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SOME NEW MULTIDIMENSIONAL HARDY–TYPE

INEQUALITIES WITH GENERAL KERNELS ON TIME SCALES

E. AWWAD ∗ AND A. I. SAIED

(Communicated by M. Krnić)

Abstract. This paper contains some new multidimensional Hardy-type inequalities with general
kernels on time scales. Our results (when T = R ) give the inequalities proved by Oguntuase and
Durojaye.

1. Introduction

In [21], Opic and Kufner proved that if 1 < s � β < ∞, then the inequality

[∫ b
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)β
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] 1
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ξ (x)ηs(x)dx

) 1
s

, (1)

holds for all measurable functions η � 0, if and only if

sup
a<x<b

(∫ b

x
ϖ(τ)dτ

) 1
β
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ξ 1−s′(τ)dτ

) 1
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where s′ = s
s−1 . In addition, the estimate for constant C appearing in (1) is given by
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(

1+
β
s′

) 1
β
(
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s′

β

) 1
s′

K. (2)

In [18], Lai proved that if φ is a nonnegative kernel, 0 < s � β � 1 and ξ ,w are
nonnegative weight functions, then
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0
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holds for all nonincreasing functions η � 0, if and only if[∫ ∞

0
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0
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)β
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] 1
β

� C
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0
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) 1
s

,

holds for all r > 0. Moreover, the inequality (3) holds for nondecreasing functions
η � 0 if and only if[∫ ∞

0
w(x)

(∫ ∞

r
φ(x,y)dy

)β
dx

] 1
β

� C

(∫ ∞

r
ξ (x)dx

) 1
s

, r > 0,

holds. Many generalizations of Hardy-type inequalities have appeared in literature, we
refer the reader to the papers [7, 9, 11, 12, 19, 28, 29], and the books [16, 17, 21]. Also
Kaijser et al. [13] generalized the Hardy-Knopp inequality with a convex function and
proved that ∫ ∞

0
Φ
(

1
ζ

∫ ζ

0
η(τ)dτ

)
dζ
ζ

�
∫ ∞

0
Φ(η(ζ ))

dζ
ζ

, (4)

where Φ is a convex function on R
+ and η : R

+ → R
+ is a locally integrable pos-

itive function. The generalization of the Hardy-Knopp inequality (4) with two dif-
ferent weighted functions were proved by Čižmešija et al. [6]. In particular, it was
proved that if 0 < b � ∞, ϖ : (0,b) → R is a nonnegative function such that the func-
tion ζ → ϖ(ζ )/ζ 2 is locally integrable on (0,b) and Φ is convex on (a,c), where
−∞ � a < c � ∞, the inequality∫ b

0
ϖ(ζ )Φ

(
1
ζ

∫ ζ

0
η(τ)dτ

)
dζ
ζ

�
∫ b

0
ξ (ζ )Φ(η(ζ ))

dζ
ζ

,

holds for all integrable functions η : (0,b) → R , such that η(ζ ) ∈ (a,c) for all ζ ∈
(0,b) and the function ξ is defined by

ξ (τ) := τ
∫ b

τ

ϖ(ζ )
ζ 2 dζ , for τ ∈ (0,b).

In 2005, Kaijser et al. [14] established an interesting generalization for inequalitiy
of Hardy’s type. In particular, they proved that if 0 < b � ∞, ϖ : (0,b) → R and k :
(0,b)×(0,b)→R are non-negative functions, such that 0 < K(τ) :=

∫ τ
0 k(τ,θ )dθ < ∞,

τ ∈ (0,b) and

ξ (ζ ) := ζ
∫ b

ζ
ϖ(τ)

k(τ,ζ )
K(τ)

dτ
τ

< ∞, ζ ∈ (0,b),

then ∫ b

0
ϖ(ζ )Φ(Akη(ζ ))

dζ
ζ

�
∫ b

0
ξ (ζ )Φ(η(ζ ))

dζ
ζ

, (5)

where Φ is a convex function on an interval I ⊆ R, η : (0,b) → R is a function with
values in I, and

Akη(ζ ) :=
1

K(ζ )

∫ ζ

0
k(ζ ,θ )η(θ )dθ , K(ζ ) =

∫ ζ

0
k(ζ ,θ )dθ , ζ ∈ (0,b).
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Also, in [14] it is proved that if 1 < s � β < ∞, s ∈ (1,α) and 0 < b < ∞. Furthermore
assume that Φ is a convex and strictly monotone function on (a,c), −∞ < a < c < ∞
and assumed that the general Hardy operator Ak defined as following

Akη(ζ ) =
1

K(ζ )

∫ ζ

0
k(ζ ,θ )η(θ )dθ , K(ζ ) =

∫ ζ

0
k(ζ ,θ )dθ ,

where k : R
+×R

+ → R
+ is a nonnegative kernel and assume that ϖ(ζ ) and ξ (ζ ) are

nonnegative weighted functions. Then the inequality

(∫ b

0
[Φ(Akη (ζ ))]β ϖ(ζ )

dζ
ζ

) 1
β

� C

[∫ b
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ζ

] 1
α

, (6)

holds for all the nonnegative functions η(ζ ), a < η(ζ ) < c, ζ ∈ [0,b] and C > 0, if

A(s) := sup
0<θ<b

[V (θ )]
s−1
α

(∫ b

θ

(
k(ζ ,θ )
K(ζ )

)β
[V (ζ )]

β(α−s)
α ϖ(ζ )

dζ
ζ

) 1
β

< ∞,

where

V (θ ) =
∫ θ

0
[ξ (τ)]

−1
α−1 τ

1
α−1 dτ.

In [20] Oguntuase and Durojaye proved some multidimensional Hardy-type inequali-
ties. In particular, they proved that if φ ,ψ are nonnegative functions on (c,d), −∞ <
c < d < ∞ and ψ is a convex function such that Aψ(ζ ) � φ(ζ ) � Bψ(ζ ), where A, B
are constants. Furthermore, if ϖ , ξ are nonnegative weighted functions with

ξ (θ ) =
(∫ b1

0
. . .

∫ bm

0

(
k(ζ ,θ )
K(ζ )

)t ϖ(ζ )
ζ1 . . .ζm

dζ
) 1

t

, t � 1,

then the following inequality holds

∫ b1

0
. . .

∫ bm

0
φ t (Akη (ζ ))ϖ(ζ )

dζ
ζ1 . . .ζm

�
(

B
A

)t [∫ b1

0
. . .
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0
φ(η(θ ))ξ (θ )dθ

]t

. (7)

where

Akη (ζ ) :=
1

K(ζ )

∫ ζ1

0
. . .

∫ ζm

0
k(ζ ,θ )η(θ )dθ ,

and

K(ζ ) :=
∫ ζ1

0
. . .

∫ ζm

0
k(ζ ,θ )dθ ,

where η (ζ ) = η(ζ1, . . . ,ζm), k(ζ ,θ ) = k(ζ1, . . . ,ζm,θ1, . . . ,θm) and dθ =dθ1 . . .dθm.
A new theorem was appeared to unify the continuous calculus and the discrete

calculus called the time scale theorem. The time scale T is defined as an arbitrary
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nonempty closed subset of real numbers R . Many authors proved the dynamic in-
equalities on time scales. Fore more details, see [1, 2, 22, 24, 25, 26, 27].

In 2009, Özkan and Yildirim [23] proved the time scale version of (5) and proved
that if k(ζ ,θ )∈Crd ([a,b)× [a,b),R) and ϖ ∈Crd ([a,b),R) are nonnegative functions
and the function ξ is defined by

ξ (τ) = (τ −a)
∫ b

τ

k(ζ ,τ)
K(σ(ζ ),ζ )

ϖ(ζ )
Δζ

ζ −a
, τ ∈ [a,b).

Furthermore if Φ : (c,d) → R is a continuous and convex function, where c, d ∈ R ,
then the inequality

∫ b

a
ϖ(ζ )Φ(Akη(σ(ζ ),ζ ))

Δζ
ζ −a

�
∫ b

a
ξ (ζ )Φ(η(ζ ))

Δζ
ζ −a

, (8)

holds for all delta integrable functions η ∈Crd ([a,b),R) such that η(ζ )∈ (c,d), where

Akη(τ,s) :=
1

K(τ,s)

∫ τ

a
k(s,θ )η(θ )Δθ , K(τ,s) :=

∫ τ

a
k(s,θ )Δθ .

Our aim in this paper is to establish some new multidimensionalHardy-type inequalities
on time scales. In particular, we prove the time scale version of (7). Also, we prove
some new multidimensional Hardy-type inequalities in different spaces on time scales.

The paper is organized as follows. In Section 2, we present some preliminaries
concerning the time scale calculus and some basic theorems needed in Section 3 where
we prove the main results. Our main results (when T = R) yield the inequality (7)
proved by Oguntuase and Durojaye [20].

2. Preliminaries and basic lemmas

In this section, we show some basics of the time scale theory. For more details of
time scale calculus we refer the reader to the two books [4], [5]. A time scale T is an
arbitrary nonempty closed subset of the real numbers R .

The derivative of the product ηg and the quotient η/g (where ggσ �= 0) of two
differentiable functions η and g are given by

(ηg)Δ = ηΔg+ ησgΔ = ηgΔ + ηΔgσ ,

(
η
g

)Δ
=

ηΔg−ηgΔ

ggσ . (9)

In this paper, we will refer to the (delta) integral which is defined as follows: If GΔ(τ) =
g(τ) , then

∫ τ
a g(s)Δs := G(τ)−G(a). The integration by parts formula on time scales

is given by

∫ b

a
ϖ(τ)ξ Δ(τ)Δτ = [ϖ(τ)ξ (τ)]ba−

∫ b

a
ϖΔ(τ)ξ σ (τ)Δτ. (10)
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The time scales chain rule (see [4, Theorem 1.87]) is given by

(η ◦λ )Δ(τ) = η
′
(λ (ζ ))λ Δ (τ) , where ζ ∈ [τ,σ (τ)] . (11)

The Hölder inequality on time scales is given by
∫ b1

a1

. . .

∫ bm

am

|η(τ)g(τ)|Δτ1 . . .Δτm

�
[∫ b1

a1

. . .

∫ bm

am

|η(τ)|γ Δτ1 . . .Δτm

] 1
γ
[∫ b1

a1

. . .

∫ bm

am

|g(τ)|νΔτ1 . . .Δτm

] 1
ν
, (12)

where a1, . . . ,am,b1, . . . ,bm ∈ T, Δ τ = Δτ1 . . .Δτm, η , g : T
m → R such that η( τ ) =

η(τ1,τ2, . . . ,τm), g( τ ) = g(τ1,τ2, . . . ,τm), γ > 1 and 1/γ +1/ν = 1.

THEOREM 1. (Jensen’s inequality [8]) Assume that T is a time scale with ai,bi ∈
T, i = 1,2, . . . ,m and c, d ∈ R . If g : T

m → (c,d) is rd-continuous and Φ : (c,d)→ R

is continuous and convex, then

Φ

(
1∫ b1

a1
. . .
∫ bm
am

η(ζ ,τ)Δτ

∫ b1

a1

. . .

∫ bm

am

η(ζ ,τ)g(τ)Δτ

)

� 1∫ b1
a1

. . .
∫ bm
am

η(ζ ,τ)Δτ

∫ b1

a1

. . .

∫ bm

am

η(ζ ,τ)Φ(g(τ))Δτ, (13)

where Δ τ = Δτ1 . . .Δτm, η( ζ , τ ) = η(ζ1, . . . ,ζm,τ1, . . . ,τm) , g( τ ) = g(τ1, . . . ,τm) .

THEOREM 2. (Minkowski’s inequality [3]) Assume that T is a time scale with
ai,bi ∈T, i = 1,2, . . . ,m and γ � 1 . If k : T

m×T
m→ R , w,h : Tm →R are nonnegative

rd-continuous functions, then

[∫ b1

a1

. . .

∫ bm

am

w(ζ )
(∫ b1

a1

. . .

∫ bm

am

h(τ)k(ζ ,τ)Δτ
)γ

Δζ
] 1

γ

�
∫ b1

a1

. . .

∫ bm

am

h(τ)
(∫ b1

a1

. . .

∫ bm

am

w(ζ )kγ (ζ ,τ)Δζ
) 1

γ
Δτ, (14)

where Δ ζ = Δζ1 . . .Δζm, k( ζ , τ )= k(ζ1, . . . ,ζm,τ1, . . . ,τm) , and h( τ )= h(τ1, . . . ,τm) .

3. Main results

Throughout the paper, we will assume that the functions (without mentioning) are
positive rd-continuous functions on [a,b]T and the integrals considered are assumed
to exist (finite i.e. convergent). We define the time scale interval [a,b]T by [a,b]T :=
[a,b]∩T . Also, we define the general Hardy operator Ak as following

Akη (ζ ) :=
1

K(ζ )

∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )η(θ )Δθ ,
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and

K(ζ ) :=
∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )Δθ ,

where η (ζ ) = η(ζ1, . . . ,ζm), k(ζ ,θ )= k(ζ1, . . . ,ζm,θ1, . . . ,θm) and Δθ =Δθ1 . . .Δθm.

Now, we can prove the first result.

THEOREM 3. Let ai,bi ∈ T, i = 1,2, . . .m, t � 1 and k, η , ϖ , ξ are positive
weighted functions such that

ξ (θ ) =
(∫ b1

θ1

. . .
∫ bm

θm

(
k(ζ ,θ )
K(ζ )

)t ϖ(ζ )
(σ(ζ1)−a1) . . .(σ(ζm)−am)

Δζ
) 1

t

.

Furthermore assume that φ ,ψ are positive functions on (c,d), −∞ < c < d < ∞ and
ψ is a convex function such that

Aψ(ζ ) � φ(ζ ) � Bψ(ζ ), (15)

where A, B are constants, then the inequality
∫ b1

a1

. . .
∫ bm

am

φ t (Akη (ζ ))ϖ(ζ )
Δζ

(σ(ζ1)−a1) . . .(σ(ζm)−am)

�
(

B
A

)t [∫ b1

a1

. . .

∫ bm

am

φ(η(θ ))ξ (θ )Δθ
]t

, (16)

holds for the positive function η .

Proof. Using (15) and applying Jensen’s inequality (where ψ is convex), we ob-
tain ∫ b1

a1

. . .

∫ bm

am

φ t (Akη (ζ ))ϖ(ζ )
Δζ

(σ(ζ1)−a1) . . . (σ(ζm)−am)

=
∫ b1

a1

. . .

∫ bm

am

φ t
(

1
K(ζ )

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )η(θ )Δθ
)

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ

� Bt
∫ b1

a1

. . .

∫ bm

am

ψt
(

1
K(ζ )

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )η(θ )Δθ
)

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ

� Bt
∫ b1

a1

. . .

∫ bm

am

1
Kt(ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
)t

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ . (17)
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Applying Minkowski’s inequality on the term∫ b1

a1

. . .

∫ bm

am

1
Kt(ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
)t

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ ,

with t � 1, we see that(∫ b1

a1

. . .

∫ bm

am

1
Kt(ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
)t

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ
) 1

t

�
∫ b1

a1

. . .

∫ bm

am

ψ(η(θ ))
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

)t ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ
) 1

t

Δθ ,

then∫ b1

a1

. . .

∫ bm

am

1
Kt(ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
)t

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ

�
[∫ b1

a1

. . .

∫ bm

am

ψ(η(θ ))

×
(∫ b1

θ1

. . .
∫ bm

θm

(
k(ζ ,θ )
K(ζ )

)t ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ
) 1

t

Δθ
]t

. (18)

Substituting (18) into (17), we have that∫ b1

a1

. . .

∫ bm

am

φ t (Akη (ζ ))ϖ(ζ )
Δζ

(σ(ζ1)−a1) . . .(σ(ζm)−am)

� Bt
[∫ b1

a1

. . .
∫ bm

am

ψ(η(θ ))

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

)t ϖ(ζ )
(σ(ζ1)−a1) . . .(σ(ζm)−am)

Δζ
) 1

t

Δθ
]t

= Bt
[∫ b1

a1

. . .

∫ bm

am

ψ(η(θ ))ξ (θ )Δθ
]t

,

and then by using (15), we observe that∫ b1

a1

. . .

∫ bm

am

φ t (Akη (ζ ))ϖ(ζ )
Δζ

(σ(ζ1)−a1) . . .(σ(ζm)−am)

�
(

B
A

)t [∫ b1

a1

. . .

∫ bm

am

φ(η(θ ))ξ (θ )Δθ
]t

,
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which is (16). �

REMARK 1. As a special case of Theorem 3 when T = R , we get the inequality
(7) proved by Oguntuase and Durojaye [20].

THEOREM 4. Let ai,bi ∈ T, 0 < α, si < 1, such that 0 < α < si < ∞, i =
1,2, . . .m, and 1 < β < ∞. Also, we assume that φ is a positive and convex function
on (c,d), −∞ < c < d < ∞ , and η , k, ϖ , ξ are positive weighted functions with

ξ (θ ) = ξ1(θ1) . . .ξm(θm). (19)

Then the inequality(∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

) α
β

� C

(∫ b1

a1

. . .
∫ bm

am

φ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)α

, (20)

holds for the positive function η and C > 0, if

A(s1, . . . ,sm) = sup
ai�θi�bi

[Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
< ∞, (21)

where

Vi(θi) =
∫ θi

ai

[ξi(ti)]
−1

1−α (σ (ti)−ai)
1

1−α Δti.

Proof. By applying Jensen’s inequality, we get that
∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . .(σ(ζm)−am)

=
∫ b1

a1

. . .
∫ bm

am

[
φ
(

1
K(ζ )

∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )η(θ )Δθ
)] β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ

�
∫ b1

a1

. . .

∫ bm

am

(
1

K(ζ )

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φ(η(θ ))Δθ
) β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ
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=
∫ b1

a1

. . .

∫ bm

am

1

K
β
α (ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φ(η(θ ))Δθ
) β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . . (σ(ζm)−am)

Δζ . (22)

Define a function g such that

φ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

= φ(g(θ )), (23)

and then we have that∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φ(η(θ ))Δθ

=
∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φα (g(θ )) [Vσ
1 (θ1)]

1−s1 . . . [Vσ
m (θm)]1−sm [V σ

1 (θ1)]
s1−1 . . .

× [Vσ
m (θm)]sm−1 (ξ1(θ1))

−1 . . . (ξm(θm))−1 (σ(θ1)−a1) . . .(σ(θm)−am)Δθ . (24)

By applying the Hölder inequality (12) with γ = 1/α > 1 and ν = 1/(1−α), (where
0 < α < 1) on the right hand side of (24), we see that

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φα (g(θ )) [Vσ
1 (θ1)]

1−s1 . . .

× [Vσ
m (θm)]1−sm [Vσ

1 (θ1)]
s1−1 . . . [Vσ

m (θm)]sm−1

× (ξ1(θ1))
−1 . . . (ξm(θm))−1 (σ(θ1)−a1) . . . (σ(θm)−am)Δθ

�
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )φ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)α

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

[Vσ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α . . . [ξm(θm)]

−1
1−α

× (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
)1−α

. (25)

Substituting (25) into (24), we see that

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )φ(η(θ ))Δθ

�
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )φ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)α

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

[Vσ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α

× . . . [ξm(θm)]
−1

1−α (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
)1−α

,
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and then we have from (22) that

∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
∫ b1

a1

. . .
∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )φ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)β

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

[Vσ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α . . . [ξm(θm)]

−1
1−α

× (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
) β(1−α)

α
Δζ . (26)

Since

Vi(θi) =
∫ θi

ai

[ξi(ti)]
−1

1−α (σ (ti)−ai)
1

1−α Δti,

then
VΔ

i (θi) = [ξi(θi)]
−1

1−α (σ (θi)−ai)
1

1−α > 0. (27)

Thus the function Vi is increasing. Applying the chain rule formula (11) on the term

V
1+ si−1

1−α
i (θi) , we observe that

[
V

1+ si−1
1−α

i (θi)
]Δ

=
[
V

si−α
1−α

i (θi)
]Δ

=
(

si −α
1−α

)
V

si−1
1−α

i (ζi)VΔ
i (θi), (28)

where ζi ∈ [θi,σ(θi)]. Thus by substituting (27) into (28), we see that

[
V

si−α
1−α

i (θi)
]Δ

=
(

si −α
1−α

)
V

si−1
1−α

i (ζi) [ξi(θi)]
−1

1−α (σ (θi)−ai)
1

1−α . (29)

Since ζi � σ(θi) and Vi is increasing, we have that

Vi (ζi) � Vσ
i (θi).

Using the facts that 0 < si, α < 1 and α < si < ∞, where (si −1)/(1−α) < 0 and
si −α > 0, we see that

V
si−1
1−α

i (ζi) � [Vσ
i (θi)]

si−1
1−α . (30)

Substituting (30) into (29), we get (note (si −α)/(1−α) > 0) that

[
V

si−α
1−α

i (θi)
]Δ

�
(

si −α
1−α

)
[V σ

i (θi)]
si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α ,
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and then

∫ σ(ζi)

ai

[
V

si−α
1−α

i (θi)
]Δ

Δθi �
(

si −α
1−α

)∫ σ(ζi)

ai

[Vσ
i (θi)]

si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α Δθi.

Thus (since Vi(ai) = 0)

∫ σ(ζi)

ai

[Vσ
i (θi)]

si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α Δθi

�
(

1−α
si −α

)∫ σ(ζi)

ai

[
V

si−α
1−α

i (θi)
]Δ

Δθi

=
(

1−α
si −α

)
[Vσ

i (ζi)]
si−α
1−α , i = 1,2, . . . ,m. (31)

Substituting (31) into (26), we have

∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
(

1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

×
∫ b1

a1

. . .

∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )φ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)β

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ (32)

From (32) and the definition of g in (23), we obtain

∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
(

1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

×
∫ b1

a1

. . .

∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )φ

1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . .(σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α Δθ
)β

[Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ .

(33)



404 E. AWWAD AND A. I. SAIED

Applying the Minkowski inequality on the right hand side (33) with β > 1, we get

∫ b1

a1

. . .

∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )φ

1
α (η(θ ))

ξ
1
α

1 (θ1) . . .ξ
1
α
m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α Δθ
)β

[Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ

�
(∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α

1 (θ1) . . .ξ
1
α
m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
Δθ
)β

(34)

Substituting (34) into (33), we get

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
(

1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

×
(∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α
m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
Δθ
)β

,

then we have from (21) that

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
(

1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

Aβ (s1, . . . ,sm)
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×
⎛
⎝∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α

1 (θ1) . . .ξ
1
α
m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

⎞
⎠

β

,

and then we observe from (19) that

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

�
(

1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

Aβ (s1, . . . ,sm)

×
(∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)β

,

thus

(∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . .(σ(ζm)−am)

) α
β

�
(

1−α
s1 −α

)1−α
. . .

(
1−α
sm −α

)1−α
Aα(s1, . . . ,sm)

×
(∫ b1

a1

. . .
∫ bm

am

φ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)α

,

which satisfies (20) with C =
(

1−α
s1−α

)1−α
. . .
(

1−α
sm−α

)1−α
Aα(s1, . . . ,sm) . �

In the following, we generalize Theorem 4.

THEOREM 5. Let ai,bi ∈ T, 0 < α, si < 1, i = 1,2, . . .m, such that 0 < α <
si < ∞ and 1 < β < ∞. Also, we assume that φ ,ψ are positive functions on (c,d),
−∞ < c < d < ∞ and ψ is a convex function such that

Aψ (ζ ) � φ (ζ ) � Bψ (ζ ) , (35)

where A, B are positive constants and η , k, ϖ , ξ are positive weighted functions
such that (19) holds. Then the inequality

(∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

) α
β

� C

(∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)α

, (36)
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holds for the positive function η and C > 0, if

D(s1, . . . ,sm) = sup
ai�θi�bi

[Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
< ∞. (37)

Proof. Using (35) and by applying Jensen’s inequality, we get that∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

∫ b1

a1

. . .
∫ bm

am

[ψ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

= B
β
α

∫ b1

a1

. . .

∫ bm

am

[
ψ
(

1
K(ζ )

∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )η(θ )Δθ
)] β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . .(σ(ζm)−am)

Δζ

� B
β
α

∫ b1

a1

. . .
∫ bm

am

(
1

K(ζ )

∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
) β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . .(σ(ζm)−am)

Δζ

= B
β
α

∫ b1

a1

. . .

∫ bm

am

1

K
β
α (ζ )

(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ
) β

α

× ϖ(ζ )
(σ(ζ1)−a1) . . .(σ(ζm)−am)

Δζ . (38)

Define a function g such that

ψ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

= ψ(g(θ )), (39)

and then we have that∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ

=
∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψα (g(θ )) [Vσ
1 (θ1)]

1−s1 . . . [Vσ
m (θm)]sm−1 [Vσ

1 (θ1)]
s1−1

× . . . [Vσ
m (θm)]sm−1 (ξ1(θ1))

−1 . . .(ξm(θm))−1 (σ(θ1)−a1) . . . (σ(θm)−am)Δθ .
(40)
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By applying (12) with γ = 1/α > 1 and ν = 1/(1−α), (where 0 < α < 1) on the
right hand side of (40), we see that∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k(ζ ,θ )ψα (g(θ )) [Vσ
1 (θ1)]

1−s1 . . . [Vσ
m (θm)]1−sm [Vσ

1 (θ1)]
s1−1

× . . . [Vσ
m (θm)]sm−1 (ξ1(θ1))

−1 . . . (ξm(θm))−1 (σ(θ1)−a1) . . .(σ(θm)−am)Δθ

�
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [V σ
m (θm)]

1−sm
α Δθ

)α

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

[Vσ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α

× . . . [ξm(θm)]
−1

1−α (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
)1−α

. (41)

Substituting (41) into (40), we see that∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k(ζ ,θ )ψ(η(θ ))Δθ

�
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)α

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

[Vσ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α

× . . . [ξm(θm)]
−1

1−α (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
)1−α

,

and then we have from (38) that∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

∫ b1

a1

. . .
∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)β

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

[V σ
1 (θ1)]

s1−1
1−α . . . [Vσ

m (θm)]
sm−1
1−α [ξ1(θ1)]

−1
1−α

× . . . [ξm(θm)]
−1

1−α (σ(θ1)−a1)
1

1−α . . . (σ(θm)−am)
1

1−α Δθ
) β(1−α)

α
Δζ . (42)

Since

Vi(θi) =
∫ θi

ai

[ξi(ti)]
−1

1−α (σ (ti)−ai)
1

1−α Δti,

then
VΔ

i (θi) = [ξi(θi)]
−1

1−α (σ (θi)−ai)
1

1−α > 0. (43)
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Thus the function Vi is increasing. Applying the chain rule formula (11) on the term

V
1+ si−1

1−α
i (θi) , we observe that

[
V

1+ si−1
1−α

i (θi)
]Δ

=
[
V

si−α
1−α

i (θi)
]Δ

=
(

si −α
1−α

)
V

si−1
1−α

i (ζi)VΔ
i (θi), (44)

where ζi ∈ [θi,σ(θi)]. Thus by substituting (43) into (44), we see that[
V

si−α
1−α

i (θi)
]Δ

=
(

si −α
1−α

)
V

si−1
1−α

i (ζi) [ξi(θi)]
−1

1−α (σ (θi)−ai)
1

1−α . (45)

Since ζi � σ(θi) and Vi is increasing, we have that

Vi (ζi) � Vσ
i (θi).

Using the facts that 0 < si, α < 1 and α < si < ∞, where (si −1)/(1−α) < 0 and
si −α > 0, we see that

V
si−1
1−α

i (ζi) � [Vσ
i (θi)]

si−1
1−α . (46)

Substituting (46) into (45), we get (note (si −α)/(1−α) > 0) that[
V

si−α
1−α

i (θi)
]Δ

�
(

si −α
1−α

)
[V σ

i (θi)]
si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α ,

and then
∫ σ(ζi)

ai

[
V

si−α
1−α

i (θi)
]Δ

Δθi

�
(

si −α
1−α

)∫ σ(ζi)

ai

[Vσ
i (θi)]

si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α Δθi.

Thus (since Vi(ai) = 0)

∫ σ(ζi)

ai

[Vσ
i (θi)]

si−1
1−α [ξi(θi)]

−1
1−α (σ (θi)−ai)

1
1−α Δθi

�
(

1−α
si −α

)∫ σ(ζi)

ai

[
V

si−α
1−α

i (θi)
]Δ

Δθi

=
(

1−α
si −α

)
[Vσ

i (ζi)]
si−α
1−α , i = 1,2, . . . ,m. (47)

Substituting (47) into (42), we have

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

(
1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α
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×
∫ b1

a1

. . .

∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ(g(θ )) [Vσ

1 (θ1)]
1−s1

α . . . [Vσ
m (θm)]

1−sm
α Δθ

)β

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ . (48)

From (48) and the definition of g in (39), we obtain

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

(
1−α
s1 −α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

×
∫ b1

a1

. . .
∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .

∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ

1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α
m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α Δθ
)β

[Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ .

(49)

Applying the Minkowski inequality on the right hand side (49) with β > 1, we get

∫ b1

a1

. . .

∫ bm

am

ϖ(ζ )

(σ(ζ1)−a1) . . . (σ(ζm)−am)K
β
α (ζ )

×
(∫ σ(ζ1)

a1

. . .
∫ σ(ζm)

am

k
1
α (ζ ,θ )ψ

1
α (η(θ ))

ξ
1
α

1 (θ1) . . .ξ
1
α
m (θm)

(σ(θ1)−a1)
1
α . . .(σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α Δθ
)β

[Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ

�
(∫ b1

a1

. . .

∫ bm

am

ψ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . .(σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .
∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
Δθ
)β

. (50)
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Substituting (50) into (49), we get

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

(
1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

×
(∫ b1

a1

. . .

∫ bm

am

ψ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . .(σ(θm)−am)

1
α

× [Vσ
1 (θ1)]

1−s1
α . . . [Vσ

m (θm)]
1−sm

α

×
(∫ b1

θ1

. . .

∫ bm

θm

(
k(ζ ,θ )
K(ζ )

) β
α ϖ(ζ )

(σ(ζ1)−a1) . . .(σ(ζm)−am)

× [Vσ
1 (ζ1)]

β(s1−α)
α . . . [Vσ

m (ζm)]
β(sm−α)

α Δζ
) 1

β
Δθ
)β

,

and then we have from (37) that

∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

(
1−α
s1−α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

Dβ (s1, . . . ,sm)

×
⎛
⎝∫ b1

a1

. . .

∫ bm

am

ψ
1
α (η(θ ))

ξ
1
α
1 (θ1) . . .ξ

1
α

m (θm)

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

⎞
⎠

β

,

thus we have from (19) that

∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . . (σ(ζm)−am)

� B
β
α

(
1−α
s1 −α

) β(1−α)
α

. . .

(
1−α
sm −α

) β(1−α)
α

Dβ (s1, . . . ,sm)

(∫ b1

a1

. . .
∫ bm

am

ψ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)β

therefore(∫ b1

a1

. . .

∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . .(σ(ζm)−am)

) α
β

� B

(
1−α
s1 −α

)1−α
. . .

(
1−α
sm −α

)1−α
Dα(s1, . . . ,sm)
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(∫ b1

a1

. . .

∫ bm

am

ψ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . .(σ(θm)−am)

1
α

Δθ

)α

.

From (35), the last inequality becomes

(∫ b1

a1

. . .
∫ bm

am

[φ (Akη (ζ ))]
β
α ϖ(ζ )

Δζ
(σ(ζ1)−a1) . . .(σ(ζm)−am)

) α
β

� B
A

(
1−α
s1 −α

)1−α
. . .

(
1−α
sm −α

)1−α
Dα(s1, . . . ,sm)

×
(∫ b1

a1

. . .

∫ bm

am

φ
1
α (η(θ ))

ξ
1
α (θ )

(σ(θ1)−a1)
1
α . . . (σ(θm)−am)

1
α

Δθ

)α

,

which satisfies (36) with C = (B/A)
(

1−α
s1−α

)1−α
. . .
(

1−α
sm−α

)1−α
Dα(s1, . . . ,sm) . �

REMARK 2. If A = B = 1, we get Theorem 4.
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Birkhäuser, Boston, Mass, USA, 2001.

[5] M. BOHNER, A. PETERSON, Advances in Dynamic Equations on Time Scales, Birkhäuser, Boston,
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