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NEW ORDERING RELATIONS FOR THE

HEINZ MEANS VIA HYPERBOLIC FUNCTIONS
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Abstract. In this paper, we create new types of upper and lower bounds of Heinz means using
simplified relations based on hyperbolic functions. In particular, for any strictly positive opera-
tors A,B ∈ B(H ) ,we obtain the inequality

A#2μ−τB+A#1−τB < 2Hτ (A,B) < A#τB+A#1−(2μ−τ)B,

where 0 < A < B and 0 < μ < τ < 1.
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[8] M. KRNIĆ, More accurate Young, Heinz, and Hölder inequalities for matrices, Periodica Mathematica
Hungarica 71, 1 (2015), 78–91.

[9] J. LIANG AND G. SHI, Refinements of the Heinz operator inequalities, Linear and Multilinear Algebra
63, 7 (2015), 1337–1344.

[10] W. LIAO AND P. LONG, Operator and matrix inequalities for Heinz mean, Turkish Journal of Inequal-
ities 2, 1 (2018), 65–75.

[11] K. NANTOMAH, Cusa-Huygens, Wilker and Huygens type inequalities for generalized hyperbolic
functions, Earthline Journal of Mathematical Sciences 5, 2 (2020), 277–289.

[12] K. NANTOMAH AND E. PREMPEH, Some inequalities for generalized hyperbolic functions, Moroccan
Journal of Pure and Applied Analysis 6, 1 (2020), 76–92.

[13] K. NANTOMAH, C. A. OKPOTI AND S. NASIRU, On a generalized sigmoid function and its proper-
ties, Asian Journal of Mathematics and Applications 6, 1 (2020), 2020.

[14] E. NEUMAN AND J. SANDOR, On some inequalities involving trigonometric and hyperbolic functions
with emphasis on the Cusa-Huygens, Wilker, and Huygens inequalities, Math. Inequal. Appl 13, 4
(2010), 715–723.

c© � � , Zagreb
Paper JMI-16-27

http://dx.doi.org/10.7153/jmi-2022-16-27


364 F. ALSAAFIN AND A. BURQAN

[15] J. PECARIC, T. FURUTA, J. M. HOT AND Y. SEO, Mond-Pecaric method in operator inequalities,
Element Zagreb, Zagreb, 2005.

[16] J. ZHAO, J. WU, H. CAO AND W. LIAO, Operator inequalities involving the arithmetic, geometric,
Heinz and Heron Means, Journal of Mathematical Inequalities 8, 4 (2014), 747–756.

[17] L. ZHU, Sharp bounds for Heinz mean by Heron mean and other means, American Institute of Math-
ematical Sciences 5 1 (2019), 723–731.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


