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NEW ORDERING RELATIONS FOR THE
HEINZ MEANS VIA HYPERBOLIC FUNCTIONS
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Abstract. In this paper, we create new types of upper and lower bounds of Heinz means using
simplified relations based on hyperbolic functions. In particular, for any strictly positive opera-
tors A,B € B(.¢) ,we obtain the inequality

Athoy_cB+A#1_tB < 2H:(A,B) < A#:B+A#) 5y 1B,

where 0 <A<Band O<u <7<l

1. Introduction

If a and b are two positive numbers and u € [0, 1], then the weighted arithmetic
mean, weighted geometric mean and Heinz mean in the parameter u are defined by

aVyub:=(1—u)a+ub,
a#yb = a' HpH
and {
Hy(a,b) = 3 (a#t b+ a#_yb),
respectively.
It is well-known that
attyb < aVyb. (1.1)

we simply denote aV ! b and a# ! b by aVb and a#b, receptively.

The following inequalities come directly by taking the maximum and minimum
values of the Heinz mean
a#b<Hy(a,b) <aVb. (1.2)

In [3, Therorem 2.1] and [6, Theorem 2.1], Kittaneh and Manasrah gave some
refinements of inequalities (1.1) and (1.2) as follows:

2ro(aVb — attb) < aV b — attyb < 2Ro(aVD — ai#b), (1.3)
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2ro(aVb — a#tb) < aVb — Hy(a,b) < 2Ry (aVD — a#b), (1.4)

where 0 < u <1, ro=min {u,1 —pu} and Ry = max {u,1—pu}.
Another refinement of inequality (1.2) was given in [4, Corollary2.7] and [8, In-
equality2.5] as follows:

4u(l—u)(aVb —a#tb) < aVb — Hy(a,b) < %[J(l —u)(b—a)ln g. (1.5)

On the other hand, Zhu [17, Theorem 1.2] obtained a lower bound for the Heinz
mean as follows:
al—rbr _ arbl—r
(1-27)(Ina—1Inb)

where a,b>0,a# b, and (1 —27)% < (1 —2u)>.

More motivating inequalities related to the Heinz means can be found in [1], [4],
[9], [10] and [15].

Throughout this paper, indicate the space of bounded linear operators on a Hilbert
space % by B(.¢). For A,B € B(¢), we write A < B to mean B — A is positive
definite, particularly, 0 < A denotes that A is positive definite. By considering the
definitions of means in the scalar case, such definitions can be raised up to the operator
level. For p € [0, 1], the weighted arithmetic operator mean V,; and geometric operator
mean #; are defined as follows:

< Hy(a;b), (1.6)

AVyB=(1—pn)A+ uB,
P B N
A#,B=A2(A7 BA7 )IAZ,
for positive definite operators A,B € B(.%).

Ifu= %, we write AVB and A#B to denote the arithmetic operator mean and
geometric operator mean, respectively. By recognizing the above definitions, the Heinz
operator mean is given by
_ A# B+ A# _ B

— 5

An operator version of (1.1) and (1.2) due to Furuta [2] and Kittaneh et al. [5] are
the following inequalities

Hyu(A,B)

A#yB < AVB, (1.7)
A#B < Hy(A,B) < AVB. (1.8)

Recently, such operator mean inequalities are under active investigations. The
authors in [7, Theorem 4] and [6, Corollary 3.1] established the following refinements
of the inequalities in (1.7) and (1.8) as follows:

2r9(AVB — A#B) < AV B — A#,B < 2Ro(AVB — A#B), (1.9)

2ry(AVB — A#B) < AVB — Hy, (A, B) < 2Ro[AVB — A#B], (1.10)
where 0 < 1 < 1,ro =min{y,1 —u} and Rp = max{u,1 —u}.
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The generalized hyperbolic cosine and hyperbolic sine functions which play a vital
role in our research are introduced in [13] as:

a+a* a—a*

coshy(z) = and sinh,(z) = 7

where a,z € R and a > 1.

In this paper, we are interested in finding new ordering relations for the Heinz op-
erator means by adapting generalizations of hyperbolic functions and using the mono-
tonicity principle for bounded self-adjoint operators on the Hilbert space # [15]: Let
T € B(5¢) be self-adjoint with a spectrum Sp(T) and let f and g be continuous real
functions such that f(r) > g(¢) forall t € Sp(T). Then f(T) > g(T).

2. Preliminaries

We use the simplified relations
a'=*™h*+a*'h'"*  H(a,b)

coshax = = , 2.1
2V ab Vab @D
sinhax  a'""b"—a"h'"" 1 2.2
ax  (1-27)(Ina—1nb) /ab’ '
where 0 <a<b,0<7<1,7#1, a=1-2tandx=j(lna—Inb).
If x,y € R and x <y, then we have [12]
ef(yfx) In(a) < COSha(y) < e(yfx) In(a) (2.3)
coshy(x)
In addition, for z € (0, 1), the inequality
¢® < coshy(z) < P, (2.4)
where ¢ =In(a+1)—In2 and p = # holds [12].
For z # 0, we have [11,12]
In(a) sinfq(z)
< <l hq(z), 2.5
cosh () ; n(a) coshy(z) (2.5)
and
sinfg(z) - (24 coshy(z))In (a) 2.6)
z 3
Moreover,
ik q
coshy(z) < (M) , 2.7)
z
for every q > 3.
Furthermore, it is known that [12]if z € (0,°), then
inh
In(a) coshy, (%) - a(2) < In(a)cosh?, (%) (2.3)

Note that, when a = e, the ineuality (2.6) is reduced to the hyperbolic Cusa-
Huygens inequality [14].
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3. Scalar results

We start our work by establishing some new scalar inequalities related to the Heinz
means by the help of hyperbolic functions.

THEOREM 3.1. Let 0 <a<band 0 < u <t <1. Then

(5)" " Hutab) < Helab) < ()" Hulan) (3.1)

Proof. Let « =1—27 and f = 1—2u. Then for x = %(lna—lnb), we have
Bx < ox.
So, inequality (2.3) implies

—(ox—Px) coshox (ox—Px)
¢ coshfx = ’
Hence,
o H:(a,b) _
(otx—PBx) \4, (ox—Px)
e < H,J(a7b) <e .

By using the equation o — § =2(u — 1), we have
e M=%l (a,b) < He(a,b) < 2 ~D*Hy, (a,b).
By taking x = %(lna —1Inb), we complete the proof. [
A nice result is given in the following corollary by letting u = % in theorem3.1.
COROLLARY 3.1. Let 0<a<b and 5 <1< 1. Then
a’h'"" < H(a,b) <a'""b" (3.2)

The following theorem provides a new upper and lower bounds for the Heinz
means.

THEOREM 3.2. Let 0 <a<b and 0 < T < . Then

2in()

2 2\"  Hix(a,b) :
b -2 (a, p\ 2
(i> <2< (—) (3.3)
2ab v ab a
Proof. Inequality (2.4) implies
b\T b\ T
earz < (Z) +(Z) <eﬁ7: ,

where =1In (2 +%)—In2 and = 1In2(%).
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Thus,

2 b by T (k)
@ +b - (@) + @) AN
2ab 2 a

So, we complete the proof. [J]

In the following theorem we construct other ordering relations for the Heinz means
using inequalities (2.5), (2.6), (2.7) and the relations (2.1) and (2.2).

THEOREM 3.3. Let 0 <a<b and 0 <t <1 with T# % Then the following
inequalities hold

. b l—rbr_ rbl—r
L Hfl(lu,h) < (11721)(1naa71nh) < Hz(a,b). (3.4)

.. alfThT—aTbl’T 2 1
1. I—20)(ma—Tmb) < $Vab+ 3He(a,b). (3.5

_ AT _gtplT q
iil. He(a,b) < (a#b)'~4 <m) ,q=3. (3.6)

Consider the function fy, : Rt x RT — R defined by

alTHpt — ghplu
(1—-2u)(Ina —Inb))

1
fula,b) = L WE,1], p 5 and ab.

It is clear that f), is decreasing on 0 < u < % and increasing on % <u<1. So,
Theorem 3.3 (i) yields

alf‘rbr _ a‘fbl*T alfub/,t _aublfp
(1 —27)(na—1nb) ~ (1 —2u)(Ina—1nb)

< Hy(a,b), 3.7)

forO<a<band O<pu <1< % . Thus, inequality (3.7) is more precise than inequality
(1.6).

The following series of inequalities presents some new comparisons of Heinz op-
erator means with the function f, (a,b) with different parameters.

THEOREM 3.4. Let 0 <a <b and + < <t <1. Then

alfrbr_arblfr 1 5
H b H b). 3.8
v (@,b) < (1—20)(na—1nb) ~ vab iz (4,0) ©.8)

Proof. Let o =1-27, B =1—2u and x = }(Ina —1Inb). Then

Bx Bx a ay =2
cosh (Q) - T e D) _ (%) ‘;(E) ‘

G-Dp+) 4 4G+Dp-D
_4 a4 = —=Hu (a,b).

2v/ab Vab
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Since Bx < o, inequality (2.8) implies

inh
cosh Px < cosh (%> < M cos? (%>
2 2 ax 2

Thus, by using inequality (2.1)

1 a " ThT—ath' T 1,
H < < —H3,, (a,b). O
Y Vab © (1—-27)(Ina—Inb)vab  ab i (3,6)

4. Operator results

Based on inequality (3.1) and by virtue of the monotonicity principle, we obtain a
new upper and lower bounds for the Heinz operator means.

THEOREM 4.1. Let A,B € B(J) be such that 0 <A<B and 0 < u <t <1.
Then
Aty B+ A#_B <2H:(A,B) < A#.B +A#_ou-1)B. 4.1)

In particular, if @ = % then we have
A#|_B < H;(A,B) < A#:B. 4.2)

Proof. Let T = A’%BA’% . Then T > I, where [ is the identity operator, and if
t € o(T), we have

AN RN T gk
- Hy(L,t)=t""" T ——
() o= (7)< (55

_ <%)ﬂrHu(l7t).

Now, monotonicity principle implies

p—_— (T“+T1—T> A (T“+T1‘T)
2 2 2

By multiplying both sides by A2 , we get

1

A3 (A~3BA™3)2HTAT L AT(A"3BATE)1TAS
2
AZ(A"ZBA"Z)TA? + A3 (ATBA1)I7TA2
2
AZ(A"2BA"2)TA? + AZ(A"2BA
2

<

_1 1

3 )1_(2”_T)A7
<

Hence,
Aty B +A#1_B < ZHT(A,B) < A#TB+A#1—(2u—T)B~ (|
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Finally, the operator versions of the inequalities (3.3), (3.6), (3.5) and (3.8) are ob-
tained by using the monotonicity principle in a similar way as in the proof of Theorem
4.1. Here, we regard the function Fy; as introduced in [7],

)

Fo— x“if;”,x>0,x7él
F7 2u—1, x=1

where 0 < u < 1.

Now we are ready to present new inequalities for Heinz, geometric and arithmetic
means. The proofs are passed on the monotonicity property for matrices and Theorem
3.2 Theorem 3.3 (iii), Theorem 3.3 (ii) and Theorem (3.4), respectively.

THEOREM 4.2. Let A, B € B(7) be suchthat 0 <A < B. Then the following
inequalities hold:

i. For0<t< %,
-2, 1 1 ) 2 1
217747 <(A‘7BA_7) +1) A <Ay B+A# B (43)

i. ForO<T<1,T7é%andq>3,

2 1 S R PN |
Aty 1y B Ay ) B A (Fra~bpah))'ad. @4
iii. For0<t<1,
L braia-hat < Zass+ Lu,(a.m) 4.5)
2t—-1" °° 3 3 e ’

. 1
iv. F0r§<,u<1'<1,

1
(27—1)

1 S R T R |
Hy:u(A.B) < ATF(ATIBATT)AT < S[Hy(A.B) +A#B].  (4.6)

It should be noticed here inequality (4.5) was obtained by Liang and Shi in [9].
Also, inequality (4.6) is a refinement of Heinz operator mean inequality since

A#B < Hi:24 (A,B) < —=A2
7
1
< E[H“(A,B) +A#B] < H, (A,B)
and this refinment has been explored in [7].
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