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ROUGH FRACTIONAL INTEGRAL
OPERATORS ON MORREY—ADAMS SPACES

DANIEL SALIM* AND WONO SETYA BUDHI

(Communicated by Y. Sawano)

Abstract. In 1981, Adams introduced another variant of Morrey spaces, and we call it the
Morrey—Adams space. In this paper, we investigate the boundedness of rough fractional inte-
gral operators on Morrey—Adams spaces under a weaker condition. We compare it with Adams’
results. We then refine the results to vanishing Morrey—Adams spaces in the local sense. We
also prove the beyond Adams’ inequality of rough fractional integral operators on local Morrey—
Adams spaces for the radial functions.

1. Introduction

Let 1 < p <o and A € R. It is well known that the Morrey space LP* is the set
of f with
_A
[fllpa = sup 7 7| fllzoBer) <
xeR™ r>0

where B(x,r) = {y € R";|y —x| < r}. The Morrey space contains some non-trivial
A

functions if 0 <A < n. The simplest example is the characteristic function xp( )
n=A
with || xg(0,)llzp2 = €nry”  and ¢, is a positive constant.
Note that, the Morrey norm || - ||, ,4 can be written as

A
b = SU - . H .
17 = sup (1172 1 o o .
In 1981, Adams introduced the function space Lg’)L by replacing the L”-norm
| “1lz=(0,eo) Within the Morrey norm into the L% -norm ||- 116(0,0) fOr 1< 0 <o [5, 11].

The space L’é’iL is the set of f with

“ a0 1
||fHLZ,x=xS€uH5 /0 r D e dr ) <o

Mathematics subject classification (2020): 42B20, 42B25.

Keywords and phrases: Morrey space, Morrey-type space, Morrey—Adams space, fractional integral
operator, vanishing Morrey space.
* Corresponding author.

© depay, Zagreb 413

Paper IMI-16-30


http://dx.doi.org/10.7153/jmi-2022-16-30

414 D. SALIM AND W. S. BUDHI

By [10, Lemma 1], the space L’(;’/l is non-trivial if & < A <n+ §. For example,
n—A 1

| %B(O,ro)”LM =cpry” % where c, is a positive constant. The interesting thing about
0

L’(;’/l is that the A can be greater than the dimension of the function’s domain.
Similar to the relation between Lebesgue space L%(0,00) and L(0,), there is

_n=h
no inclusion property between L’(;’/l and LP* . In instance, we have f(x) =|x|” 7 in
n—K

LP* \LZ’A. On the other hand, the function g(x) = [x|" 7 xp(o,1)(x) with n >k >
A — & isin L’é’jL \ LP*.

In the last decade, some authors call the general version of L‘g’)L (which contains
some weight function), and they call the space Morrey-type space (see [3, 4, 10, 11]).
In this paper, we call L‘ZJL the Morrey—Adams space.

The aim of this paper is to investigate the behavior of rough fractional integral
operators on Morrey—Adams spaces. Let 0 < o« < n. Let Q be a zero degree homoge-
neous function in R"; Q(7x) = Q(x) for any x € R” and 7 > 0. The rough fractional
integral operator Tg ¢ is defined as

Toaft)= [ 252 fy)ay

Re |x —y[r @

We have the following two boundedness properties of Tq ¢ .

THEOREM 1. Let 1 < p<eo, 0 < @ < min{n,";’L +35}

a,
q ¢ p 0 o(n—pu)

n—p 1 n—-4 1 6(n—4) p
PCEMr

IFQels (S ) withs>p = p%l and A < <norn<u<A,then Tq  is bounded

p.A 9,1
Sfrom Ly™ to Ly .

THEOREM 2. Let 1 < p <eo, 0 < ot <min{n, 5},

p

<t
q

hS)
S
Sl

IFQels(S" Y withs>p = p%l, then Tq,q is bounded from Ly" to L§".

For the case of 4 = A and Q = 1, we note that Theorems 1 and 2 are similar to
[11, Theorem 3]. We also note that the condition % < 2 in Theorem 2 is weaker than
[11, Theorem 3]. For the case 8 = ¢ = oo, Theorem 1 reconstructs the boundedness of
Tg,o on Morrey spaces (see [6, 9]).

Vanishing Morrey Space is one of the trending topics in recent study (see [1, 2]).
To the best of our knowledge, there is still no paper discussing vanishing Morrey—
Adams spaces. In Section 3, we shall discuss vanishing Morrey—Adams spaces based
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on the definition of vanishing Morrey space. We also show the invariance of vanishing
Morrey—Adams space for Tq ¢ in the local sense.

In [6], Salim et al discussed inequality beyond Adams of Tg , on the classical
Morrey spaces. In Section 4, we investigate the beyond Adams’ inequalities of Tg 4
on the Morrey—Adams spaces. Based on [6], in this investigation, we shall restrict the
domain of Tg o with radial function.

2. Operator Ty ;, on Morrey—Adams spaces

One of the main tool to investigate the operator Tg ( is the rough maximal operator
Mg which is given by

Mo () =supr” [ 0=l I7)]ay

r>0

It is well known that Mg is bounded on L? for p > 1 if Q € L'(S"~!) with §"~! =

yeR":|y|=1}.
We write a < b if there exists constant ¢ > 0 such that a < cb. We also write
a <q b if there exists constant co > 0 depending on Q such that a < cgb.

THEOREM 3. The operator Mg is bounded L‘gjL for p>1if Qe (8" 1) with
sz2p =35

Proof. Fix z € R", and decompose f = fi + f> with fi = fxp(. 2, . Note that, the
decomposition of f depends on » > 0. By the boundedness of Mg on L?, we obtain

: :
< _ A6
(7 Waitmenar) " Sa ([ % 10 weandr) S 1ol

For x € B(z,r), we have B°(z,2r) C B(x,r). Hence, by Holder’s inequality,

NASEDY / S
Jj=1

B(x2ir)\B(x2i~1r) |x—y["
Z ”||fHLv (227+17)

where the RHS is independent of x. By Minkowski’s inequality and by substituting
t =2/t we can proceed as follows.

1 1

© 0 0 < A0 0

([ sl epr) 50 3278 ([T ||f2p<3(z72,ﬂ,»dr)
N (V) bl dt

< S ([ e )

o JA-m)
S ||fHLpl 22 p
0 j=1
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with the convergentsums due to A < n+ % . Following by sublinearity of Mg, Theorem
3is verified. [

In order to use Theorem 3 in the investigation of Tg , we need the following
pointwise estimate property.

LEMMA 1. Let f € L}*, Q€ L3 (S"") with s > p', and o < =2+ §,

To.of (x)] So Maf ()" [I£1I7,, L,,z

n _1_ __apb
for almost every x € R" where u =1 CEACETE

Proof. Let f be a non-trivial function. Fix x € R*, R > 0, and we decompose
f=h+f2 with fi = fxp(r)- We have

Q
To.afi(x Z / B(x2—i+1R\B(x2=/R) |X (XY|"y2" Ol
SRO‘MQf(X)

";’1 + % , by Fubini’s Theorem and Holder’s inequality

Since o <
ToafiIS [ QE IO [y
x—y

N
snsznmm) /R e
< okl

SRl 11

The proof then completes once we apply the linearity of g o

AL
To.af ()] S R*Maf () +R* 7 77 |Qll g1 1 /1] 2

and minimize the right-hand-side over R > 0. [

The proof of Lemma 1 and Lemma 2 (see Section 4) are motivated by the work of
Hedberg in 1972 (see [7]). We now can prove Theorems 1 and 2 as follows.

Proof. Fix z € R". Follow by Lemma 1,

L
L T 1taafaendr)” <ol ([ 5 s 1y pr)”
0 S NLA(B(zr) ~ LM 0 LI(B(zr))

n— 1 _ n=A 1 6(n—A) _p
For Theorem 1, we have + o= 7 +g—«a and oo — g Therefore,
n—A 1 n—L 1
w=1 opb 5 Te"% g e 0
_ A 1 A 1 !
(n—2)0+p At g e B
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Moreover, the conditions A < <norn< u <A, and ZEZ:B = 5 imply u < 5. For
1 _

Theorem 2, with A = u =n, %Z 5 — o, and % < ;—’,wehave

uzl—a6:0<l—a>:9<3.
0 ® q

Therefore, for both Theorems 1 and 2, we have u = % and ug < p. We then can use

Holder’s inequality with order p/ug. Follow by Theorem 3,

u

1
g 3 » o (1-A)0  no 0
(7 maasfmear) o s (77 a1 e

S ”in;%HMQf”ZSJL Sa llfll
0

which completes the proof of both Theorems 1 and 2. [

In fact, the parameter condition

— 1 — 1
n-p 1 _n A—!———Oc 0
q ¢ p 0

is necessary for the boundedness of Tg o from L‘g’)L to LZ,’“ .

THEOREM 4. If Tg o is bounded from L‘gjL to LZ,’“ , then identity (1) holds.

Proof. Define o f(x) = f(tx) fort > 0. Let f € LS’}L be a non-trivial function.
Then, & f € L’é’iL since

_nd 1
18 fllpr =172 2l f ] pa-

We also have
o X o+l
To,of(x) =1"Ta a6 f <;> ) HTQ,af”LZ;“ =t 7 ¢ ||TQ,a5tf||L‘$“~

By the boundedness of Tq o, we obtain

n—

By L
o lygn =17 T8 1 g

g1
<G8 1] g

n—p 1 _n=A_ 1
:Cta+ 7 Tep er”Ls‘l'

Since ¢ is an arbitrary positive number and f is a non-trivial function, the identity (1)
holds. [
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3. Vanishing local Morrey—Adams spaces and operator T, ,

Let us rewrite Hf||L§‘,1 = SuPyepn || M 2 (f3%,)[|16 (0,00) Where

M, A (frx,7) = 7 £ e (B(x,r))-
Let us first recall the definition of vanishing Morrey spaces [1].
VoLP* = {f € LP* . lim sup M, 5 (fsx,r) =0}, and
r— xXER?
Vo lP* = {f € LP* : lim sup M, 4 (f3x,r) =0}
= xeRn
Note that the function 9, ; (f3x,-) : (0,00) — [0,0) is a continuous function. If f €
Lg’l, then M, ; (f;x,-) € L9(0,0) for any x € R" and as the consequence

lim M, 5 (f;x,7) = 0.
r—oo ’

Therefore, if we define V(X,L";’}L in the similar sense as the definition of V,.LP* , then we
have Li* = V..Lb™*.
We now define VOL";’}L in the similar sense as the definition of VoLP** .

DEFINITION 1. Let 1 < p,6 <o, and § <A <n+ 4. The vanishing Morrey—
Adams space VOL";"7L is the set of f € L‘gjL with

lim sup M, 3 (f3x,7) = 0.

r—0 yeRn

If fe VOLS’A, then 9, ; (f;x,r) — 0 as r — O for any x € R". By continuity
of M, ; (f;x,-) and vanishing property for r — 0 and r — o, we have M, ; (f3x,-) €
L*(0,00) for almost every x € R". Therefore, the function f is an element of local
Morrey space LP*(z) with the norm

11l 1p2 () = sSUpIN, 5 (f2,7)
(@) 0
r>

for almost every z € R".
Let 1 < p,0 < oo, % <A<n+ g, and z € R". The local Morrey—Adams space

LS’A(z) is a space of function f where
”fHL‘g‘*(z) =190, 4 (F32:) |16 (0,00) < -

Following from the proof of Theorems 1-3, we immediately have two following corol-
laries.

COROLLARY 1. Under the same conditions as in Theorem 3, Mg is bounded on
LS"}L (z) for almost every z € R".

COROLLARY 2. Under the same conditions as in Theorem 1 or Theorem 2, Tgq q
is bounded from L‘gjL (z) to L (2) for almost every z € R".
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We now define the vanishing Morrey—Adams space in the local sense as follows.

DEFINITION 2. Let 1 < p,0 <oo, £ <A <n+£,and z € R". The vanishing
local Morrey—Adams space VOLZ’A(z) is the set of f € Lg’)L (z) with
}iil(l)mp7l(f;z7 r)=0.
With the same argument as vanishing Morrey—Adams spaces, we note that for any

€ WLb Az , then f € LP*(z). Hence, we can refine Corollary 1 and Corollary 2 as
foll ’
ollows.

THEOREM 5. Under the same conditions as in Theorem 3 and A < n, for almost
every 7€ R", MQ(VOL"(_;JL (z)) C VOL";’}L (2).

THEOREM 6. Under the same conditions as in Theorem 1 and A < 1L < n, for
almost every z € R", Tg27O¢(V()L16;’7L (z)) C VoLE" (2).

REMARK 1. In Theorems 1-3, Corollary 1, and Corollary 2, we can discuss the
case of n < < A (for example f = ypo,1)). However, since f € VOLZ’A(z) implies
f € LP*(z), we should add the conditions A < n for Theorems 5 and 6.

By Lemma 1 and Holder’s inequality, we note that for any z € R” and r > 0,

-2 0
My (Taafizr) Sa lfll, 7 (M a(Mafiz,r))® .
0

Therefore, Theorem 6 is immediately proven once we verify Theorem 5. Let us prove
Theorem 5.

Proof. Let f = fi+ f> with fi = fxp(. 2, - By boundedness of Mq on L7,
mp,l (MQfl;Z’ r) rSQ E)ﬁp.,l (f;Z,ZV).

Since f € V()L’(;’/l (z), we have M, ; (Ma fi;z,7) — 0 as r— 0.
For x € B(z,r), by substituting r = 27, we have

Maf(0 5 [ el [ ey

Sa [ T F Ul peands
tad n—>A
5/ £ M, (fizt)d

Since f € V()ngL (z), we have f € LP*(z), which means A < n. Since f € V()LS’A(Z),
we can find & such that for any r < &, M, ; (f;z,r) < €. Hence, M), ; (Mq fa;z,7) is

n—A ) 7,17171 e 7117171
<ar /z P 9)?1,7)L(f;z,t)dt+/5 7 M, (fizt)de
r

n—A
r
< €+ Hf”LpJL(Z) <g> v .

Hence, as r goes to 0, M, 3 (Maf2;z,7) goes to 0. Proof of Theorem 5 completes by
applying the sublinearity of Mqg. U
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4. Beyond Adams’ inequality

We have proved the boundedness of Tq , from Lp * 1o Lq“ for A < u <n and
n < p <A in Theorem 1. It is natural for us to con51der the case of 4 <A <nmorn<
A < . In[6], Salim et al investigate Tq o from LP* to L9* for the case of 4 < A <n
and called the results as beyond Adams’ inequality. As in [6], in this investigation, we
shall restrict the domain of Tg  onto collection of radial functions f in L’é’l(O), and
prove that the maps Tq o f is in L& (0) for the case of 4 <A <n—1.

For the case 4 < A <n—1, we can’t use the same method as in the proof of
Theorem 1, since ug > p. In order to be able to use Holder’s inequality, we need a new
pointwise estimation of Tg ¢ f as follows.

LEMMA 2. Let f € LS’}L (0) be a radial function. Let Q € L*(S"™') for s > p/,
A <y<n—1,and0<a<min{n,%"+$}

ITa,of(x)| So Maf(x)" \x

L” ’1

n _1__oapb
for almost every x € R" where v=1 )07

Proof. Let f be a non-trivial function. Fix x € R" and let R > 0. We decompose
[ as fi+ f2 with fi = fXp(xr)- As in the proof of Lemma 1, we have
o, f1 (x)] S R*Maf(x)
and
Taafs] S 19y [ 5 W lliaiesydr
We then use Holder’s inequality, and we obtain

L
1

_nzy_ 1 °° —y0 0 0
To,0f2(x)] S 1R s 1y R* 777 (/R 1y ”fLI’(B(x,t))dt)
For R > %—I,we have |x| < 2¢ and |x| 41 < 3¢,

° —y0 0 < (2=7)6
AtpﬂmmwmﬁuJﬂ" j¢w+mvuﬂm oo dt

|X Lp l
For R < |’2€—| , We write
-0 1 o
LU s = [ 11 m+LﬂpHmmmmm
which by the estimation for the case of R > ‘ | , we have

S
At"Hﬂm@“ch</ U Ui+ 7 WGy
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Since f is a radial function, and 7 < |x|, by [8, Lemma 1.1.], we have

x| +1
||fHZP(B(x7[)) Sjtn_l/‘ |fo(s)|Pds

x|—t

where fy(|x|) = f(x). Hence, we obtain

'}
x|+t
[ Ui s [ ([ o) a1,

. (n—y-1)6 (n—y-1)6
Since t < |x| and n—y—1>0,thenz™ 7  <|x|” 7 . Wealsohave | <5<

3\X\

[x|

-0 o 3 e - g
/Rtﬁ LA o e S I "/R /|| Al ds N Hf||L,,l

LM

Therefore, we can conclude that

Ta.of(x)| SR*Maf(x) + a_T_EHQHU g1 |x

L” 0
and complete the proof by minimizing the right hand side over R > 0. [
By the new pointwise estimation, we obtain the beyond Adams’ inequality as fol-

lows.

THEOREM 7. Let f € Lp"7L be a radialfunction Let Q € L*(S"Y) for s > p'.
Suppose that (1 <A <y<n—1,0< o <min{n, —? L L3,

_ 1 — 1 — _ _
n—p 1 _n )L—|———(x, n—p_y 7L+(n )/)9,
q ¢ p 0 q p pe
L ’ ng _nb _ (y—A)(@-06)
¢ y-H g p p

Then,
1T fllge o) Sa 1155 o

REMARK 2. Let n=6, u=2,A=3,7y=4,0=1,9=5p=1,q=5

28°
and o = @ . Then all the parameter conditions in Theorem 7 are fulfilled.
1_n-2,1_ noi _ y=A 4 (n=7)6 :
o= 5 T3 o and 7 = p T pe > Wecanrewrite v
in Lemma 2 as
- A=y 4 1 4o A=y 1
R i R it ) W
v=1— = = — —_— = —.
n—y 1 n—y, 1 (n=y)6 | 1
> T 7o > T8 ¢ o T o
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From "# — 2 L (=90 "o have

q P PO
p:(n—7)9q+(y—l)q: n—y (r=A)e v
(n—w)o  n—p n—p  (n—pun)6
. 6 - r-2A
Since ° < v e note that
n—y (y=24)¢ 1 (Y=o
=l+—(u—y+1—") >1.
i (n—p)o 1+n—u(“ o >

Hence, p > vqg and we can use Holder’s inequality with order ¢t = % . By Lemma 2,

° _ ke ® %
/0 roa HTQ,af||Lq(B(o7r))d’"

°  ug —v) [ %
Salrllyt o (7 |omary ar
0 L9(B(0,7)
o G || a7 5
_ue “N(=v)ar" || G
< ||fHpr (/o roa HMQfH?P(B(O,r)) ‘ | L‘(B(Or))dr>
Since 22 — 10 - =A)(@=0) 4 1m0 _ 10 _ 10 o have
q P P o~ ¢ p
A—y)(1—v)gt v (A — -0 0
(A-y)(1—-v)g +n:q_< ) (e )+@_n_>>0.
p ® p q p
Therefore
l

H ‘xw( v)gt'

(A 7 (A=7)(9—06) , np _no
(/ R . 1dR> < R

Since ("11”)(" = Wﬁ;”” + (";we , we can confirm that

—He  (A-V(p—0) n¢ n6 A6

q p qg p p

By (2), and Theorem 3, we can complete the proof as follows.

"

1
. o :
(7 s W) S 11 o (7 01 0,7

Sl ©
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