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SOME REFINEMENTS OF NUMERICAL RADIUS
INEQUALITIES FOR 2 x2 OPERATOR MATRICES

HONGWEI Q1A0, GUOJUN HAT* AND EBURILITU BAI

(Communicated by T. Buric)

Abstract. In this paper, new numerical radius inequalities for 2 x 2 operator matrices are proved.
These numerical radius inequalities refine the existing upper bounds.

1. Introduction

Let (H,(-,-)) be a nontrivial complex Hilbert space and #A(H) denote the C*-
algebra of all bounded linear operators on H . For T € %(H), recall that the numerical
radius and the operator norm are denoted as

o(T) = sup{|(Tx,x)| : x € H, ||x]| =1},
and
1T =sup{[|Tx[| - x € H, [|x]| = 1}
=sup{|(Tx,y)| :x,y € H,[|x[| = [|y] =1}
Denote |T| = (T*T)% be the absolute value of 7 € Z(H). Then we have
o(IT)) = [|ITl[| = IT]-
It is clear that @(-) defines an operator norm on Z(H) which is equivalent to the
operator norm || - ||, where we have
1
ST < o(T) < |17, for T & (). (L1
The inequalities in (1.1) are sharp. The first inequality becomes an equality if 72 = 0
and the second inequality becomes an equality if 7T =TT*.
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For o(T), an important inequality is the power inequality, which asserts that
o(T") < 0™(T), forn=1,2,---
In [1], Dragomir refined the second inequality in (1.1), and obtained that

1
*(T) < E(a)(TZ)—i— IT%). (1.2)
Another improvement of the second inequality in (1.1) has been established by Kit-
taneh in [2]. This refinement asserts that if T € Z(H), then

1
(7)< S|[IT1P+ (TP (1.3)

It is obvious that the inequality (1.3) is a special case of the following more general
form in [3]:

0> (T) < %H|T\2’+\T*\2’H forr>1. (1.4)

In [4], Dragomir showed the following numerical radius inequality involving the prod-
uct of two operators:

o' (T*S) < %H\T\”HSF’H forr > 1. (1.5)

There are more such inequalities, we refer the readers to [5, 6, 7, 8] and the references
therein.
It should be mentioned that the direct sum of two copies of H is denoted by H> =

H®H.For P,O,T and S € #(H), the operator matrix W = [ } can be considered

PT
S0
Px1+Tx;

as an operator in (H @ H), which is defined by Wx = [ Sx, + 0%y

] for every vector
x= [xl } cHOH.
X2

.| P
For operator matrix

g 2] , Bani-Domi et. al. proved the following inequality

(see [11]), which asserts

*([52))

<8max{*(P), 0*(Q)} + 3max{|||T* +|S[*|. )T + 1514y O
+max{|||T ]+ [S*||, | |T*>+ |S]*||} max{®(TS), w(ST)}.
In [12], it was shown that
J(PT
o([5e))
(1.7)

)

<8max {w*(P), 0" (Q)} + (1 + o)max {|||T|* +|S*1*|[, |IT** +|SI*|| }
+ (3= aymax {|[|T]>+[S*[*||. [[|IT** + |S]*||} max {&(TS), o(ST)} .
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In this paper, we use the extensions of Schwarz inequality to present several new
upper bounds for the numerical radius of 2 x 2 operator matrices which refine the in-
equalities (1.6) and (1.7). In addition, for T € #(H) and 0 < o < 1, we prove that

1
wi(r) < 129

|T‘4+|T*‘4H+ 5 ) (Tz)
and
(1) < STt 1771+ EED P or) + L D),

It should be mentioned that our numerical radius inequalities here improve the existing
onesin [10, 11, 12].

2. Preliminaries

To obtain the desired results of this paper, we need the following lemmas (see
[13, 14, 15]).

LEMMA 2.1. Let T € B(H) be a positive operator, and let x € H be any unit
vector. Then

(Tx,x)" <AT"x,x) forr > 1.

LEMMA 2.2. Let f be a non-negative, convex function on [0,), and let T,S €
PB(H) be positive operators. Then

b ()<

FParticularly, for r > 1, it holds

(52

LEMMA 2.3. Let a,b,c € H. Then

r r
<T—i—S
2

[(a,b)* +[{a,c)* < ||a||2\/\<b,b>|2+ [{e;0) > +2(D, ).

The proofs of the following two lemmas depend on the Buzano extension of the
Schwarz inequality.

LEMMA 2.4. Let x,y,e € H with ||e|| =1 and 0 < e < 1. Then

[(xe) e < 5 (L o)l Ply]1> + (1= o) [ e, 0) ).

N =
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Proof. In [9], Buzano shows the following extension of the Schwarz inequality:

| e (e )| < 5 (el Iyl + [¢e 1), 2.1

N —

where x,y,e € H with |le]| = 1.
On the other hand, by the Cauchy-Schwarz inequality, we have

|Ge ) =] (e, y) [+ (1= )| (x, )
<aflx[llyll+ (1 = e)[x,p)]-
Then, by utilizing the Power-Mean inequality, it holds
2
|G ) 2 < (a2l Iyl + (1= o), 3)]) 22)
<aflxlPIyl? + (1= o) e, ) .

Now, from the inequality (2.1) and by using the convexity of the function f(z) = 2, it
can be obtained

x,e)(e,y)|* < Mz
[(xe)e) ( . ) y

1
<3 (WP + e P)
Thus, from the inequalities (2.2) and (2.3), one has
[(x,e) (e, * <5 (X1 + [0 )

<

| = N =

(I[P + el P12 + (1 = e[, 3 2) -

So
(T4 e[yl + (1= ) [, 0) ) -

N —

|(x,e) (e )] <

This completes the proof. [l

REMARK 2.1. It was shown in [10] that for any x,y,e € H with ||e|]| = 1, it holds

Al o

1
[Gese) (e < ZINIPII + el e, ) - (2.4)

We note that Lemma 2.4 is sharper than the inequality (2.4) if taking o = % As a
matter of fact, when oo = % , we have

e <3 ( (145 ) 1P+ (1- 5 ) 16t

1
Z|<x7y>‘2

3 1
<GP + Z el 1l e, ) -

_3 2 2
=2 Pyl +
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LEMMA 2.5. Let x,y,e € H with ||e|| =1 and 0 < e < 1. Then
21 21112+ (2 1— 2
[ e)e ™ < 7 (PN + 2+ e lxllllyll Gey)| + (1 = e)l e y)7) -

Proof. By using the Cauchy-Schwarz inequality, we have

e P =] (e, y) [P+ (1 — o) | (x,0) 2

: (2.5)
<allxlyl| o) + (1 = @) () .
Then, from the inequality (2.1), it can be established
2
x|[|>v]] + [{x,y
|<x,e><e7y>|2<< i+ I >|>
(2.6)

1
=2 (P12 + 20y .30 | + [ )2)
It follows from the inequalities (2.5) and (2.6) that
1
[xse) e <5 (P01 + 20kl 6 | + 2. )12)

< (WP + @+ el e + (1~ @l e P)

This completes the proof. [
REMARK 2.2. It should be mentioned that Lemma 2.5 refine the inequality [12],

e ede)P < 3 (1 PP+ G =l Iyl f)]).

As a matter of fact, by the Cauchy-Schwarz inequality, it holds

(. e)e.y) P
< (PP + @+ )l |33 + (1 = 00 ) )
< (P2 + el 21+ 21l x93 + (1 = @bl e )

=3 (A @RIyl + 3~ ey )

The last needed lemma is well known and it was obtained in [16, 17].
LEMMA 2.6. Let T,S € A(H). Then
(i) o (B gD — max{o(T +5),o(T —$)};
. TS
(ii) o <[S T}) =max{o(T+5S),0(T—-S)};
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o([5])-
T e

3. Some refinements of numerical radius for 2 x 2 operators matrices

In particular,

The main goal of this section is to derive several upper bounds for numerical radius
which are refinements of some existing ones.

THEOREM 3.1. Let P,Q,T,S € #(H) and 0 < ot < 1. Then

o' ([g ED <8max{0*(P),0*(Q)} +4(1 — o) max{@*(TS), *(ST) }

+2(1+ o) max { || 71+ [87|* 17 * + IS}

E

gl {351

“(loesilsal=l)
SIS HE]
)

(-
(by the convexity of f(z) =1r*)
<8 <§ g x,x> A1+ IR + (- @l (Y Y )

(by Lemma 2.4 with Y = {g g] )

4

4

r 7 4
=8 < -g g- )C,.X> +4(1 +(X><|Y‘2x,x><‘y*|2x’x> +4(1 _ OC)‘<Y2X,X>‘2
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4
+2(1+0) (Y Pr,x)% + (Y P, x)?) +4(1 = o) [(Fx,x)

(7o)<

(by the arithmetic-geometric mean inequality)

o235

+2(14+ o) ((|Y|4x,x> + <\Y*\4x,x>) +4(1 — )| (Y?x,x) |2
(by Lemma 2.1)

<8w* ([P 0 D 21+ @) |||V [* 4 7+ 41— o) ?(¥?)

00
L([PO TS 0
=80 ([OQD”(”‘” H 0 |T[ s

+4(1 — o) ? ([7;)8 SOTD .

Taking the supremum over x € H @& H and by Lemma 2.6, the result can be written

as

o* (|5 o] ) <smax(@*(P).0*(@)} +401 - @) max {0 (75). 0%(57)}

+2(1+ o) max {[[|T[* + |s*1*|, [[| 771+ Is|*]|} . O

REMARK 3.1. In Theorem 3.1, if taking o0 = %, we observe that

o' (|5 o)) <smastat(er.o @)+ 3maxtlir* i 15ty
+2max{@*(TS),w*(ST)}.

It should be mentioned here that this inequality is sharper than the inequality (1.6). As
a matter of fact, by applying inequality (1.5), we can obtain

2max{@*(TS),®*(ST)} < max{|||T|> +|$*|*

T**+ S|} max{(TS), (ST)}.

b

So
o (|5 5| ) semax(a2). %@} +3mant 171+ 57, 17 4+ 157
+2max{w*(TS), w*(ST)}
<8max{w*(P),0*(Q)} + 3max{|||T|*+ |S*[*||, | |T** + [S|*||}
+max{|||T ]+ [S*[||, | |T*> + |S[*||} max{®(TS), 0 (ST)}.

Thus, for o = %, Theorem 3.1 is a refinement of the inequality (1.6).

With the property in Lemma 2.6, it can be established the following inequality of
4
o*(T).
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COROLLARY 3.1. Let T € #(H) and 0 < a < 1. Then
(I+a) H
4

l—o

Proof. Tt follows from Lemma 2.6 and Theorem 3.1 that

o* ({ITD ITDD —max{@*(T + P),&*(T — P)}

(3.1
<8w'(P)+2(1+ a)|[|T* + |T*[*|| +4(1 — @) 0*(T?).

Then, by taking 7' = P in the inequality (3.1), it can be obtained

160*(T) =0*(2T) < 80*(T) +2(1+ o) |[|T* +|T*|*|| +4(1 — &) @*(T?).
Thus

o (T) < (1:a) T4+ 1774 + @mz(ﬂ). 0
REMARK 3.2. In [10], Omidvar et. al. proved that
(1) < ST+ 1T+ TP+ 7P (7). 62

If taking o = % in Corollary 3.1, we will obtain
4 3 4 RVITEI S p )
o} (T) G171+ T[]+ 7 0*(T7),

which is sharper than the inequality (3.2).
In fact,

2 1+ g0d(r)
< NTE+ T + 0P (T o(r?)
ST+ TP+ 7P ()
Therefore, if taking & = 1, it holds
W (1) <S4 1771+ @X(7?)
e I e e
For o = 1, Corollary 3.1 is an improvement of the inequality (3.2). In order to

appreciate our inequality in Corollary 3.1, we give the following example to show that
our inequality is a nontrivial improvement of the inequality (3.2).
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010
=1002].
000

Then by elementary calculations, it holds

EXAMPLE 3.1. Let

i |

000
T*=1010 |, |T"*=
0016

Therefore, if taking o = %,

3 4 14 L oo oy
SINTE i+ 0P =

004

we have

000 100
010, |T*)P=1]040],

100
0160
000

000

002
and T2= (000
000

53

8

—H\T|4+\T*| ||+ H\T\2+\T*\ o(1?)=17.

—H|T|4+|T*| H+ 0*(T?) <

—H|T|4+|T*| H+ H\TV—HT*\ | (T?).

] |

433

REMARK 3.3. Corollary 3.1 is a refinement of the inequality (1.4) with r = 2.
Indeed, by Lemma 2.2, we have

(1+a H‘T‘A‘HT*‘A;HJF 2 a) 0(T?)
<“+°‘ i e + “’w“(T)
<<”O‘ e S b P ST
—“*“ I+ L2 (e )
=“%mn4+\r*r‘u+ —8 ) (”2;”*'2
<UD e i+ S e

1
:§|||T|4+ .

)
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Thus, it holds

a)4(T)<(l+a |

—o
i+ 7+ L)
1 .
<Tt+ ).
For 0 < o < 1, the following example shows that Corollary 3.1 is a nontrivial
improvement of the inequality (1.4).

EXAMPLE 3.2. Let T be the same as described in Example 3.1. Then by simple
calculations, we have

(1+oc |||T|4+|T*| H+ 2a)w2(T2): 19—21505
and : =
Thus, it holds
D ey oo+ LB r) < e+ |
2

forany a € [0,1).

THEOREM 3.2. Let P,Q,T,S € #(H) and 0 < ot < 1. Then

+Is" 1}

w* ([P TD <2(2+ o) max {|||P|* +|T*|*

S0
+4(2 - o)o? ({S?D TOQ]> .

Proof. Let x € H@® H with |[x||=1,and W = [P O},Y: {OT}Then

(5ol

(W +¥)x,0)2
< (W) [ +] (Y, 2)])?
= (Wox,3) 2 (Fx,2)]2 + 21 (Wox, ) (Fx,)|

2

<\/I<WJC,WX>|2 + (V2 Y x) [2 4 2 (W, Y x) |2+ 2| (Wox, x) [ (Y, x) |
(by Lemma 2.3)
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)

( VI, W) P4 [V, P 2) 4+ 2] (Wi, Y 5) 4 4] (W )| (V)

1

l\)l'—‘

< [2 (|<Wx, Wx>|2 + \(Y*x,Y*x>|2 +2|{(Wx,Y*x) \2) + 8|(Wx,x) (Y x,x) \2] 2
(by the Power-Mean inequality)

2( (Wx, Wx)2 4 (Y*x,Y*x)% + 2| (Wx, Y *x)|*) + 8| (Wax, x) (Y x,x)|*
Z(WxWx (Y, Y*x)2 + 2| (Wx, Y *x)| )
+4(1+ o) [|[Wa| 27 |1* +4(1 — o) [(Wax, Y *x) |2
(by Lemma 2.4)
<2 (W, Wx)? + (Y*x, Y *x)? + 2| (Wx, Y *x) |?)
+2(1+ ) ((Wx, W) + (Y"x, Y*x)?) +4(1 — o) (Wx, Y *x) |2
(by the arithmetic-geometric mean inequality)
<2 (W x,x) + (|7 *x,x) + 2| (Wx, Y *x) )
+2(1+ ) (((W]*x,x) + (Y *x,x)) +4(1 — o) (Wx, Y *x) |2
(by Lemma 2.1)
=202+ o) (|W[* + [Y*[*)x,x) +4(2 — &) | (Y Wax,x) [*
L2+ a)||[Wt+ Y|+ 42 - o) 0> (Y W)

4 *|4
:2(2+OC)H[P J’(_)‘T| |Q|4£|S*|4:|H+4(2_a)w2<|:SOPTOQ])'

Thus

<
<

Now, taking the supremum over all x € H & H in the last inequality and by Lemma

2.6, we get

w* ([P TD <2(2+ o) max {|||P|* +|T"|*

S0
+4(2—a)w2<[£0 TOQ]>. O

+Is°*}

By Theorem 3.2, it will hold the following corollary.

COROLLARY 3.2. Let T € B(H) and 0 < ov < 1. Then

w'(r) < EED iz e+ E Do)
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Proof. Let P=Q and T =S in Theorem 3.2. Then it will hold

PT
ot ([T PD =max{o*(T +P),0*(T — P)}
22+ a)|||P[*+|T**| +4(2 — o) @*(TP).

(3.3)

Taking T = P in the inequality (3.3), we have
160*(T) = 0*(2T) <202+ o) |||T|* +|T*|*|| + 4(2 — ) @*(T?).

So

2—|—a

o'(1) < EED s+ B Do) o

REMARK 3.4. Corollary 3.2 is sharper than the inequality (3.2) for any a € [0, 1].
In fact, by Lemma 2.2, we can obtain

CL oy e+ B ()
=~ ey g+ & 4> 1)+ 20?(1?)
\(2”‘ T+ 17|+ =2+ ) L H\T\z—HT*\ lo(T?)
<2+"‘ Nt 174 S (o 7)o TP+ 7 o(7)
\(“"‘ e R I e e

=§|||T|4+ T+ gH\T\2+ \T*\ *[lo(T?).
Thus, by Corollary 3.2, we have

)+ 2 Y o)

4 2+0o)
o) <)

3

<§H|T|4+\T*\ l|+§|||T|2+|T*\ lo(T?) (3.4)
l 4 * |4

<2H|T| + T4

The final inequality in (3.4) was proved in [10].

To show that our inequality in Corollary 3.2 is a nontrivial improvement of the
inequality (3.2), we give the following example.

EXAMPLE 3.3. Let T be the same as described in Example 3.1. Then it can be
checked that

(2+a 38+ 150

R A
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and
3 1 «
gH\T|“+\T*|“||+§H\T\2+\T *[|o(T?) =17.
Therefore
2+ 0 . p 3 . 1
CLO o )+ BB a2 < 2 4+ g 1717 Pl o)

forany a € [0,1].

THEOREM 3.3. Let P,Q,T,S € #(H) and 0 < oe < 1. Then

PT
> ([5a))
<8max{o*(P),®*(Q) } +max {[||T|*+IS"1*[|IT7]* +|s*||}

+ 2+ a)ymax {|[|T]*+[S*[*. [[|T** + |S]*||} max {&(TS), o(ST)}
+2(1 — o) max { *(TS),w*(ST) } .

([5e)=)
(L] {[5o))
<([Fell+([s5]l)

2 Lsof=l 2([5a) )

({55 )

4+ 0T
S0 X, X
4
22 P 4 202+ e Y (v, V)|

4

4

4

(by the convexity of f(t) =1*)

=[([So))

+2(1— o) |(Yx,Y*x)|?

(by Lemma 2.5 with Y = [2‘ g} )
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(530

+2(24 o)y /(¥ ) (V) [(720,0) | +2(1 - @) rx,2) 2

sl([50))f

+ (<|Y|2x,x>2 + <|Y*|2x,x>2)
2+ 0) (¥ P+ (7)) [ (72000 4+ 201 = )] (P,

4
+2(|Y P, ([Y P, x)

(by the arithmetic-geometric mean inequality)

a2

+ ({7 5x) + (1Y [*x,x))
@4 (Y P+ [P | (0] 4+ 21— )72, o)

(by Lemma 2.1)
<8w* ([g g]) HIY I+ @+ )Y+ VP |o(Y?)

+2(1 — o) 0*(Y?)

_ea([PO [T +Is|* 0
e ([OQ]HH 0 TS
|T* >+ |S|? 0 TS 0
0o rP+s2]|®\| o sT
(TS 0
+2(l-0)w ([0 ST])'

Taking the supremum over x € H ® H and by Lemma 2.6, the result can be written

PT
*([5o))
<8max {0*(P), 0*(Q)} +max {[[|T[*+|s*|* ||, |[|7** + 5| }

+ 4 a)ymax {[[|T]+S* 2|, ||T* 2 + ||} max {o(TS), 0(ST)}
+2(1 — a)max {0*(TS),0*(ST)}. O

+2+a)

as

REMARK 3.5. It can be checked that Theorem 3.3 is an improvement of the in-
equality (1.7) for any a € [0,1].
To see this, we need to prove that

max {[[|7 418" 17 + 5P|} max {@(T$), &(ST)}
< max {[[IT[* 1S (171 + IS
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Now, by the inequality (1.5) and Lemma 2.2, it holds
max {[[| 7+ 18" [, [|T"[* + S|} max {e(T5), o(ST)}

|72+ IS} max {[[| 72+ I8*2[], 1|7 + S]] }

}

max{w*(TS),w*(ST)} < % {NT P+ I8P T+ S]]} max {@(T'S), o(ST)} .

N

N = N ==

max{H|T|2—|— 572

) )

max { [T+ 1512 17+ s}

{<2|T|2+2|s*2>2 (|T*|2+|S|2>2
max f f

gmax{H|T\4—|— |S*\4Ha H‘T*|4+ |S|4||}'

)

Also by inequality (1.5), we can obtain

Combine the above two inequalities, we observe that

J([PT
*([$a))
<8max {w*(P), w*(Q) } +max {|||T|*+|S**||. | |T*|* + ISI*|| }
+ 2+ a)ymax {[[|T]+[S*[.|[|IT** + |S]*||} max {&(TS), @(ST)}
+2(1 — ) max{ w*(TS),®*(ST)}
<8max{w*(P),w*(Q)} + (1 + ) max {|||T*+|S*[*||, | IT** + ISI*|| }
+ (3= a)ymax {[[|T]>+ S| [[|IT*]* + |S]*||} max {@&(TS), (ST} .

This indicates that Theorem 3.3 is a refinement of the inequality (1.7) for any o € [0, 1].

By Theorem 3.3, it can be obtained the following inequality of w*(T).

COROLLARY 3.3. Let T € #(H) and 0 < a2 < 1. Then

2+a)

o*(r) < |1+ |+ BT e 7 or) + S Do),

Proof. Tt follows from Lemma 2.6 and Theorem 3.3 that

(1)) i

<8 (P) + [[|ITI* +|T**|| + @+ o) [T + T @(T?) +2(1 — ) 0*(T?).

(3.5)

Taking T = P in the inequality (3.5), it holds

160*(T) = 0*(2T)
B (T) + |||T1* +T*[*|| + 2+ ) |||IT]* + T || (T?) +2(1 — @) ?*(T?).
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Thus

2—|—a

o*(r) < T+ 1T+ EED e o)+ U ek, o

REMARK 3.6. In [12], it was shown that

ot (1)< LY (Ha |71 + [T} ||+ H\T|2+\T Pllo(r?).  (3.6)

It should be noticed that Corollary 3.31s sharper than the inequality (3.6).
To see this, note that

2+(x (I1—a)
4

;|\T\4+\T*\ ;|+ H\TFHT*\ lo(T?) + w*(T?)

““ )| 0> (T)a(T?)

<qlimtt i+ 212 o

TP+ T |o(T?) +
2 4 wd) & 2 a2 2 2 *2 2

<8H\T\ +177] H+16HIT\ +IT P+ G NTE+ 7P o)
+%|\|T|2+|T*|2Hm(rz)

1 . . 3- .
=T+ P+ | (TP 417 \2)2H+( D7+ 7P (1)

H\T\4+\T*\4H+ H|T|4+|T*| |+ C )7 e o(r)
“*“ i+ g+ S22 umzw llor?)
So
o*(T H|T|4+|T*| |\+ 2+°‘ H|T|2+|T*| () +¥w2(T2)
<(1+O‘ H|T\4+|T*\4H+ DNTP 4 7P| o(T2) (3.7)
<§H|T|4+IT*| I

The final inequality in (3.7) was proved in [12].

The following example shows that Corollary 3.3 is a nontrivial improvement of
the inequality (3.6).

EXAMPLE 3.4. Let T is as same as the matrix in Example 3.1. Then it can be
checked that

29+ 3«
8

2+(x

1_
—H|T|4+|T*| |\+ H|T|2+|T*| | (T? +% (1% =

and

(1+a _ 2412

1+ E 7o 2
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Thus, we have

2+a ||

—|||T|4+\T*| ||+ |T|2+\T*|2||a) 7?) +@w2(r2)

(1+a
<———|[|IT[*+|T** l|+ H\T\2+\T || (T2)
forany a € [0,1].

THEOREM 3.4. Let P,Q,T,S € #(H) and 0 < oe < 1. Then
J([PT
([))

. . oT
<3max {|[[P|* + |||, |lQ)* + IS I“H}+2(3—“>w2<[sp OQD

v amax{IPP+ TP floP+ 1Pl o | g '] )-

Proof. Let x€ H®H with ||x|| =1, and let W = [ ] Y = [ } . With the

same argument in the proof of Theorem 3.2, we get

(Sel=)

<2 ([(Wx, W) [+ (Y2, Y x) |2 4+ 2| (W, Y*x) ) + 8 (Wox,x) (Y, x) |2

([5a]=)
i

2

Nl—

Thus

(Wx, Wx)? + (Y2, Y*x)? + 2 (Wx, Y *x)|?) + 8| (Wx, x) (Yx,x) |2

2
2 ([(Wx,Wx \2+\<Y*x Vo) 2+ 2 (Wa, Yx) [2) + 2| Wx |2 || V||

<
<

+2(2+ o) W[ Y]

<Wx,Y*x>‘ F2(1— a) (W, Yx) 2
(by Lemma 2.5)
=2 (|[(Wx, Wax) [ + [ (Y*x, Y *x)[* 4+ 2| (Wox, Y *x)|?) + 2(Wax, Wx) (¥ *x, Y *x)

122+ ) /W, Wx)(Y*x,Y*x)‘(Wx,Y*x)) 4 2(1 = )| (W, Y )
<2 ((Wax, Wx)? + (Y2, Y*x)2 + 2| (W, Y*x)|?) + ((Wx, Wx)? + (Y *x, Y *x)?)
+ (24 ) ((Wx, W) + (Y7x, Y7 x)) ’ (W, Y*x)‘ F2(1 — )| (W, Y*x) 2

(by the arithmetic-geometric mean inequality)
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L2 (W] *x,x) + (7 ",x) + 2/ (W, Y0)|2) + (W] x,x) + (|7 *x,x))
+ (24 a) ((W]Px,x) + (7" P, x)) ‘(Wx,Y*x)' F2(1— o) | (W, Y¥x)
(by Lemma 2.1)

=3((IW[* + [Y*[*)x,x) + 2+ ) (W[ + [Y*[*)x, x) [ (Y Wx, x)|
+2(3— o) [{YWx,x) \2

SB|[IW+ Y| +26 - )@’ (Y W) + 2+ ) |[|W + Y| o(Y W)

L[ [PFHIT 0 0TQ
][ g i 200 ([

|P)?+|T*? 0 0 TQ
0 JoP+isP [ “\|sp o)

Taking the supremum over all x € H @ H in the above inequality and by Lemma
2.6, we get

*([sel)

§ . 0T
coman I+ 17 et 57} +26 - @0 [ 3, 7€)

+S*|2H}w<[sop TOQD. O

It follows from Theorem 3.4 and Lemma 2.6, it can be established the following
inequality of w*(T).

+2+a)

+ 2+ a)ymax {|||P]* +|T*]

COROLLARY 3.4. Let T € #(H) and 0 < a2 < 1. Then

3
o*(T) < |HT|4+\T 4 |\+ |HT|2+\T ?||o(7?) +Ta)2(T2).
Proof. Let P=Q and T = S. Then the inequality in Theorem 3.4 will be

o* ([; ITJD — max{@*(T + P),&*(T — P)}

|| +IT Y| +23 — o) 0*(TP) + 2+ o) |||P]* + |T*[*|| (T P).

(3.8)

Taking T = P in the inequality (3.8), it holds
160*(T) = o* (2T) <3|||T|* + |T*[*|| + 2+ ) [[|T]* + |T* || @(T?) +2(3 — ) 0*(T?).
Thus, we can establish that

B irp 4 7o) + P02, D

o*(T) < |||T|4+|T*| ||+ g
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REMARK 3.7. It can be checked that Corollary 3.4 is a refinement of the inequal-
ity (3.2) for any o € [0,1].
To see this, we note that

2+ L e o) + B Do)
Sz + G e e o) + EL 2w r)or)
H\T\4+\T*\ I+ & e 7o)
+L|\|T|2+|T*| Ha) (1) +—H\T\2+\T*\ (1)

mTﬁ+ﬂT\H+ WTF+wT\H + < H\T\H—\T\HwT2

H\T\“+\T*\“H+ H(ITI2+\T* )’ H+ TP+ T o)

H\T\“HT*\ H—i— H\T\“HT*\ H—i— |||T|2+|T*| ||w (T?)
:§’|\T\4+|T*\4H+§|||T|2+|T*| | ().

This indicates

w*(T) ;|\T\4+\T*\4H+ 2+a H\T\2+\T*\ lo(T?) +%w2(T2)
(3.9)

<§H|T\4+|T*\ H+§H|T|2+|T ?[|o(T?).

Corollary 3.4 is a nontrivial improvement of the inequality (3.2). To see this, we
give the following example.

EXAMPLE 3.5. Let T be the same as described in Example 3.1. Then by elemen-
tary calculations, we have

67430

B-o)
8 16

COZ(Tz) _

H\T\“HT U+ B e o) +

and 3 |
g;|\T|4+ 71| + §y|m2+ TP (T?) =17

Therefore

;|\T\4+\T*\4y|+ 2*“

i i Pl + B2 )
< g}“T\“HT*\ H+§H|T\2+|T*\ | (T?)

forany a € [0,1].
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