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ON THE q–ANALOGUES FOR SOME

KANTOROVICH TYPE LINEAR OPERATORS

NAZLIM DENIZ ARAL ∗ AND ZEYNEP SEVINÇ

(Communicated by V. Gupta)

Abstract. In this paper, we present some Kantorovich type positive linear operators and we in-
troduce the new modification q -Baskakov-Kantorovich operators. We prove the convergence of
the new operators using the Korovkin criterion and establish the rate of convergence involving
the modulus of continuity. Also, some numerical results to illustrate the convergence of these
operators.

1. Introduction

The quantum calculus (q -calculus) which is an ordinary calculus without taking
limits has a lot of applications in various areas such as quantum theory, mathematics,
theory of relativity and mechanics. Jackson [20] introduced q -functions in the begin-
ning of the twentieth century and developed q -calculus. In the approximation theory,
q -Bernstein polynomialswere first presented as the applications of q -calculus by Lupas
[22]. q -analogues of the well known operators have been proposed and their approx-
imation behavior has been discussed (see ([3]–[6], [12], [15], [18], [19], [25]–[30]).
After that various generalization of the q -Baskakov operators were intoroduced and
their approximation properties have been studied in ([3]–[6], [18]).

The Kantorovich operators Kn : Lp([0,1]) → Lp([0,1]) defined by

Kn( f ,x) = (n+1)
n

∑
k=0

xk(1− x)n−k
∫ k+1

n+1

k
n+1

f (t)dt, k = 1,2,3, . . .

for n∈N , x∈ [0,1] and f ∈Lp[0,1] , 1 � p < ∞ [21]. The classical Baskakov operators
is defined for f ∈C[0,∞) by [7].

Kantorovich modifications of Baskakov operator was defined by Ditzian and Totik
in [11]. Baskakov-Kantorovich operators and their generalizations are many studies in
literature. Some of them are ([1], [2], [8], [9], [14], [16], [17], [31], [32]).
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We recall some significant basic notations, definitions on the concept of q -calculus
for the q -integers of the number m are given as

[m]q :=
1−qm

1−q
, q �= 1; [m]1 := m and [0]q := 0

and
[m]q! := [m]q[m−1]q · · · [1]q; [0]q! := 1.

The analogue of (a+b)m in q -analysis, are given by

(a⊕b)m
q :=

m

∑
ν=0

[m
ν ]q qν(ν−1)/2bνan−ν

where [m
ν ]q := [m]q!

[ν]q![m−ν]q! for 0 � ν � m is the q -binomial formula. The q -partial

derivative of f (x,y) is given by

∂q f (x,y)
∂qx

=
f (qx,y)− f (x,y)

(q−1)x
, x �= 0.

Now, we give the q -analogue of integration;

∫ a

0
f (t)dqt = (1−q)a

∞

∑
ν=0

f (qνa)qν , a > 0

and suppose 0 < a < b ,

∫ b

a
f (t)dqt =

∫ b

0
f (t)dqt−

∫ a

0
f (t)dqt.

2. Main results and proofs

In the present work, inspired by the work of Şimşek and Tunç [29], we progress
this studies to q -Kantorovich type operators and define a new type q -Baskakov and
q -Baskakov-Kantorovich operators. Furthermore, we obtain local approximation prop-
erties and weighted approximation properties of q -Baskakov-Kantorovich operators.

We introduce a new type the Kantorovich operators as follows:

L∗
m,q( f ;x) =

∞

∑
ν=0

1
[ν]!

∂ ν
q ϕm,q(x,u)

∂quν

∣∣∣∣
u=0

∫ 1

0
f

(
[ν]q +qνt

αm,ν,q

)
dqt

where αm,ν,q are positive numbers and {ϕm,q(x,u)} generating real functions defined
on I× [0,∞) have the following conditions:

(i) For all m ∈ N and x ∈ I , ϕm,q(x,0) �= 0 and ϕm,q(x,1) = 1.

(ii)
∂ ν
q ϕm,q(x,u)

∂quν

∣∣∣∣
u=0

exists and are continuous functions of x for all ν ∈ N0 and

m ∈ N .
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(iii)
∂ ν
q ϕm,q(x,u)

∂quν � 0, for all ν ∈ N0 , x,u � 0.

It is seen that this operators are positive and linear for on the space of bounded
functions on I .

We have some generating functions in order to generate Kantorovich type linear
operators such as q -Bernstein-Kantorovich and q -Lupas-Kantorovich operators.

EXAMPLE 1. (q -Bernstein-Kantorovich operators)
Let us the function ϕm,q(x,u) := (1� x� xu)m

q , x ∈ [0,∞) , m ∈ N where (a�b�
c)m

q := ∑m
ν=0 [m

ν ]q (a� b)m−ν
q cν . Here, (a� b)m

q := (a⊕ (−b))m
q . Using the q -partial

derivatives, we have
∂ ν
q ϕm,q(x,u)

∂quν = [m]qxν(1� x� xu)m−ν
q , ν ∈ N and for u = 0, we get

∂ ν
q ϕm,q(x,u)

∂quν

∣∣∣∣
u=0

= [m]qxν
m−ν−1

∏
s=0

(1−qsx). (1)

Writing (1) and considering αm,ν,q = [m+1]q in the operators L∗
m,q , we obtain

L∗
m,q( f ;x) =

∞

∑
ν=0

1
[ν]!

∂ ν
q ϕm,q(x,u)

∂quν

∣∣∣∣
u=0

∫ 1

0
f

(
[ν]q +qνt

αm,ν,q

)
dqt

=
∞

∑
ν=0

[m
ν ]q xν

m−ν−1

∏
s=0

(1−qsx)
∫ 1

0
f

(
[ν]q +qνt
[m+1]q

)
dqt

and for ν > m , [m
ν ]q := 0. Thus, we have q -Bernstein-Kantorovich operators B∗

n,q( f ,x)
defined by Mahmudov and Sabancigil [24].

EXAMPLE 2. (q -Lupas-Kantorovich Operators)

If we consider the function ϕm,q(x,u) :=
((1−x)⊕xu)mq
((1−x)⊕x)mq

, x ∈ [0,∞) , m ∈ N and

αm,ν,q = [m+1]q in the operators L∗
m,q , then we obtain the q -Lupas-Kantorovich oper-

ators R̃n( f ,q,x) defined by Doğru and Kanat [13],

L∗
m,q( f ;x) =

1
((1− x)⊕ x)m

q

m

∑
ν=0

[m
ν ]q q

ν(ν−1)
2 xν(1− x)m−ν

∫ 1

0
f

(
[ν]q +qνt

[m+1]q

)
dqt.

Şimşek [28] introduced a new type q -analogue of Baskakov operators. Inspired
by that work, we define a new type q -Baskakov operators, which for q ∈ (0,1) , f ∈
([0,∞)) , x ∈ R

+ := [0,∞) ,

Em,q( f ;x) = ((1+ x)� x)m
q

∞

∑
ν=0

[m+ν−1
ν ]q xν (1+ x)−m−ν f

( [ν]q
qν−1[m]q

)
.

It is seen that the Em,q( f ;x) are positive and linear operators.
We use notations er(t) := tr , r∈N0 . By simple calculations we have the following

lemma from Corollary 2.2. in [28].



578 N. D. ARAL AND Z. SEVINÇ

LEMMA 1. Let x ∈ R
+ and q ∈ (0,1) , we obtain

Em,q(e0,x) = 1,

Em,q(e1;x) =
x

qm−1(1+ x(1−qm))
,

Em,q(e2;x) =
[m+1]q

q2m−3[m]q
x2

(1+ x(1−qm))(1+ x(1−qm+1))

+
1

q2m−2[m]q
x

(1+ x(1−qm))
.

Next we define a new type q -Baskakov-Kantorovich operators as:

E∗
m,q( f ;x) = ((1+ x)� x)m

q

∞

∑
ν=0

[m+ν−1
ν ]q xν(1+ x)−m−ν

∫ 1

0
f

(
[k]q +qνt

qν−1[m]q

)
dqt (2)

where q ∈ (0,1) . By simply calculations we can get

E∗
m,q( f ;x) = ((1+ x)� x)m

q [m]q
∞

∑
ν=0

[m+ν−1
ν ]q xν (1+ x)−m−νq−1

∫ [ν+1]q
qν−1[m]q
[ν]q

qν−1[m]q

f (t)dqt.

LEMMA 2. The following equalities are true;

E∗
m,q(e0;x) = 1;

E∗
m,q(e1;x) =

x
qm−1(1+ x(1−qm))

+
q

[2]q[m]q
;

E∗
m,q(e2;x) =

[m+1]q
q2m−3[m]q

x2

(1+ x(1−qm))(1+ x(1−qm+1))

+
(

1
q2m−2[m]q

+
2q

(1+q)[m]q

)
x

(1+ x(1−qm))
+

q2

[3]q[m]2q
.

Proof. By using the Lemma 2.2. in [23], we obtain

E∗
m,q(er;x) =

r

∑
�=0

[ r
� ]q

(
q

[m]q

)r−� 1
[r− �+1]q

Em,q(e�;x).

Thus, we have

E∗
m,q(e0;x) = Em,q(e0;x) = 1,

E∗
m,q(e1;x) =

q
[2]q[m]q

Em,q(e0;x)+Em,q(e1;x),

E∗
m,q(e2;x) =

q2

(1+q+q2)[m]2q
Em,q(e0;x)

+
2q

(1+q)[m]q
Em,q(e1;x)+Em,q(e2;x). �
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COROLLARY 1. Central moments are given by

E∗
m,q((t − x);x) =

x
qm−1(1+ x(1−qm))

+
q

[2]q[m]q
− x;

E∗
m,q((t − x)2;x)

=
(

[m+1]q
q2m−3[m]q(1+ x(1−qm))(1+ x(1−qm+1))

− 2
qm−1(1+ x(1−qm))

+1

)
x2

+
((

1
q2m−2[m]q

+
2q

(1+q)[m]q

)
1

(1+ x(1−qm)
− 2q

[2]q[m]q

)
x

+
q2

[3]q[m]2q
.

Proof. We obtain first and second order central moments of the q -Baskakov Kan-
torovich operators by Lemma 2. We obtain,

E∗
m,q((t − x);x) = E∗

m,q(t;x)− xE∗
m,q(1;x) =

x
qm−1(1+ x(1−qm))

+
q

[2]q[m]q
− x

and

E∗
m,q((t− x)2;x)

= E∗
m,q(t

2;x)−2xE∗
m,q(t;x)+ x2E∗

m,q(1;x)

=
(

[m+1]q
q2m−3[m]q(1+ x(1−qm))(1+ x(1−qm+1))

− 2
qm−1(1+ x(1−qm))

+1

)
x2

+
((

1
q2m−2[m]q

+
2q

(1+q)[m]q

)
1

(1+ x(1−qm)
− 2q

[2]q[m]q

)
x+

q2

[3]q[m]2q
. �

The space of of all functions f defined on [0,∞) and satisfying | f (x)|� M(1+x2)
is called the weighted space and denoted by B2[0,∞) where M > 0 is constant. Then,

B2[0,∞) is a linear normed space with the norm ‖ f‖2 = supx�0
| f (x)|
1+x2 .

Let C2[0,∞) = B2[0,∞)∩C[0,∞) ,

C∗
2 [0,∞) :=

{
f ∈C2[0,∞) : lim

x→∞

| f (x)|
1+ x2 is finite

}

and the norm on this space ‖ f‖2 = supx∈[0,∞)
f (x)

1+x2 . Let CB[0,∞) denote the space of
all valued continuous and bounded functions f on [0,∞) and the norm is ‖ f‖CB =
supx�0 | f (x)| .

THEOREM 1. Let (qm)m , 0 < qm < 1 and the condition limm→∞ qm = 1 is satisfy.
Then for any f ∈ C∗

2 [0,∞) , the sequence {E∗
m,qm

(( f ;x)} convergences to f uniformly
on [0,∞) .
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Proof. By the weighted Korovkin theorem, we need to prove

lim
n→∞

‖E∗
m,qm

ei − ei‖2 = 0, i = 0,1,2.

i)

lim
m→∞

‖E∗
m,qm

e0− e0‖2 = lim
m→∞

sup
x�0

|E∗
m,qm

(1;x)−1|
1+ x2 = 0.

ii)

lim
n→∞

‖E∗
m,qm

e1− e1‖2 = lim
m→∞

sup
x�0

|E∗
m,qm

(t;x)− x|
1+ x2

= lim
m→∞

sup
x�0

∣∣∣ x
qm−1
m (1+x(1−qm

m))
+ qm

[2]qm [m]qm
− x
∣∣∣

1+ x2

� lim
m→∞

∣∣∣ 1

qm−1
m (1+ x(1−qm

m))
−1
∣∣∣sup

x�0

x
1+ x2 .

By using 1
1+x(1−qm

m) � 1, we have

lim
n→∞

‖E∗
m,qm

e1− e1‖2 = 0.

iii)

lim
n→∞

‖E∗
m,qm

e2− e2‖2 = lim
m→∞

sup
x�0

|E∗
m,qm

(t2;x)− x2|
1+ x2

� lim
m→∞

∣∣∣∣ [m+1]qm

q2m−3
m [m]qm(1+ x(1−qm

m))(1+ x(1−qm+1
m ))

− 2

qm−1
m (1+ x(1−qm

m))
+1

∣∣∣∣
×sup

x�0

x2

1+ x2

+ lim
m→∞

∣∣∣∣
(

1

q2m−2
m [m]qm

+
2qm

(1+qm)[m]qm

)
1

(1+ x(1−qm
m))

− 2qm

[2]qm [m]qm

∣∣∣∣sup
x�0

x
1+ x2

+ lim
m→∞

q2
m

[3]qm [m]2qm

sup
x�0

1
1+ x2 .

Therefore,
lim
n→∞

‖E∗
m,qm

e2− e2‖2 = 0. �

K -functional is showed by

K2( f ;δ ) = inf
g∈W 2

{‖ f −g‖+ δ‖g′′‖}
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where W 2 = {g∈C[0,∞) : g′,g′′ ∈CB[0,∞)} . By ([10]), there exists a positive constant
D > 0 such that K2( f ,δ ) � Dω2( f ,

√
δ ) , δ > 0, here

ω2( f ,
√

δ ) = sup
0<h<

√
δ ,u,u+h,u+2h∈[0,∞)

| f (u+2h)−2 f (u+h)+ f (u)|

is the second order modulus of smoothness of function f ∈C[0,∞) .

ω( f ,
√

δ ) = sup
0<h<δ ,u∈[0,∞)

| f (u+h)− f (u)|.

is the first order modulus of continuity.

THEOREM 2. For all x ∈ R
+ and f ∈CB[0,∞) , we have

|E∗
m,q( f ,x)− f (x)| � Dω2( f ,δm(x))+ ω( f ,sm(x)),

where the constant D > 0 , δm(x)= {E∗
m,q((t−x)2;x)+(E∗

m,q((t−x);x))2} 1
2 and sm(x)=

x
qm−1(1+x(1−qm)) + q

[2]q[m]q
.

Proof. We construct the auxiliary operators E
∗
m,q( f ;x) as follows:

E
∗
m,q( f ;x) = E∗

m,q( f ;x)+ f (x)− f

(
q

[2]q[m]q
+

x(1+qm−1)+qm−1x2(1−qm)
qm−1(1+ x(1−qm))

)
.

For x ∈ R
+ and g ∈W 2 , from the Taylor’s formula,

g(t)−g(x) = (t − x)g′(x)+
∫ t

x
(t −u)g′′(u)du.

Then,

E
∗
m,q(g;x)−g(x)

= g′(x)E
∗
m,q((t− x);x)+E

∗
m,q

(∫ t

x
(t −u)g′′(u)du,x

)

= E∗
m,q

(∫ t

x
(t−u)g′′(u)du,x

)
−
∫ x(1+qm−1)+qm−1x2(1−qm)

qm−1(1+x(1−qm))
+ q

[2]q[m]q

x

×
(

x(1+qm−1)+qm−1x2(1−qm)
qm−1(1+ x(1−qm))

+
q

[2]q[m]q
−u

)
g′′(u)du.

Also, we have

∣∣∣∫ t

x
(t−u)g′′(u)du

∣∣∣� ‖g′′‖
∫ t

x
|t−u|du � ‖g′′‖(t− x)2.
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So,

∣∣∣∣
∫ x(1+qm−1)+qm−1x2(1−qm)

qm−1(1+x(1−qm))
+ q

[2]q[m]q

x

(
x(1+qm−1)+qm−1x2(1−qm)

qm−1(1+x(1−qm))
+

q
[2]q[m]q

−u

)
g′′(u)du

∣∣∣∣
�
(x(1+qm−1)+qm−1x2(1−qm)

qm−1(1+ x(1−qm))
+

q
[2]q[m]q

− x
)2‖g′′‖.

Therefore, we can conclude that∣∣∣E∗
m,q(g;x)−g(x)

∣∣∣
=

∣∣∣∣∣E∗
m,q

(∫ t

x
(t−u)g′′(u)du,x

)∣∣∣∣∣+
∣∣∣∣
∫ x(1+qm−1)+qm−1x2(1−qm)

qm−1(1+x(1−qm))
+ q

[2]q[m]q

x

×
(

x(1+qm−1)+qm−1x2(1−qm)
qm−1(1+ x(1−qm))

+
q

[2]q[m]q
−u

)
g′′(u)du

∣∣∣∣
� ‖g′′‖E∗

m,q((t − x)2,x)+
( q

[2]q[m]q
+

x
qm−1(1+ x(1−qm))

)2

‖g′′‖

= δ 2
m(x)‖g′′‖.

On the other hand,

|E∗
m,q( f ,x)− f (x)|

� |E∗
m,q( f−g;x)−( f−g)(x)|+

∣∣∣ f(x(1+qm−1)+qm−1x2(1−qm)
qm−1(1+x(1−qm))

+
q

[2]q[m]q

)
− f (x)

∣∣∣
+|E∗

m,q(g,x)−g(x)|
� 4‖ f −g‖+ ω

(
f ,
∣∣∣ x
qm−1(1+ x(1−qm))

+
q

[2]q[m]q

∣∣∣)+ δ 2
m(x)‖g′′‖.

We get the following, taking the infimum on the right side over all g ∈W 2 ,

|E∗
m,q( f ,x)− f (x)| � 4K2( f ,δ 2

m(x))+ ω( f ,sm(x)).

Using the definition of K -functional, the proof is completed. �
We denote the,

LipM(γ) = { f ∈CB[0,∞) : | f (u)− f (v)| � M|u− v|r,u ∈ E ⊂ [0,∞),v ∈ R
+}

where 0 < r � 1.

THEOREM 3. For every x ∈ R
+ , we have∣∣E∗

m,qm
( f ;x)− f (x)

∣∣� M(A1(x))r/2 +2(d(x,E))r,

where M is a constant and A1(x) = {E∗
m,q((t − x)2;x)} . Here, the distance between x

and E is defined d(x,E) = inf{|t− x| : t ∈ E} .
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Proof. Suppose that y is in the closure of E such that |x− y|= d(x,E) . If we use
the definition of functions which belong to Lipschitz class, we can get∣∣E∗

m,qm
( f ;x)− f (x)

∣∣ � E∗
m,qm

(| f (t)− f (y)|;x)+E∗
m,qm

(| f (x)− f (y)|;x)
� M{E∗

m,qm
(|t − y|r;x)+ |x− y|r}

� M{E∗
m,qm

(|t − x|r + |x− y|r;x)+ |x− y|r}
= M{E∗

m,qm
(|t − x|r;x)+2|x− y|r}.

Now, we use Hölder inequality with p = 2/r and q = 2/(2− r)∣∣E∗
m,qm

( f ;x)− f (x)
∣∣ � M{[E∗

m,qm
(|t− x|rp;x)]1/p +2(d(x,E))r}

= M{[E∗
m,qm

(|t− x|2;x)]r/p +2(d(x,E))r}
� M{(A1(x))r/2 +2(d(x,E))r}. �

THEOREM 4. Let E∗
m,q( f ;x) satisfy the conditions Theorem 1 for 0 < qm � 1 .

Then for f ∈C∗
2 [0,∞) such that f ′, f ′′ ∈C∗

2 [0,∞) we have

lim
m→∞

[m]qm(E∗
m,qm

( f ;x)− f (x)) =
(

1
2

+ γ(x)
)

f ′(x)+ β (x) f ′′(x)/2

uniformly on [0,a] for any a > 0 where

γ(x) = lim
m→∞

[m]qmx(−1+
1

qm−1
m (1+ x(1−qm)

),

β (x) = lim
m→∞

[m]x2
(

[m+1]q
q2m−3[m]q(1+x(1−qm))(1+x(1−qm+1))

− 2
qm−1(1+x(1−qm))

+1

)

+[m]x lim
m→∞

((
1

q2m−2[m]q
+

2q
(1+q)[m]q

)
1

(1+ x(1−qm)
− 2q

[2]q[m]q

)
.

Proof. For a given function f , f ′, f ′′ ∈ C∗
2 [0,∞] , we can write by the Taylor

expansion for t,x ∈ [0,∞)

f (t)− f (x) = f ′(x)(t − x)+ f ′′(x)(t − x)2/2+ k(t,x)(t− x)2 (3)

where k(t,x) is the remainder term and limt→x k(t,x) = 0. Applying E∗
m,qm

operators
to (3), we obtain

E∗
m,qm

( f ;x)− f (x) = E∗
m,qm

((t− x);x) f ′(x)+E∗
m,qm

((t − x)2;x) f ′′(x)/2

+E∗
m,qm

(k(t,x)(t − x)2;x).

According to the Cauchy-Schwarz inequality for the remainder term, we obtain

E∗
m,qm

(k(t,x)(t − x)2;x) �
√

E∗
m,qm

(k2(t,x);x)
√

E∗
m,qm

((t,x)4;x). (4)
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By using k(t,x) ∈C∗
2 [0,∞) and limt→x k(t,x) = 0, we observe that

lim
m→∞

E∗
m,qm

(k2(t,x);x) = k2(x,x) = 0 (5)

uniformly for each x∈ [0,a] . Hence, by using (4) and (5) and positivity of the operators
E∗

m,qm
, we have

lim
m→∞

[m]qmE∗
m,qm

(k(t− x)(t− x)2;x) = 0.

So,

lim
m→∞

[m]qm(E∗
m,qm

( f ;x)− f (x)) = lim
m→∞

[m]qm f ′(x)E∗
m,qm

((t− x);x) (6)

+ lim
m→∞

[m]qm

f ′′(x)
2

E∗
m,qm

((t − x)2;x).

Consider

lim
m→∞

[m]qmE∗
m,qm

((t − x);x) = γ(x)+
1
2

(7)

and
lim
m→∞

[m]qmE∗
m,qm

((t − x)2;x) = β (x). (8)

Then by using (6), (7) and (8), the proof is complete. �

3. Numerical example

Let us take f (x) = x2 − x . An approximation of the operators E∗
m,q for a func-

tion f (x) is illustrated in Figure 1, taking respectively m = 5, m = 10, m = 15 by
MATLAB.

Figure 1: Convergence of E∗
m,q( f ;x)
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