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NEW RETARDED DYNAMIC INEQUALITIES
ON TIME SCALES WITH APPLICATIONS

GUOTAO WANG, AHMED A. EL-DEEB AND H. A. EL-SENNARY

(Communicated by A. C. Peterson)

Abstract. In this article, we prove new retarded dynamic inequalities on time scales that contain
some integral and discrete inequalities reported in the literature. These inequalities can be used
as handy tools for the study of qualitative properties of solutions of dynamic equations on time
scales. Some examples are included to demonstrate the applications of our results.

1. Introduction

In 2006, Pachpatte [14] established the inequality:

w(t) < e(t) + / " (s)w(s)ds + / ’ (s w(s)ds, (1.1)

for all 7 € [a,b] C R. After that, in 2014, Kender et al. [8] established the following
further generalizations of inequality (1.1) where the linear term of the unknown function
o(t) has been replaced by nonlinear term ®”(¢) in both sides of the inequality as
follows:

wP (1) < (1) —|—/atf(s)w(s)ds—|— /ahg(s)wp(s)ds, (1.2)

for all ¢ € [a,b] C R. Recently, in 2017, El-Deeb and Ahmed [5] studied the retarded
version of the inequality (1.2), where they replaced the non-retarded case ¢ with the
retarded case o(r) as follows:

o(t)
WP (1) < clt) + / Fls)w(s)ds + / ’ a(s)wP (s)ds, (1.3)

forall 7 € [a,b] CR, where a(r) <t and a(a) =a.

The main aim of this article is to extend the inequalities obtained in [5, 8, 14] to
contain corresponding integral inequalities and discrete inequalities as special cases.
Our main results will be proved by employing some useful inequalities which will be
presented in Section 2 and Theorem 3.1.
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The study of dynamic equations on time scales which goes back to Stefan Hilger
[6] and is an area of mathematics has recently received a lot of attention. The general
idea is to prove a result for a dynamic equation or a dynamic inequality where the do-
main of the unknown function is a so-called time scale T, which may be an arbitrary
nonempty closed subset of the real numbers R; see [2, 3]. One of the purposes of the
theory of time scales is to unify continuous and discrete analysis. The three most pop-
ular examples of calculus on time scales are differential calculus, difference calculus,
and quantum calculus (see [7]),i.e., when T=R, T=N and T = g% = {qk keZ,qg>
1} U{0} where g > 1. The book on the subject of time scales by Bohner and Peterson
[4] summarizes and organizes much of time scale calculus. During the past decade a
number of dynamic inequalities have been established by some authors which are mo-
tivated by some applications, for example, we refer the reader to [1, 4, 10, 11, 13] for
contributions, and the references cited therein.

2. Some preliminaries and lemmas

For completeness, we recall the following concepts related to the notion of time
scales. A time scale T is an arbitrary nonempty closed subset of the real numbers.
The time scales calculus was initiated by Hilger in his Ph.D. thesis in order to unify
discrete and continuous analysis [6]. The cases when T =R and T = Z represent the
classical theories of differential and difference calculus. First we define the forward
jump operator 0 : T — T by

o(t):=inf{seT:s>1t}, (2.1
and second, the backward jump operator p : T — T by
p(t):==sup{seT:s<r}. (2.2)

In this definition, we put inf@ = supT and sup® = infT, where 0 is the empty
set. A point 7 € T with infT < < supT, is said to be left-dense if p(r) =¢ and is
right-dense if o(r) = ¢, points that are simultaneously right-dense and left-dense are
said to be dense, is left-scattered if p(¢) <t and right-scattered if o (r) > ¢, points that
are simultaneously right-scattered and left-scattered are said to be isolated. A function
g: T — R is said to be right-dense continuous (rd-continuous) provided g is continuous
at right-dense points and at left-dense points in T, left-sided limits exist and are finite.
The set of all such rd-continuous functions is denoted by C,;(T). A function f: T — R
is said to be left-dense continuous (Id-continuous) provided f is continuous at left-
dense points and at right-dense points in T, right-sided limits exist and are finite. The
set of all such Id-continuous functions is denoted by C;,(T).

The forward and backward graininess functions ¢ and v for a time scale T are
defined by p(r):=o0(t) —t, and v(¢) :=t— p(t), respectively.

Given a time scale T, we introduce the sets T, T, and T¥ as follows. If T has
a left-scattered maximum #;, then T¥ =T — {#, }, otherwise T* = T. If T has a right-
scattered minimum 7, then T =T — {5, }, otherwise T* = T. Finally, T’,‘c =T*NT,.
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Let f: T — R be a real-valued function on a time scale T. Then for all # € Tk,
we define f2() to be the number (if it exists) with the property that given any & > 0
there is a neighborhood U of ¢ such that

[f(e) = f(5)] = fAN)[o@) —sl| <elo(t) —s|,  VseU.

For f: T — R, we define the function f°: T — R by f°(r) = f(o(z)) forall t € T,
thatis, f© = foo. Similarly, we define the function fP : T — R by fP(r) = f(p(r))
forall 7 € T, thatis, fP = fop. Atime scale T is said to be regular if the following two
conditions are satisfied simultaneously: (1) o(p(t)) =t and 2) p(o(t)) =1, Vt € T.
The product and quotient rules for the derivative of the product fg and the quotient
f/g (where gg® # 0, here g° = go o ) of two differentiable functions f and g, are
given as the following:

(f9)2(r) = 2(0g(1) + f(o ()8 (1) = F(1)g™ (1) + f2(1)g (o (1))

and

AL P00 FOA0)
(2) 0= o))

A function F : T — R is called a delta antiderivative of f: T — R provided that
FA(t) = f(¢) holds for all # € T*, and the delta integral of f is defined by

/ubf(t)At — F(b) - F(a).

We will frequently use the following useful relations between calculus on time scales
’]I‘_and differential calculus on R, difference calculus on Z, and quantum calculus on
g% . Note that if

(i) T=R, then
o=, =0 PO=r0. [ron=[rwm @3

(ii) if T=2Z, then
o)y=t+1, u@)=1, f@) /f (t); (2.4)

(iii) andif T =q¢% = {¢* : k€ Z}U{0}, ¢ > 1, then

log, (b)—1

=g BO=(- 10 [ FON=(-1) 3 1), vabeq

k= logq
(2.5)
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It can be shown (see [4]) that if g € C,4(T), then the Cauchy integral G(z) := ftg g(s)As
exists, 7o € T, and satisfies G*(¢) = g(¢), ¢ € T. An infinite integral is defined as

| rac —,}ggc/ o)

Now, we will give the definition of the generalized exponential function and its
derivatives. We say that p: T — R is regressive provided 1+ u(¢)p(¢) # 0 for all
t € T*, we define the set R of all regressive and rd-continuous functions. We define
the set RT of all positively regressive elements of R by R ={pe R: 14+ u(r)p(r) >
0,Vt € T}. The set of all regressive functions on a time scale T forms an Abelian group
under the addition & defined by p® ¢ =p+q+ upq. If p € R, then we can define
the exponential function by

ep(t,s) —exp</ Su(r) Ar) s,;t €T,

where &;,(z) is the cylinder transformation, which is defined by
L()g(l+hz h # O
n(z) =
Z, h=0.

If p € R, then ep(t,s) is real-valued and nonzero on T. If p € R, then e,(r,19) is
always positive.

Note that
e if T =R, then
1
eq(t,1p) = exp (/ a(s)ds); (2.6)
T
e if T =7, then
-1
eq(t,tp) = (1 —l—a(s)); (2.7)
s=10
o if T =4, then
-1
ea(t,10) =[] (1 +(q— 1)sa(s)>. (2.8)
s=I(

In the following, we present the basic lemmas that will be needed in the proof of
our main results.

LEMMA 2.1.([9) If p,g € R and a, b, ¢ €T, then
1. ey(t,t) =1 and eo(t,s) = 1;
2. ep(o(t),s) = (L+u(t)p(t))ep(t,s);
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3. if pe R, then e,(t,t9) >0, Ve € T;

b b
4. Ji p()ep(c.o(0)Ar == [[lep(c, )| (1) = ep(c,a) — ep(c,b).

LEMMA 2.2.(See [9]) If p € R and fix t € T, then the exponential function
ep(t,to) is the unique solution of the following initial value problem:

YA() = p(0)y(r),
bzt @9

LEMMA 2.3. (See [9]) Let 1o € T* and k : T x T* — R be continuous at (1,t),
where t >ty and t € TX. Assume that k(t,-) is rd-continuous on [ty, o (t)]. If for any
€ > 0, there exists a neighborhood U of t, independent of T € [ty,0(t)], such that

k(o (1), T) —k(s,7)] — kA(1,7)[0(t) — 5] | < €|lo(r) — 5], VseU.

If k denotes the derivative of k with respect to the first variable, then
1
f@&)= [ k(t,7)At
fo

vields t
A = | K@, t)At+k(o(1),1).

T
LEMMA 2.4. ([9]) Suppose u, b € C,q and a € R*. Then
ub(1) <a(t)u(t) +b(t), t>19,1€TK

vields

t
u(t) <ulto)eq(t,to) + | eq(t,o(t))b(T)AT, t>19,1 € T".
fo

LEMMA 2.5.([12]) If x>0 and p > 1, then
1
xP < mx+my, (2.10)

1=p 1,1
wheremlzll—?K P ,mQZ%KP and K > 0.

Now we are ready to state and prove our main results.

3. Main results

In this section, we will state and prove the main results and investigate some dy-
namic Gronwall-Bellman inequalities on time scales.

First, we prove the basic theorem that will be needed in the proofs of the main
results and can be considered as the extension of [3, Theorem 5.37, page 139] on time
scales.
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THEOREM 3.1. In the following by f(t,s) we mean the delta derivative of f(t,s)

with respect to t. Similarly, fv(t,s) is understood. If f, f and f¥ are continuous,
and u,h: T — T, then the following formulas holds ¥Vt € T*

A
(i) [f:&’ f<m>As] = i) P @) A+ @) (0 (1), h(1)) — w2 (1) f(o (1), u(t) 5
v
(i) [f;'(&’; f(r,sms} = [ £Y @ 9)As+ RV () f(p(0), h(0) = u¥ (1) (p (1), ()
A
(iii) [fﬁ&?f(us)w] = [u) P2 0,5) Vs + B £(0(0), 1) — w2 (1) f (0 (1), u(t))

\%
(iv) [f:;i;’fo,s>Vs} = [ £V @) Vs + RV (@0 £ (p (), (1) = u¥ (1) /(P (2),u(2)).

Now we are ready to state and prove our main results, which give us the time scales
version of the inequalities proved in [5], [8] and [14].

THEOREM 3.2. Let a,b € ’]I‘f with a<b and @, g, f, ¢, 0; € Cy([a,b]p,RT)
and ¢, o; be delta-differentiable on T with c*(t) >0, o (t) >0, 04(t) <t, i=1,2,
og(a)=a, ap(a)=b and p > 1 be a constant. If

+/°” As+/ As, (3.1)

forall t € [a,bx, then

(1) S{Alem (t,a) —|—/a[em (t,G(s))El(s)As} p, (3.2)

where Ay is the best possible constant i.e., it cannot be replaced with a smaller num-
ber such that (3.2) remains true for all relevant functions and given by the following
equation:

cla) +J2.£6) (L en 5. 0)Z1 (214 ) s
A= ’ : (3.3)
1— [ f(s)en, (s,a)As

such that .
/a f(s)en, (s,a)As < 1, (3.4)
and
E1(1) = M0) +malo (1)g(on (1) + 02 (1) f(0a(1))], (3.5)
(1) = mu[oi()g(0u (1)) + 0 () f (0 (1)), (3.6)

where my, my are defined as in Lemma 2.5, and ey, (t,a) is a solution of the initial
value problem (2.9) in Lemma 2.2 when p(t) replaced by 1.
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Proof. Define a function z; (¢) by

o (t
+/ As+/ As.

We observe that z; (r) < 0 nondecreasing on [a,b] . From (3.7), we get

a)+ /ab f(s)wP (s)As

Then from (3.1), (3.7) and by using the monotonicity of z; (), we get

o(t) < Z% (1), w(04(r)) < z%(al( 1) < z%( 1), i=1,2.
From (3.7), (3.9), and using Theorem 3.1, we have:
24 (1) = A(0) + o (1)g(ou (1) + 0 (1) f (0 (1)) @(x(2))
< M)+ [0 (Dglou (1) + 08 (1) f(oa 1))z (1)
Therefore, using Lemma 2.5. From (3.10), we get that
2 () < mifof(t)g(on () + 02 (1) f (0 1))z (1)

(A1) +molog (1)g(on (1) + 05 (1) f (e (1))]).
=Mz () +E1(1),

567

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

where Z(¢) and 1;(¢) are defined as in (3.5) and (3.6) respectively. Now an application

of Lemma 2.3 to (3.11), yields

al) <a@ent.0)+ [ en0,06)E0)Ar
From (3.9) and (3.12), we get that

P (t) < zi(a)en, (t,a)+ /at en, (1,0(5))Z1(s)As.
From (3.8) and (3.13), we have

a)+ /b f(s)oP (s)As

S

+/ [21 Jen(5.0)+ [ en, (5,0(1)Z1(A)8% | As

a)—!—zl(a)/ f(s)en, (s,a)As

+/ (/ en, (s o(x))al(xm)m.

Thus from (3.14), we obtain
z1(a) <A,

(3.12)

(3.13)

(3.14)

(3.15)

where A is defined as in (3.3). Then we get the required inequality (3.2) from (3.13)

and (3.15). The proof is complete. [
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REMARK 3.1. By taking T=R, oy (1) =1, oa(t) = b, a(t) =1, o (t) =0,
p = 1 and using the relation (2.3), then Theorem 3.2 reduces to [14, Theorem 1.5.1].
Ifweput T=R, ay(t) =1, oa(t) =b, a(t) =1, 04'(t) = 0, and using the relation
(2.3), then Theorem 3.2 reduces to [8, Theorem 2.1]. If we put T =R, op(t) = b,
ch(t) =0, and using the relation (2.3), then Theorem 3.2, reduces to [5, Theorem 2.1].
THEOREM 3.3. Let a,b € ']I",g with a<band ©, g, f, ¢, & € Cyy([a,b],RT)
and ¢, o be delta-differentiable on T with cA(t) >0, Oll-A(t) >0, o4(1)<t,i=1,2,
oi(a) =a, w(a)=b and k(t,s), K*(t,s) € Cra([a,b]px % [a,b]p, RY) for a <s <
t <band p>1 bea constant. If

o (1) (1)
WP (1) < c(t) + / K(t,5)o(s)As + / g(s)0” (s)As, (3.16)

forall t € [a,b]px, then

o) <{Agen2(t,a)+/at Eg(s)enz(t,O'(s))As}P, (3.17)

where Ay is the best possible constant i.e., it cannot be replaced with a smaller num-
ber such that (3.17) remains true for all relevant functions and given by the following
equation:

c(a)+ 7 5(s) (f;‘enz (S»G(T))Ez(T)AT) As
Ay — ; : (3.18)
1— [ g(s)en,(s,a)As

such that .
/ g(s)en,(s,a)As < 1, (3.19)
a

and

Ex(t) = cA(t) +my [aA(t)k(G(t), o)) + / "0 KA, I)Ar} : (3.20)

na(t) = my [aA(r)k(o(rm(r» e a?(t)g(az(t))] . G2

where my,my are defined as in Lemma 2.5, and ey, (t,a) is the solution of the initial
value problem (2.9) in Lemma 2.2 when p(t) replaced by M, (t).

Proof. Define a function z,(¢) by

(1) = e(r) + / ) o(s)As + / )P (5)As. (3.22)

We observe that z,(r) < 0 is nondecreasing on [a,b] . From (3.22), we get

b
2(a) = c(a) + / F(s) 0 (s)As. (3.23)
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Then from (3.16), (3.22) and by using the monotonicity of z; (), we obtain

o(r) < Zf (1), m(04(t)) < zz’l’ (04(1)) < zf (1), i=1,2.

Using Lemma 2.3 and Theorem 3.1 in (3.22). From (3.24), we have

2(t) =

(3.24)

A1) + ot Ok (0,00 )ofos (1) + [ KD
o 0)s(an () (0n(r)

1 oy (1) 1
A0+ Oko (0. cr)g )+ [ KD (a7
of ()g(0a(0))z2(0)

<A+ [al ()k(o(t),04(2)) +/almkA(t,r)Alr] zf (1)
+04'(1)g(0a(t))z(t).

(3.25)
Using Lemma 2.5 in (3.25), the inequality (3.25) can be written as

A0 < A0+ m [ad ko0, + [ 61

+oo§<r>g<a2(t>>]@<t>

+my {af(t)k(a(t),(xl (1)) +/aal(t>kA(t,r)Ar}
= Ma(t)z2(t) +Ea(t),

(3.26)
where 1,(¢) and Z,(t) are defined as in (3.21) and (3.20) respectively. Now, using
Lemma 2.4 in (3.26), yields that

2(1) < z2(a@)eny (1,a) + / eny (1, 5(7))Ea(s)AT. (3.27)
From (3.24) and (3.27), we get that

0 (t) < 22(a)en, (,a) + / eny (1,0(7))E2(1)AT. (3.28)
From (3.23) and (3.28), we have

b
a+/gsa)psAs
@)+ [ 6) [alaensa) + [ en(s.0(0)Za(ae]as

< c(a) + 2(a) / g(s)ens (s,a)As

+/ (/ eny (s G(T))Ez(f)AT>As.

(3.29)
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Thus from (3.29), we obtain

cla) +17500) (S ens. o0z (18t ) s

L= J7 g(s)en, (s,a)As

for all ¢ € [a,b]q, we get the required inequality (3.17) from (3.28) and (3.30). The
proof is complete. [

22(a) < = A, (3.30)

REMARK 3.2. Bytaking T=R, o4(t) =1, of =1, on(t) =b, a2 (t) =0, p=1
and using the relation (2.3), then Theorem 3.3 reduces to [14, Theorem 1.5.2 (by)]. If
weput T=R and oy (¢) =1, o =1, ou(t) = b, 02 (t) = 0, and using the relation
(2.3), then Theorem 3.3 reduces to [8, Theorem 2.2]. If we put T = R and using the
relation (2.3), then Theorem 3.4, reduces to [5, Theorem 2.2].

THEOREM 3.4. Let @, o; and ¢ be deﬁned as in Theorem 3.3, ky(t,s), kz(l s),
K)t,s) and K3(t,s) € Cra(la,blpk X [a,blp,RT) for a<s<t<band p>1 bea
constant. Assume that a,b € ’]I‘f with a < b. If

oy (1) o
c t)+/ ki(z As-l—/ 2(t,5) 0P (s)As, (3.31)

forall t € [a,b]px, then

o) S{A3en3(t,a)+/at53(s)en3 (t,G(s))As}p, (3.32)

where Az is the best possible constant i.e., it cannot be replaced with a smaller num-
ber such that (3.32) remains true for all relevant functions and given by the following
equation:

(@) + [ kalas) (fj =5(A)en, <s,o<x>>M)As
As = h : (3.33)
1— [ ka(a,s)en,(s,a)As

such that .
/ ka(s,a)en,(s,a)As < 1, (3.34)
a

and

n3(t) = my [af(t)kl(a(t),al (t))+/al(t)k?(t,s)As] —|—Oc2A(t)k2(G(t),Oc2(t))
+/a2(t)k§(t,s)As, (3.35)

53(t>:cA(>+mz[a1(>k1(( ), 0 (1)) + /aal(t)k?(t,s>As]7 (3.36)

where my, my are defined as in Lemma 2.5, and ey, (t,a) is a solution of the initial
value problem (2.9) in Lemma 2.2, when p(t) replaced by n3(t).
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Proof. Define a function z3(¢) by

o (1)
:c(t)+/ kit As+/ 2(t,5) 0P (s)As.

We observe that z3(r) < 0 nondecreasing on [a,b]p . From (3.37), we get

a) + / s oP (5)As

Then from (3.31), (3.37) and by using the monotonicity of z; (), we obtain

1 1

1 1 1
o(r) <z3 (1), 0(a(t)) < 25 (alt) <z5 ().
From (3.37), (3.39) and by using Theorem 3.1, we have

o (1)
Z(t) = A0+ o (ki (o), Ofl(l))w(al(f))Jr/u K (2,5) o (s)As

a8 0klo (), 00(0)0 (@x(0)) + [ 0.7 ()
)+ a0k (o). an )0+ [ k92 (s
+05'(1)ka(0 (1), 0 (1))23(¢) +/O(2 K2 (t,5)z3(s)As
<0+ [atnnon.an)+ [ kom0
+atrto. e + [ on]a0)
By applying Lemma 2.5 on 2! (1) in (3.40), we have
A0 < A0 +m [t 0ken.a)+ [ Ressa

sma[aoko.an0)+ [ K9

—
~
~—

(o000 + [ )
< {m[atmien.mm)+ [* e

+062A(t)k2(6(t),a2(t)) +/ua2(t)k§(t,s)As}zg(t)

o (1)
+c ( )+I’I12 |:(X1 ( )kl( ( (X](l‘))‘i‘/Q k?(l,S)ASi|
= M3(t)z3(t) + E3(1).

571

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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Therefore, using Lemma (2.4) in (3.41), we get that

(1) < z3(@)en, (t,a) + / "Z5(s)en, (1, 0(s))As. (3.42)

From (3.39) and (3.42), we get that

0" (1) < z3(a)eny (1,a) + / "Ea(s)en (1, 5 (5))As. (3.43)

From (3.38) and (3.43), we have
b
@) < c(a) + [ falas) [a(alen,
+ / "E5(A)en, (s,o(x)m} As
b
< c(a)—l—zg(a)/a ka(a,s)en, (s,a)As
+ / ’ ka(a,s) ( / "E5(A)en, (s,o(?t))A)L)As. (3.44)

Thus from (3.44), we obtain
z3(a) < As, (3.45)

where A is defined as in (3.33). Then we get the required inequality (3.32) from (3.43)
and (3.45). The proof is complete. [

REMARK 3.3. By taking T=R, oq(t) =1, al(t) =1, oa(t) = b, o&(t) =0,
p =1, ¢(t) =any constant and using the relation (2.3), then Theorem 3.3 reduces to [ 14,
Theorem 1.5.2 (b)]. If weput T=R, o(t) =1, a(t) = 1, oa(t) =b, 05 (t) =0,
and using the relation (2.3), then Theorem 3.3 reduces to [8, Theorem 2.3]. If we put
T =R and using the relation (2.3), then Theorem 3.3, reduces to [5, Theorem 2.3].

4. Applications

In this section, we present some applications of Theorem 3.4 to obtain the explicit
estimates on the solutions of certain dynamic equations, and also prove the uniqueness
and global existence of solutions for a class of nonlinear dynamic integral equations.

EXAMPLE 4.1. Consider the following nonlinear dynamic integral equation with
several delay in time scales:

o (1) (1)
P (t) =h(t)+Q(r, Wi (s, (u(s),kl)As,/ W) (s, 0P (s),ky)As),

a a

w”(a) = F 4.1)
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if,
|h()] < c(1),
|Q(t,u, V)| < |uf +[V],
‘\Pl‘ < kl(t7s)w(s)7
|QZ‘ < kz(l,S)CO(S), (42)

where @, o, ¢ € Cry([a,b],RT) and o4, ¢ is delta-differentiable on T* with (1) <
t,0(t) =0 A1) =0, ay(a) =a, op(a) =b and ki (t,5), K (t,s), ka(t,s), K5(t,s)
€ C,d([a bl X [a,b]p,RT) for a < s <1< b and p>1 be constants, then we have
the explicit bound estimation of the solution @ of (4.1) as the following:

4 P
o) <{ Asen,.0) + [ Gs)en 106} @)
forall ¢ € [a,b]p«, where Az, Z3 and 13(r) are defined as in Theorem 3.4.

Proof. From (4.1), (4.2), we have

()P < () +/ ku(t,5)|oo(s \As—i—/ ka(t,s)|o(s)[PAs.  (4.4)

Now applying Theorem 3.4, to (4.4), we get

1
t P
o) g{A3en3 )+ [ Eslens(r G(s))As} .
a
This is the desired estimation in (4.3). The proof is complete. [
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