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SOME NEW MULTIDIMENSIONAL HARDY-TYPE
INEQUALITIES WITH GENERAL KERNELS ON TIME SCALES

E. AWWAD* AND A. I. SAIED

(Communicated by M. Krni¢)

Abstract. This paper contains some new multidimensional Hardy-type inequalities with general
kernels on time scales. Our results (when T = R) give the inequalities proved by Oguntuase and
Durojaye.

1. Introduction

In [21], Opic and Kufner proved that if 1 < s < 8 < oo, then the inequality

[ow ([n(r)dr)ﬁdx %<C</Ilb§(x)ns(x)dx);7 0

holds for all measurable functions 11 > 0, if and only if

o ([ o) ([[eoae) ke

where s’ = ;. In addition, the estimate for constant C appearing in (1) is given by
1 1
ﬁ B S/ s/
K<C< |14+ l—f—E K. 2)
s

In [18], Lai proved that if ¢ is a nonnegative kernel, 0 < s < 8 < 1 and &,w are
nonnegative weight functions, then

[/O*’W () (/Ow 9(x.y)n (y)dy> ’ i
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holds for all nonincreasing functions 1 > 0, if and only if

T

holds for all » > 0. Moreover, the inequality (3) holds for nondecreasing functions

n > 0 if and only if
< (/’g’ dx) , r>0,

[ ([ ot o

holds. Many generalizations of Hardy-type inequalities have appeared in literature, we
refer the reader to the papers [7, 9, 11, 12, 19, 28, 29], and the books [16, 17, 21]. Also
Kaijser et al. [13] generalized the Hardy-Knopp inequality with a convex function and

proved that
[ o3 [ nmar) % < [Comen @

where @ is a convex function on RT and 1 : R™ — R™ is a locally integrable pos-
itive function. The generalization of the Hardy-Knopp inequality (4) with two dif-
ferent weighted functions were proved by CiZmesija et al. [6]. In particular, it was
proved that if 0 < b < e, @ : (0,b) — R is a nonnegative function such that the func-
tion { — @(&)/&? is locally integrable on (0,b) and @ is convex on (a,c), where
—oo L a < ¢ < oo, the inequality

[fatco (7 [ nwar) % < ["s@emenE.

holds for all integrable functions 7 : (0,0) — R, such that 1({) € (a,c) forall { €
(0,b) and the function & is defined by

7) :T/waéf)dc, for 7€ (0,b).

In 2005, Kaijser et al. [14] established an interesting generalization for inequalitiy

of Hardy’s type. In particular, they proved that if 0 < b < e, @ : (0,b) — R and k:

(0,b) x (0,b) — R are non-negative functions, such that 0 < K () := [ k(7,0)d6 < o,
€ (0,b) and

—C/ —d7<°°7 £e(0,0),

then . i . i
[ a@ommenz < [ eoemene. )

0 ¢ o ¢

where @ is a convex function on an interval I C R, 1 : (0,h) — R is a function with
values in I, and

¢ ¢
AN(Q) = s [ HEOM(6)a6, K(E) = [ K(E.0)d0. L€ (0.5).

K(&) Jo
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Also, in [14] it is proved thatif 1 < s< B <o, s € (1,00) and 0 < b < oo. Furthermore
assume that @ is a convex and strictly monotone function on (a,c), —eo < a < ¢ < oo
and assumed that the general Hardy operator A; defined as following

¢ ¢
AN(E) = o [ HEOM©)d0. K(§) = [ K(C.0)ae.

K() Jo 0

where k: Rt xR* — R is a nonnegative kernel and assume that @ (&) and &({) are
nonnegative weighted functions. Then the inequality

([owneton) <c[[sno:0®]  ©

holds for all the nonnegative functions 1(§), a < n(§) <c¢, £ €0,b] and C > 0, if

s—1 ﬁ o—s %
A(s) = sup [V(0))F ( (552 [v(@)]”a)w@)ﬁ) <o

0<0<b C
where o
v(e) = [ o) raTar.

In [20] Oguntuase and Durojaye proved some multidimensional Hardy-type inequali-
ties. In particular, they proved that if ¢,y are nonnegative functions on (¢,d), —eo <
¢ <d < and v is a convex function such that Ay(§) < ¢(§) < By({), where A, B
are constants. Furthermore, if @, & are nonnegative weighted functions with

1
b bn (C») o (&) )
d , t>1,
o= (R ane
then the following inequality holds

[ [T D@0 CCm

<(8)[[" [ omopserae] )

A /g' [ k(¢.om(@)do,

Cl Cm
) :/0 [T KE 0)a0

where 1 (§) =n(&1,...,8n), kK(,0)=k(&1,...,8n,01,...,6,) and dO =d0 ...d06,.
A new theorem was appeared to unify the continuous calculus and the discrete
calculus called the time scale theorem. The time scale T is defined as an arbitrary

where

and
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nonempty closed subset of real numbers R. Many authors proved the dynamic in-
equalities on time scales. Fore more details, see [1, 2, 22, 24, 25, 26, 27].

In 2009, Ozkan and Yildirim [23] proved the time scale version of (5) and proved
thatif k(£,0) € G,y ([a,b) x [a,b),R) and @ € C,y4 ([a,b),R) are nonnegative functions
and the function & is defined by

60 -(r-a) [ oo L ve )

Furthermore if @ : (¢,d) — R is a continuous and convex function, where ¢, d € R,
then the inequality

[ s@emn(c©).0) £ < [ eoeme) ®

{—a’
holds for all delta integrable functions 1 € C,y ([a,b),R) such that (&) € (¢,d), where

Aun(z,s) = ﬁ/jk(s,G)n(G)A& K(1,5) = /{:k(sﬁ)AO.

Our aim in this paper is to establish some new multidimensional Hardy-type inequalities
on time scales. In particular, we prove the time scale version of (7). Also, we prove
some new multidimensional Hardy-type inequalities in different spaces on time scales.

The paper is organized as follows. In Section 2, we present some preliminaries
concerning the time scale calculus and some basic theorems needed in Section 3 where
we prove the main results. Our main results (when T = R) yield the inequality (7)
proved by Oguntuase and Durojaye [20].

2. Preliminaries and basic lemmas

In this section, we show some basics of the time scale theory. For more details of
time scale calculus we refer the reader to the two books [4], [5]. A time scale T is an
arbitrary nonempty closed subset of the real numbers R.

The derivative of the product ng and the quotient 11/g (where gg© # 0) of two
differentiable functions 11 and g are given by
*_ntg—ng*

. ©)
88

(ng)* =n"g+n°s" =ng"+n"g°, (g)

In this paper, we will refer to the (delta) integral which is defined as follows: If G*(1) =
g(7), then [} g(s)As := G(t) — G(a). The integration by parts formula on time scales
is given by

b b
| smE@ar=m@al - [ a*memar. (10)
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The time scales chain rule (see [4, Theorem 1.87]) is given by

(Mo a)*(1) =1 (A (§)A* (1), where ¢ € [1,0(1)]. (11

The Holder inequality on time scales is given by

by bm
/ / T)|AT ... ATy,
1
hl m hl m v
{ / / 7)|7AT .. Arm} { / / AT . AT,| . (12)

where ay,...,am,b1,....by €T, AT=AT...ATy, N, g:T" - R suchthat n(7) =
(T, %, ), 8(7) =8(T1, 72, ), y>1and 1/y+1/v=1.

THEOREM 1. (Jensen’s inequality [8]) Assume that T is a time scale with a;,b; €
T, i=1,2,....omand ¢, deR.If g: " — (c,d) is rd-continuous and ®: (c¢,d) — R
is continuous and convex, then

hl m
q)<f fb"’n ¢, 1)AT /al , (§7T)g(T)AT>

by bm
S el AR AL (13)

where AT=AT ... ATy, N( &, T)=0(C1,....0nT15,Tm), &(T)=g(T1,...,T) -

THEOREM 2. (Minkowski’s inequality [3]) Assume that T is a time scale with
ai,b;ieT, i=1,2,....mand y> 1. If k: T" xT"— R, w,h: T™ — R are nonnegative
rd-continuous functions, then

[ [ ([ [ remeone) sd]
/bl bmhr (/bl /bm k”CrAC)l (14)

where AL =A8y ... ALy, k(. 1)=k(E1,. o, Ens Tty ), and h( T ) =h(T1,. .., Ty) -

3. Main results

Throughout the paper, we will assume that the functions (without mentioning) are
positive rd-continuous functions on [a,b|r and the integrals considered are assumed
to exist (finite i.e. convergent). We define the time scale interval [a,b]T by [a,b]T :=
[a,b)NT. Also, we define the general Hardy operator Ay as following

o) o (Gm)
Akn(C):=% / [T ke omio0
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o(&)  olGn
K(O) ;:/a / K(C,0)A0
where () =1(CtyeresEn)s K(E,0) =k(ClyerssEnsBrs- v, B) and AB —AB) ... AB.

and

Now, we can prove the first result.

THEOREM 3. Let a;,b; €T, i=1,2,...m, t > 1 and k, n, @, & are positive
weighted functions such that

o= ([, (% %)t T )

Furthermore assume that ¢, are positive functions on (c,d), —oo < ¢ < d < o and
W is a convex function such that

Ay (8) < o(S) <By(0), (15)

where A, B are constants, then the inequality

by bm foA AC
/ - o' ( kn(C))w(C)( (&) —ai)...(6(Gn) —am)

( ) [/bl " 0 (n(6))E(6)A8] | (16)

holds for the positive function 1.

Proof. Using (15) and applying Jensen’s inequality (where y is convex), we ob-
tain

L ' bm‘l’ A () o) 75 <¢1>—a1>¥<a<¢m>—am>
_/b1 /b"’ (K(lgf Cl.../ﬂ:(gm)k(c,e)n(e)w)
©)
G <o<c>—am>A§
<B’/ / (Kl / l...L:(gm)k(C,G)n(G)AG)
o(0) Iy

“ @) —ar).(0(Gn) —am)

<B[/:l'“/u:m KftC) (/:(m.../u:@m)k(;,e)w(n(e))Ae)

o(0)
O =) (oG —am (17

t
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Applying Minkowski’s inequality on the term

/bl b 75 (/ T /a:@m)k(c,mw(n(e)me)

) w(@) A

(0(&1) —a)...(0(&n) —am)

with t > 1, we see that

(/:'.../a:m%</:<cl>'”/a:(cm>k(§’9>w(n(e>)w>

@ ()
“ o) —a1>...<o<cm>—am>A§)

by (b 0\ t
[Ny ———

t

t

</9b / (55 werar (Cga(@m)—am)“)%m]t' "

Substituting (18) into (17), we have that
[ e an @0 Gy e
<B [/ / w(n(0))
(e (¢ C@O) T ) )
=B [/al /aml// },

and then by using (15), we observe that
L s
AR R LI LTy o

< (/5;) [/:1.../a:m¢<n<e>>é<e>Ae]t7
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which is (16). [

REMARK 1. As a special case of Theorem 3 when T =R, we get the inequality
(7) proved by Oguntuase and Durojaye [20].

THEOREM 4. Let a;,b; € T, 0 < o, s; < 1, such that 0 < o¢ < §5; < oo, I =
1,2,...m, and 1 < B < . Also, we assume that ¢ is a positive and convex function
n (c,d), —o<c<d<oo,and n, k, @, & are positive weighted functions with

5(9) = 51(91) ém(em) (19)
Then the inequality
b N AL B
(L [ owm @ o) Gy aer=an)
L £4(0) ’
<cl [ .. “(n(0)) 1 A0} . 0
< (/ /am<z> O e T ) (20)
holds for the positive function N and C > 0, if
Alstreeosm) = sup V(O] V] (6)) "
B
b m (k(£,0)\ o(f)
(/9 / (K( ) <o<cl>—a1>...<o<cm>—am>
VP ) ag ) < e

where

0; _1 i
Vo) = [ (60 (o (1) —a) T A

Proof. By applying Jensen’s inequality, we get that

by g AC
[ / oA Do) ey . (G —an)

_/”1 /”[ ( 1@ / (C‘)...L:(Cm)k(c,e)n(e)wﬂg

K@)
. o(0) AL

(o(&1)—air)...(6(Gn) —am)

s /fl /bm (ﬁ/:@---/az@m)k(C,9>¢(n(9>>Ae> g

o(()
@ a0 —am
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b rbm ] o(l)  rolin) B
:/ul .../um K%(C) </u1 .../um k(C,G)(p(rl(e))Ag)

y a(¢)
(o(&1)—air)...(6(Gn) —am)

Define a function g such that

AL, (22)

EF (1), & (6)

04(n(6)) 8 ]
(0(91)_611)11 (G(Om)—am)a

= 0(2(0)), (23)

and then we have that

a(&) (Sm)
A B (ORI

(&) o(&n) | | |
[T kg o @ VO] v 0

X [V (0)" " (E1(00)) " (Enl(B) T (3(B1) —a1) .- (0(6n) —am) A (24)

By applying the Holder inequality (12) with y=1/a > 1 and v =1/(1 — &), (where
0 < a < 1) on the right hand side of (24), we see that

o(8r) S (Gm) o p. I—s
L [T ke on v o)
< V@) Ve O v (B!

X(51(91))71"‘(ém(em))il( (91)_ ) (0(9 )—am)AO
o(&) o(Gn) 1-s) 1—sm ¢
([ [T ot V0] v 0 a0)

—1

o(&1) o (&m) 1 —1
x(/ /m V(0] T .. [V (8,)] 7 [£1(6))] 7% ... [En(6)] 77

1

1-a
X (6(6) —a1) T ... (6(6y) — ay)T® AO) . 25)

Substituting (25) into (24), we see that

c(&) o(Gm)
/a / K(£,0)9(n(6))A0

< (/:(cn_../ac@m)ké(g,e)mg(@)) VOO0 e e A9>a

m

o(&) o(&m) si-1 .
(/ B A O L ORI X O

-

. 1-o
X o [En(0)] T (0(8)) — )la...(G(Om)—am)laAG) ,
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and then we have from (22) that

by % AL
L / O I @) ey = . 0 (G —am)
/”1 /bm @(¢)
) —ar)...(6(Cn) —am) K2 (0)

. (/1 <¢1>m/am<¢m ké(;,e)qs(g(e))[Vf’(Olﬂ%"'[V"?(e’“” s AO)ﬂ

a(&) o(&n) - =1 -1 1
ST A A {CD L YN L R

B-a)
o

then » 1
VA (6:) = [&(6:)] 77 (0(6) —ai) T > 0. 27
Thus the function V; is increasing. Applying the chain rule formula (11) on the term

si—1
115
V. 17%(6;), we observe that

] <] - (o

where §; € [6;,06(6;)]. Thus by substituting (27) into (28), we see that

sj—o A

i 5;— o
V.lia 91 — !
W] - (f=2) v
Since §; < 0(6;) and V; is increasing, we have that
Vi (&) <V7(6).

Using the facts that 0 <s;, @ <1 and o < s; < oo, where (s;—1)/(1 — o) <0 and
—a >0, we see that

(V) (28)

() EO) T (0 (8) —a)™T. (29)

—1

v ()= et (30)
Substituting (30) into (29), we get (note (s; — o) /(1 — &) > 0) that

._.

v (o) " (=2 ) wren = e o e) -a)re.

l—o
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and then

[ v @] a0z (A2 [ weer g o0 -are e,

Thus (since V;(a;) =0)

_ (;:Z)Wf(g)]%, i=1,2,....m. (31)
Substituting (31) into (26), we have
[ [ eanoita C)(;i(cl))—al)fc(o(cm)—am)
() ()
2 -
e <a<cl>—a1>...(a(<c¢)m>—am>1<§<¢>

o) oG = P
[ [ ke oeteton v 00 ¢ v (0] 0

X))

From (32) and the definition of g in (23), we obtain

Ag
(0(&1)—a1)...(0(En) —am)

X

N

AL (32)

by bm B
L [ etm@nE o

la) pll-o)

" E

</ >/ N
(&) —ar)...(6(Gn) — am) K (£)

(&) (N 1 éé(el)émé(em)
- k% (£,0)9(n(6)) =
. <~/al /‘lm 1 ((7(91)—611)a ...(G(Gm)—am)

B(si-a) Blsm—a)

15 1=sm B
< Ve V(O] Ae) ve ) e A,
(33)

I~
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Applying the Minkowski inequality on the right hand side (33) with 3 > 1, we get

h o ({)
/ / (6(Gn) — am) K(E)

(&) (G 1 éﬁ(el)...éf(&n)
0)p«
. <~/111 /a,,, (C ) ( ( ))((7(91)—611)$...(G(em)—am)é

(34)

" B " B(sy—0) - Blsm-)
V(O] VS (0] Ae) Ve e a
( /bl b "ot E7(0)).. 55 (6)
(6(61)—a))e...(6(6n) —am)®
< Ve (8] = [v,z’(emn"%
( /bl /”m((é ) o(0)
6, n K( Cl) al)---(c(cm)_am)
—a 1 B
e e A )ﬁAe)

Substituting (34) into (33), we get

by g AL
L / oA N o) Ty ey . 0 (G —an)

Bl-o) Bl-a)

( "‘)“ =
s1— O Sm— O
1
<P

X VE(O)] .. VS (B >}"a

2 (£.0) ©
(4" /m (K(Ci) CHOE >w 6] —an)
<P T A ) )

then we have from (21) that

by g AL
L / oA ENI ) Ty ey . 0 (G —an)

Bl1-a) | Bl-a)
(x o — (x o
< < ) ( ) AP ($15000s Sm)
s1— O Sm— O
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1 1 B
b1 bm “(01)...5%(6,
" / / 0% (n(0)) 51(1) St (Om) a6
a am (0(61)—a1)®...(0(6n) —am)®
and then we observe from (19) that

by g AL
L / oA N D) S Ey =) . (6 (G —am)

Bli-a) B(-a)

g(l_ ) ‘ ...<1_a> ¢ Aﬁ(sh...,sm)
s1— O Sm— O

1 B
hl bim 1 éﬁ(e) )
| 9=(n(6)) i rA0 |,
) <~/a1 /“m ! (6(61)—a1)5...(G(Om)—am)a

thus

(/ e [Cemento e (Q)—aofc(a(cm)—am))g
< (Sll—_m)1 a,,,(;yl__a)l aAa(Sh...,sm)

( ek mio) £=(6) 1“) /
@ m (0(61) —ai)e...(0(0n) —am)®

l1—o 1-o
whichsatisﬁes(20)withC:<,1‘°‘> ...(_,1—0‘) A%(sp,. . sm). O

s1—0

In the following, we generalize Theorem 4.

THEOREM 5. Let a;,b; € T, 0< ¢, s; <1, i=1,2,...m, such that 0 < o0 <
si < oo and 1 < B < oo. Also, we assume that ¢,y are positive functions on (c,d),
—oco < ¢ < d < oo and Y is a convex function such that

Ay (§) <o () <Bw (L), 35)

where A, B are positive constants and 1M, k, @, & are positive weighted functions
such that (19) holds. Then the inequality

by B
</ / 6 (e (€)))* 0() ez a>AC<o<cm>—am>)

<C</ ek o ;
ay am ( (91) o (G(Om)—am)“

=IR

AG) , (36)

_al)
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holds for the positive function N and C > 0, if

..... )= sup [VE(O)] 7 ... [VE (6] "

a;<0;<b;

(e (kﬁf(c) e

) (O —am)
e e )Ac)3<w. 37

Proof. Using (35) and by applying Jensen’s inequality, we get that

bl bm B A
/ / AkT] ”‘Gj ) C

(0(&1) —ar)...(0(En) — am)

B by g AL
<B/ / VA ()00 ey e .. (01 —an)

/b1 / [q;( / ...LZ(C"1)k(C70)n(0)A0>]%

a(¢)
@) —an)--.(0(Gw) — m>A§
B
B b Cm) a
s B / / (W : k<c,e>w<n<e>>Ae)
o)
“ @) —a)-. <a<¢m>_am>AC
B
p (b1 m a(&) o (Gn) @
=B« k(C,0 0))A0
[ Kg(c)</al [ kg opwn(@))0)
o)
X @) —a ... (oG —an ¢ (38)

Define a function g such that

v (n(6)) 516(91%@3(9”1) o), )
(0(91) —Cll)” (G(em) —am)oc

and then we have that

(&) o (Gm)
[ [ s owm@)a

Cl (Cm) o o 1—s o sm—1 o s1—1
= [ [T ey e v () v (e v (0]

X [V (6m)] 1(5( D)7 () (0(61) —ar)... (0(6) — am) AD.

(40)
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By applying (12) with y=1/o¢>1 and v =1/(1 — ), (where 0 < a < 1) on the
right hand side of (40), we see that

(8] o(&m) ) ) )
[ / KW= (¢(0) IV (B1)]' .. [V (Bn)] '~ V(6]
VO GO (Gl (000) 1) (01on) a0
651 o (Gm ik Iy Lo *
<( / [T G 0w P OO R v 0] F 00 )
([ [ et e ™ o0

1-a
X e ()] T (5(81) — 1) T ... (G(B) — ) T AO) . 1)

Substituting (41) into (40), we see that

o(&) o(Gn)
/a1 / k(C,0)y(n(0))A0

a(¢r) o(&m) 1 151 L—sm o
< ( [ ka@,e)w(g(e))[vmel)w...[v,z’(em)]TAe)
(&) o (Gm) sp—1 sm—1 1
X </a1 .../um Ve (6))] T« ... [V.Z(6,)] 1= [£1(6y)] T2

1-o
X oo [En(B)] T (0(81) — 1) T ... (0(Bp) — ) @ Ae> :

and then we have from (38) that

by bm g AC
/ / Am I @) Ty = . 0 (Cn) —am)
Bt by o({)
< o
/ / (6(&) —ar)...(6(Ln) — §<c>
) 1

Since

then 1
VA(6) = [£(6,)] ™ (0 (6;) —a;) % > 0. (43)
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Thus the function V; is increasing. Applying the chain rule formula (11) on the term

s;i—1
145t
V. 7%(6;), we observe that

] <] - (e

where §; € [6;,06(6;)]. Thus by substituting (43) into (44), we see that

U

Since §; < 0(6;) and V; is increasing, we have that

Vi(G) < VE(6).

Using the facts that 0 <s;, o < 1 and o < s; < oo, where (s;—1)/(1 — ) < 0 and
—a >0, we see that

&)V, (44)

} (1_ )V () [E(O)] T (0 (6) —a) T, (45)

i—1

v () > vee) e

’ (46)
Substituting (46) into (45), we get (note (s; —¢t) /(1 — o) > 0) that
si—a A L
|:Vl_1a (91')} P (SII_Z)[V (6 )] [gl( l)}lfl( (ei)_ai)ﬁ,
and then
o(G) [ size A
[ v | e
Si— o (&) - si—1 .
(1 - ) | e e (o)) (o (6) —a) T a6,
Thus (since V;(a;) =0)
o(&) o si—1 =y
~/a [Vl (91>] o [51(91)] ¢ (G(el> _al) I-a Ael
1— o(&) Si— ¢ A
<(122) [ [ 0] so
l - si—o

= (S_Z>[VIO-(C1)] e i=1,2,...,m. (47)

Substituting (47) into (42), we have
bl m ﬁ AC
A a
Iy M T e e s e

Bl-a) B(l-a)
o o

()
s1— o
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T o)
X
/ / (0(&) —ar)...(6(Gn) —an) K ”(C)
I o(§ I—sm B
([T o) v ) < 0] o)
Ve m( ST A NS 48)
From (48) and the definition of g in (39), we obtain
by bm g AC
[, a0 = e s
Bl-a) B(1—a)

Applying the Minkowski inequality on the right hand side (49) with 8 > 1, we get

n o(()
/ / (6(Gn) — am) K (£)

am)

@ o . E7(61)... & (6,)
0)ye
. <~/111 /a,,, (C ) ( ( ))(0(91)—511)&...(G(Gm)—am)é

l—sm B 51— sm—0
VO] VS (0] Ae) ve e ag
([t E5(0)... &8 (0n)

(6(61) —a1)@ ... (G(6) — am)?
< V(O] .. [V (6, n‘%

h (©, @(()
</91 /m (K( ) (0(81)—ar)...(0(&n) —am)
B

M e I s )Ac)ﬁAe) | (50)
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Substituting (50) into (49), we get

by B
/ / oA O @) STy = .. (6(Cn) —am)

(;;_i;)“‘““l.(;—_z) ”
([ /h (o) (el)é_i(jﬁj:ff(g)_ Y
< VO (O] . [V (8 >]1’%

(4 /”"( &'

G <
—a . 1 B
e @ e g Ac) "Ae) ,

and then we have from (37) that

/hl / oA (6 g © G(Cl)_al)%-c(o_(cm)_am)
pll-oa) B(l-a)
<t (122) (;‘_‘2) D (st )

1 B
él (61)..& (6n) Ae)
o)

by
</ / v —a)®...(0(6) — am

thus we have from (19) that

by
/ / oA N O ey . 0 (G —an)

therefore
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£ (6)

1 —A6
(0(61)—a))®...(0(6n) —am)®

by b 1
[ [wEme)
ay am

From (35), the last inequality becomes

=R

(/b /b o i () 00 s %io(cm) —am>>

B/l-a\'® l—a\'"“
<= D%(s1,....5n
A (sl —a) (sm—a) (51 $m)

1 o

L O
*(n(0 A6 |
<L ot ) T 1

—a1)%...(0(6n) —am)®

1-a 1-o
whichsatisﬁes(36)withC:(B/A)(1*0‘> ...(1*“) D%(s1,....sm). O
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s1—o Sm—O0

REMARK 2. If A= B =1, we get Theorem 4.
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