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FEKETE-SZEGO TYPE INEQUALITIES FOR CLASSES OF ANALYTIC
FUNCTIONS DEFINED BY USING THE MODIFIED DZIOK-SRIVASTAVA
AND THE OWA-SRIVASTAVA FRACTIONAL CALCULUS OPERATORS

KHADEEJAH RASHEED ALHINDI* AND MASLINA DARUS

(Communicated by H. M. Srivastava)

Abstract. By making use of the operator %T;»; f(z) which was previously defined as a general-

ization of Dziok-Srivastava operator [19, 17], the new class S*(¢,m,r,s,A1,A2) was introduced
and sharp upper bounds of |az — [,La%\ for the functions belonging to it were determined. Fur-
thermore, Fekete-Szego inequalities for certain classes of functions defined through fractional
derivatives were also solved out in the sight of Owa-Srivastava fractional calculus operators.

1. Introduction

Historically, Fekete and Szegd had proposed a new inequality for the coefficients
of univalent analytic functions on 1933. Interstingly, several researchers later on have
obtained the Fekete-Szego inequality for functions belonging to several classes of uni-
valent functions [1, 2, 3, 4] and bi-univalent functions [5, 6, 7]. See also [8, 9, 10]. For
instance, Srivastava et al. [ 1 1] have obtained the Fekete-Szego inequality for a subclass
of g-starlike functions with respect to symmetrical points. See also [12, 13, 14, 15, 16].

Recently, there has been a rising interest in finding the way to correlating Fekete-
Szegd inequality with hypergeometric functions, which is the main theme of this study.
The hypergeometric functions was found in 1655 by John Wallis and its importance is
stemmed from its applications in many subjects such as, numerical analysis, dynamical
system and mathematical physics.

Let o7 be the class of analytic functions of the form

f@) =2+ ad (zeU={zeC:|7 <1}), (1.1)
k=2
and .7 be the subclass of <7 consisting of univalent functions in U. A function f(z)
is said to be in the class .&* of starlike functions of order zero in U, if R{ Zj;(g)} >0
forze U. '
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For two analytic functions f(z) = z+ X5, azF and g(z) = z+ X5, bz in the
open unit disc U= {z € C: [¢] < 1}, the Hadamard Product (or convolution) f*g of
f and g is defined by

fD)*5(@) = (Fre)Q) =2+ Y abid. (1.2)

k=2

Let p(z) and ¢(z) be analytic in U, then the function p(z) is said to be subordinate to
q(z) in U, written by

p(z) < 4(2); (zel),
if there exists a function w(z) which is analytic in U with w(0) =0 and |w(z)| < 1;
z € U, such that p(z) = g(w(z)) for z € U. From the definition of the subordinations,
it is easy to show that the above subordination implies that

p(0)=4¢(0)  and  p(U) Cq(U).

For complex parameters o,... - and fi,...B, (B; #0,—1,-2,...;j=1...5),
Dziok and Srivastava [ 17] defined the generalized hypergeometric function ,Fs(ay, ..., 04;

ﬁla"'vﬁs;Z) by

(o)i- - (o) 2

- (Bo)k kY

(r<s+1;rnseNg=NUO0;z € U),

PF(o, ..., 005 B, .., Bssz) Z (1.3)
where (x); is the Pochhammer symbol defined, in terms of Gamma function I, by

1 if k=0,
T(x) X(x+1)...(x+k—1) if ke,

Dziok and Srivastava [17, 18] defined also the linear operator

H(o,...,00:B1,....Bo) f(z) =2+ Y Thard", (1.4)
k=2

where

(o)i—1--- (04 )r—1
(Bt (Bt (k= 1)1
In 2014, Alhindi and Darus [19] generalized Dziok-Srivastava operator by introducing
the following operator:

T =

(1.5)

mr\ o 1—|—2,1 1))m71
A =+ S

where T is given in (1.5), oq,...0p and Bi,... B (B; #0,—1,-2,...;j=1...5)
are complex parameters, see also [20, 21]. In 2017, Cang and Liu introduced two

Teai?s, (1.6)
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subclasses of meromorphically multivalent functions associated with Dziok-Srivastava
operator [22]. Later on, Wanas and Majeed defined a new class for higher-order deriva-
tives of multivalent analytic functions associated with Dziok-Srivastava operator [23,
24]. Recently, Yan and Liu derived certain geometric properties of analytic functions
associated with the Dziok-Srivastava operator [25].

In this paper, Fekete-Szego inequality for functions that belong to the new subclass
S*(¢,m,r,s,A1,A2) is determined, which will be introduced in the next section. More-
over, some applications associated with functions defined by fractional derivatives are
also discussed. In order to prove our main results, the following lemmas are recalled as
follows:

LEMMA 1.1. [26, 27] If p(z) = 1+diz+drz+dsz+... (z€U) is a function
with positive real part, then for any complex number v,

|dy —vd?| < 2max {1,]2v — 1]},

and the result is sharp for the functions given by

1422 1+z

P =1"2=

LEMMA 1.2. [28] If p(z) = 1 +diz+da2% . .. is an analytic function with positive
real part in U, then

—4v+2 if v <0,
ldy —vd?) < {2 if  0<v<I,
4y -2 if v>1.

When v < 0 or v > 1, the equality holds if and only if p(z) is (1+2)/(1 —2)
or one of its rotations. If 0 < v < 1, then, the equality holds if and only if p(z) is
(1+2%)/(1 —z?) or one of its rotations. If v=0, the equality holds if and only if

p(z)z(%%k)i—f}(%—%k)i—;? O<A<),

or one of its rotations. If v =1, the equality holds if and only if

G e

Also the above upper bound is sharp, and it can be improved as follows when 0 <v < 1:
\dy —vd3| +v|dy)* <2 (0<v<1/2),

and
ldy —vdi|+(1—v)|di> <2 (1/2<v< ).
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2. Main results

By making use of the operator ,%/)LT;; (z), the class S*(¢,m,r,s,A1,Az) is defined
as follows: '

DEFINITION 2.1. Let ¢(z) = 14 Bjz+ Byz? +... be univalent starlike function
with respect to 1’ which maps the unit disk U onto a region in the right half plane
which is symmetric with respect to the real axis, and let By > 0. Then the function
f € o isin the class S*(¢,m,r,s,A1, A7) if

A5, f )

K0 f (@)

where 757" f(z) is defined by (1.6).

=< ¢(2); ze U, 2.1)

2.1. Fekete and Szego inequality

In this section, Fekete-Szego type inequality for functions f(z) in the class S*(¢,m,
r,s,A1,Ay) is investigated in the following theorems:

THEOREM 2.2. If f(z) given by (1.1) belongs to S*(¢,m,r,s,A1, ) then

a3 — pas|

14+20)"
(L+22) Blmax{l,

B 14 240) =D (1 + A)2m
—2+Bl—u4(+ 1) (1+4) |

T 4(14-24)m=D) B, (14242)™ (1 + Ap)2(m=1)

}

Proof. Let f € S*(¢,m,r,s,A1,A,), then there exists a Schwarz function w(z) € &

The result is sharp.

such that (S ()
A 0,
¥ =o(w(@):;  (z€l). (2.2)
K @)
If pi(z) is analytic and has positive real part in U and p;(0) = 1, then
1+
pi1(z) = w(z) =14diz+dry?+d3 + .. .; zeU. (2.3)
1—w(z)
From (2.3), we obtain
M)—@4J- 4 o (2.4)
=Sty -5 )d+.. .
- A
z Sz
pla) = b T ) piib b+, (zeU), (2.5)
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which gives

(1 —|—7Ll)m_1

b =
YA

m—1 m—1\ 2
o and bz:Mr(%) 2. (2.6)

(L4 24)m (L+ )™

Since ¢(z) is univalentand p < ¢, therefore using (2.4), we obtain

p(z) = 0(w(z))
Bd; 1 d% 1 2 2
= — — - — - 2.7
=1+ 2 +{2<d2 5 B1+4d1B2 4+ (2.7)
Then, from (2.5),(2.6) and (2.7), we may write
(l—f—?Ll)’”_la _ Bid;
(I+a)" 2~ 27

1 & o A(1422)m ! 1+ 1\,
p (d _E>Bl+ 3B =~y “3_< 1) ) @

Therefore we have

1 (1424)"
g2t Urel) 2
az — pa; 8(1+27Ll)m*1B1[d2 vdy], (2.8)
where . )
1 B 4(1L+24)" (1 + Ap)™ ]
l1-——-B
2[ By 1+'LL(1+27L2)”'(1+7L1)2("1*1) !

Now, our result is followed by an application of Lemma 1.1. Also, the result is sharp
for the functions

(A @)
waw
Q)

e

This completes the proof of Theorem 2.2. [
Next, by using Lemma 1.2, we can obtain the following theorem.

THEOREM 2.3. If f(z) given by (1.1) belongs to S*(¢,m,r,s,A1,A,) then

1 _(14224)" 2 4042240 1(1+/12)2'" 2 .
4 (l+2ll)m’l [32+B 'u(1+27tz) (1+Al) 2(m— B ] lf”’ < Oy,
14+22,)"
|a3 - ,Ua%| < % (1(+J;)Ll)2rzt—1Bl ifor < U <oy,

1 (12n)m 2 4024 (14 2)P o]
4 (1+2ll)m71 [32 +Bl ”(1+212)m(1+11)2(m71)B1:| lfﬂ 2 02,
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where A1)
L(1424)"(L+ A== 1 B,
= —|-1+2+B
O Uy T+ m B | B T
and 2me1)
1 (1 +212)m(1 +Al) m=o] B;
= — |1+ —=+B|.
I ) A+ ) By | B

The result is sharp.
Proof. First, let 4 < o7, then
L (L424)"
4 (1+24)m-1
1 (1+22)" 4(14224)" (1 2m
_ 1 (1+24) B+ B — (1+24)" " (1+4) B
4 (1+24)m-1 (14225)"(1+ Ay )20m=1)
When o7 < t < 02, using the above calculations, we obtain

L (1424)™
2

— < - = .
|as ,Uaz\\4(1 220 1

laz — pna3| < B [-2v+1]

Finally, if 4 > o, , then we have

1 (1+22)"
—uds <-———————B|[2v—1
a3 = Haal < g ey B 2
m m—1 2m

41422 (1 220)m(1 4 A )2m=D |

To show that these bounds are sharp, we define the functions Ky, (n =2,3...) by
(A Ly, (2))

A Lon(2)

=0 ") Ly, (0)=0=]Ly,]'(0)— 1,

and the functions F;, G, by

AR () _ (z(z +1) )

' : R(0)=0=[R](0)-1,
K (2) 1+ 2z 2.(0) [F2]'(0)

and s /

G () 1+ Az

It is obvious that the functions Ly,,F;,G; € S*(¢,c). Also, we write Ly := Ly, . If
W < oy or [ > 0y, then the equality holds if and only if f is Ly or one of its rotations.
When 01 < i < 02, then the equality holds if and only if f is Ly, or one of its rotations.
If u = oy, then equality holds if and only if f is Fj or one of its rotations. If u = o3,
then the equality holds if and only if f is G, or one of its rotations. This completes
the proof of Theorem 2.3.

If 01 < U < 0y, 1in view of Lemma 1.2, Theorem 2.3 can be improved. [J
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THEOREM 2.4. Let f(z) given by (1.1) belongs to S*(¢,m,r,s,A1,A2), and O3
be given by
1 (1424)" 1 [Bs
Oyi= - 2 |22 p
3 4(1+23{1)m71 B Bl+ !

IfGl<[,L<03,then

(14 A)20m=D (1 4-24,)"

1
J— 2 _ —
Jas = Raa] + g | (B1 = B2) g s 2y
o (T AP0 (122" e (1422)™
Y41+ A)2n(1+ 21 RS giraaym ot
If o3 < U < 0, then
TN (14402 D (14 220)"
Jas = Raa] + g | (B4 B2) g s
s (L4222, (1422y)"
B A2yt MBS agan)y 1 B

2.2. Applications to functions defined by fractional derivatives

In this section, a new subclass of S*(¢,m,r,s,A1,;) is introduced in order to
prove the following theorems.

DEFINITION 2.5. For afixed g € o7, let S8(¢,m,r,s,A1,A,) be the class of func-
tions f € o for which (fx*g) € S*(¢,m,r,s,A1,42).

DEFINITION 2.6. [29] Let f(z) be analytic in a simply connected region of the
z-plane containing origin. The fractional derivative of f of order { is defined by

1 d

Ir1-2¢)dz

where the multiplicity of (z—p)~ ¢ is removed by requiring that log(z — p) is real for
(z—p)>0.

oDEf(2) = [e=p) o) 0<g<1),

Owa and Srivastava [30], [31] used Definition 2.6 to introduce a fractional deriva-
tive operator Q¢ : &7 — 7 defined by

(Q5N)(@) =T@= D), ((#2,3,4,...).

The class S§(¢7m7 r,s,A1,Az) consists of the functions f € «/ for which Qff e
S*(¢,m,r,5,A1,22). The class S¢(¢,m,r,s,A1,Ay) is a special case of the class S%(¢,m,
r,s,A1,A2) when

o D(k+1DI2-0) 4

g(Z):Z+1§2mZ’ (ze ).
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Now, applying Theorem 2.3 for the function (f *g) = z+ g2a»z> +g3a3z> + ..., we get
the following theorem after changing the parameter (i :

THEOREM 2.7. Let g(z) = 2+ 35 o a2 (gx > 0). If f(z) given by (1.1) belongs
to Sg(¢,m,r7s7ll,k2), then

L (142)" 2 g3 4(1424)" L1+ 4)*" 150 .
Zg3(1+2)j)m*1 [BZ +B —u % (1+212)1m(1+11) (72n 1) 1] lf“ <
2 1 (1+22)" .
a3 —pay| < § 3 55 072A, T B if M < <,
_1_(42)" 2 8 4022 (42 o]
4g3(1+2)bl)m—1 |:BZ +B nu 3 (1+27Lz) (1+)Ll) 2(m— )B1:| lf.u 2 n2a
where
1 142 1+A | B
o= 182 Z)m( 1 Nl - [ 1+—2+Bl]»
4 g3(1+27ﬁ,1) (1+Az) Bl B,
and
1 14+20)"(14+A 1 B
B+ 2h)"(1 4 2)*" LBl
4 g3(1+2ll)m 1(14—&2)2’” 31 31
The result is sharp.
Since T 0
Ik+ 12—
Q¢ £ ( T Sk
us 2 Tk+1-¢) ©
We have
I'(3)I'2-— 2
&2 = SN ¢) = (2.9)
rG-¢ 2-¢
and r4rez-:¢) 6
g3:= = . (2.10)

r4-20) 2-0)3-70)
For g;,g3 given by (2.9) and (2.10) respectively, Theorem 2.7 is reduced to the follow-
ing :

THEOREM 2.8. Let § < 2. If f(z) given by (1.1) belongs to S*(¢,m,r,s,A1,12).
Then

1L 2-0@=0+2m)" 2 3 ¢\ 404224 (1425)*" 1o
24 (1422 )T : [B2+Bl_7”<_§>(1+2/12)lm(1+zl) (2 7 Bi

ifu<n,

1 (2=8)(B=8)(1+249)"
ﬂW&

ifm<u<n,

1 (2=8)(B=8)(1+22)" g 404220 N (1429)%" 1o
24 ()T ’ [B +Bl2“(_<§(1+2/12)1 m(14A)2 2 Bi

ifu=n,

laz — pa3| <
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where ’ :
13- 2" (A2 L[ B
M=6a—0) 2 T+ B | B Y
and ’ :
1 (B=0) (1424)" (14 A )21 [ B, }
== — [1+=4+B].
= =) (2 T+ B | B !

The result is sharp.

Conclusion

In this research study, the Fekete-Szego inequality was correlated with a certain
class of hypergeometric function. Thus, based on the generalized hypergeometric op-
erator %/)ZT/{; (z) which was introduced earlier [19], the class S*(¢,m,r,s,A1,A2) was
derived in the light of starlike functions. The Fekete-Szego inequality was obtained
for the first two coefficients of the function f(z) € S*(¢,m,r,s,A1,42). Moreover,
the classes S8(¢,m,r,s,A1,A2) and S¢(¢,m,r,s,A1,A;) were defined as subclasses of
S*(¢,m,r,s,A1,A2). Then, the Fekete-Szegé inequality was investigated again includ-
ing some fractional derivatives.
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