < pC(a,b) + (1—
p)A(a,b) fordl a,b >0 with 0 < b < dza, and Ta(a,b) > pC(a,b) + (1— p)A(a,b)
foral a,b> 0 with (1-&)a<b<a.

Therefore, Theorem 3.2 follows from Cases 2.1-2.3 and the monotonicity of p+—
pC(a,b)+ (1—p)A(a,b). O

THEOREM 3.3. The doubleinequality

05C(a,b) + (1 - a5)Q(a,b) < T4(a,b) < BzC(a,b) + (1 - B3)Q(a,b)

holdsfor all a,b > 0 with a# b ifand onlyif o < (vV2+1)(2/y/w — 1) = 0.3099- - -
and 3, > 1.

Proof. Without loss of generality, we may assumethat a=1 and b= % with
re(0,1). Let peR. Thenfrom (3.32) and (3.33) we obtain
Ti@b))* [ C@b o Qabi®
A(a,b) PAG& D) P& D)
2
_@m@Ee-r?x) |20 . [ 2 |7 hyn)
where ) /3
A o AP A2p(A-p) .
hp(r) = n(Zé" r') v N 2(1-p)~
Simple calculationslead to
8 2
) — i _
hp(0") =0, (1) == 2|(v2-1)p+1], (3.43)
r~
where
- ar'(&—r2x) 4p? 2v/2p(1-p)
hp(r) = — 2 - v 32
T r (1417 (1+r")
Moreover, R R
hp(0") =1-p, hp(17)=-2v2p[(V2-1)p+1]. (3.45)

We divide the proof into three cases.

Case 3.1 p= (vV2+1)(2/y/m—1). Thenit can be easily seen from (3.43) and
(3.45) that

hp(07)
hp(0") = 0.69006- - > 0,

—hp(17) =0, (3.46)
hp(17) = —0.9891.-- < 0. (3.47)
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Lemma2.1 (i) and (ii) show that the function r — {r/(é"— r/zji/)} /r? isstrictly
decreasing on (0,1), whichyields h(r) isstrictly decreasing on (0,1). Combining this
with (3.44) and (3.47), we clearly see that there exists r € (0,1) such that hp(r) is
strictly increasing on (0,r») and strictly decreasing on (rp,1).

Therefore, the inequality

Ta(ab) > (f2+ 1) (2/v/m—1)C(a,b) + [17 (V2+1)(2//m— 1)} Q(a,b)
for dl a,b > 0 with a# b follows easily from (3.42) and (3.46) together with the
piecewise monotonicity of hp(r).

Case 3.2 p= 1. Inthiscase, Theorem 3.3 isvalid from Proposition 2.4.

Case3.3 (v2+1)(2//m —1) < p < 1. Then from (3.43) and (3.45) we obtain
hp(17) <0, hp(0") > 0. (3.48)
Equation (3.42)—(3.44) and inequality (3.48) imply that there exist small enough
05,06 € (0,1) such that T4(a,b) < pC(a,b) + (1— p)Q(a,b) for al a,b > 0 with
0<b< dsa,and T4(a,b) > pC(a,b)+ (1— p)Q(a,b) forall a,b> 0 with (1—ds)a<
b<a.
Therefore, Theorem 3.3 follows from Cases 3.1-3.3 and the monotonicity of p+—
pC(a,b) +(1-p)Q(ab). O
Let pe[1/2,1] and
Cp(a,b) =C[pa+ (1— p)b, pb+ (1—- p)al (3.49)
be the one-parameter contra-harmonic mean of a and b, which is also a homotopy
between A(a,b) and C(a,b). It canbeeasily verifiedthat Cp(a, b) isstrictly increasing
with respect to p € [1/2,1] for a,b > 0 with a=# b and so
Cy/2(a,b) = A(a,b) < T4(a,b) <C(a,b) =Cy(a,b). (3.50)
Inspired by (3.50), it makes sense to ask what are the optimal parameters oy, B4 €
[1/2,1] such that Cy,(a,b) < T4(a,b) < Cp,(a,b) for al a,b> 0 with a# b. This
question will be answered in Theorem 3.4.

THEOREM 3.4. Let ou, s € [1/2,1]. Then the doubleinequality
Co,(a,b) < Ty(ab) <Cg,(ab)

holdsfor all a,b> 0 with a b if and onlyif ou < (1—1—1/\/8/7:— 1)/2: 0.8859- --
and 4= 1.

Proof. Let pe[1/2,1],r€(0,1),a=1andb=+/(1—r)/(1+r)€ (0,1). Then
from (1.7) and (3.49) we obtain

{T4(a7b)r_ [Cp(a,b)r

A(a,b) A(a,b)
 n)ee—r2x) [2(1-2p+2p2+2p1—p)r) ]’
N 141/ B 1471/

Ii2p-1)2(1)

(1471727
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where gp(r) isdefined asin Theorem 3.2.
Therefore, Theorem 3.4 derivesimmediately from Theorem 3.2. [

The following corollary can be derived from Theorems 3.1-3.3.
COROLLARY 3.5. Let 7= (v2+1)(2/\/&r—1)=0.3099--- and ' = v/1—r2,

Then the inequality
? 2
=&
} <_&(r)

e r'(1+r172)
re(0.1) 146r' +r2’
~ min [147172 ( 1+1 )2
re(0,1) 2 7 1—|—\/I‘_/

T 141 +(1-1) 140
1+ VY 2

holdsfor all r € (0,1).

Proof. It followsfrom Theorems 3.2 and 3.3 that

2 2
2 2V +/2/m(1—VI)? 2 1+ 1+1/
—=&(r) > V't /2/r(d = Vi) , =&(r)> |t il +(1-1) +
n 1+ m 1+ 2
Thus, Corollary 3.5 will be proved if we can show
1+u? [1+Ww _ 2u+/2/n(1—u)?
— > .
T1+u+(1 2 2 7 1+u (351)
for uc (0,1), where we denote u = V/r’.
In order to prove (3.51), it sufficesto verify
2 2 2 2
Tl+u -7 [1+uw  2u+/2/m(1-u)
1+u 2 14u
\/2(1—1:)(1+u)\/1+u2—2[(«/2/71—r)(l—u)2+2(1—r)u}
= 207

2(1+4u)
which isequivalent to

V2(1- 1)1+ U1+ u2}2—4 [(\/2/7% )(1-u2+2(1— z)u]z
~ 8(r—2)%u(1—u)?

© n(2+7m+2V2nm)
forue (0,1). O
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