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EIGENVALUES OF THE SOLUTION OF
THE LYAPUNOV TENSOR EQUATION

L1 LIANG

(Communicated by M. Krni¢)

Abstract. The paper is concerned with H(Z) -eigenvalues of the solution of the Lyapunov ten-
sor equation. According to the Lyapunov algebraic theorem on tensors, bounds for H(Z)-
eigenvalues of the solution are given firstly, then based on the relationship between the Lya-
punov tensor equation and the continuous-time linear uncertain system, conditional inequalities
for the asymptotic stability of the system are shown by H(Z) -eigenvalues of the solution of the
Lyapunov tensor equation.

1. Introduction

In the paper, we consider the Lyapunov tensor equation
P XA+ P x2A+ -+ P XA =—2 (D

where both the matrix A € R"*" and the 2mth-order tensor 2 € R"*"*"*" are known,
the other 2mth-order tensor & € R *" ig unknown and the operator x; (k =
1,2,...,m) is the k-mode product [5]. Usually, equation (1) comes from finite differ-
ence or spectral method discretization of a linear partial differential equation in high
dimension, and estimates on the solution of the Lyapunov tensor equation can simplify
solving processes of these equations. Hence, similar to estimations on solutions of ma-
trix equations [3, 4, 7, 8], the paper discusses bounds for the solution of the Lyapunov
tensor equation firstly.

With the rapid development of tensors, the Lyapunov tensor equation has gradually
attracted attentions of scholars. In 2010, Li et al. [9] presented an algorithm for solv-
ing the third-order Lyapunov tensor equation when dealing with the three-dimensional
radiative transfer equation. In 2013, Wei et al. [14] considered the backward error and
disturbance bounds on the solution of the Lyapunov tensor equation. In 2016, Ali Beik
etal. [1] proposed a new tensor multiplication and solved the Lyapunov tensor equation
based on it by some known iterative methods. In 2019, Zheng et al. [10] discussed the
sensitivity of the solution of the Lyapunov tensor equation.

In particular, Zheng et al. [11] established the relationship between the Lyapunov
tensor equation and the linear system x(¢) = Ax(¢) by the positive definite tensor [13],
and then showed the Lyapunov algebraic theorem on tensors as follows
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LEMMA 1. [11] Let A € R"™" be a matrix and 2 € R"™"*"*" be a 2mth-order
positive definite tensor. Then A is stable if and only if the Lyapunov tensor equation

PXNA+ P XA+ + P XpyA=—2
has the unique solution & and &7 € R %" js positive definite.

However, based on possible errors in the calculation process and uncertainties in
the real world, it is necessary to consider the asymptotic stability of the uncertain linear
system

x(t) = (A+ LA)x(r) 2)

where x(7) € R" is the system state vector, A € R**" is known and AA € R™" is
unknown. In 1994, Zelentsovsky [15] used the even-order homogeneous polynomial
Lyapunov function

n

Vix)= Z Diyig-inggXiy Xig *** Xigy, 3)

where x = (x,x2,...,%,) and coefficients pj,..;,, € R, to obtain conditions for the
asymptotic stability of system (2), and then these results became the basis of following
numerous studies. Recently, according to the Lyapunov stability theorem and relevant
knowledge of tensors [6, 13], we rewrite V(x) and V(x) as follows

V(x) = Pxm
V()= (Zx1 (A+ DA+ P x0 (A+ DA -+ P X (A+ NA)T )X

and find that basing on the Lyapunov tensor equation to consider the asymptotic stabil-
ity of system (2) can reduce the computation complexity compared with [15]. Hence,
the paper applies eigenvalues of the solution of the Lyapunov tensor equation to give
conditional inequalities for the asymptotic stability of system (2) secondly.

The outline of the paper is as follows. In Section 2, we introduce some preliminary
materials. In Section 3, we estimate the solution of the Lyapunov tensor equation and
give bounds for eigenvalues of the solution. In Section 4, we apply the eigenvalues of
the solution to show conditional inequalities for the asymptotic stability of system (2).

2. Preliminaries

In 2005, Qi [13] defined the eigenvalue of tensors and Lim [12] defined the eigen-
value and the singular value of tensors respectively. On this basis, the paper is con-
cerned with eigenvalues of the solution of the Lyapunov tensor equation (1).

DEFINITION 1. [13] Let o/ € R"?"*" be a 2mth-order symmetric tensor. If a
real number A and a nonzero real vector x are solutions of the following homogeneous
equation:

XN = pxlm1

then called the solution x H-eigenvector and A H-eigenvalue of .7 .
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DEFINITION 2. [13] Let o/ € R""*" be a 2mth-order symmetric tensor. If a
real number A and a nonzero real vector x are solutions of the following homogeneous
equation:

)
x=1

{dxm_l = Ax

then called the solution x Z-eigenvector and A Z-eigenvalue of <7 .

DEFINITION 3. [2, 12] Let 2 € R 2> *m and 1 < py,...,pom < oo, then

[ R\ {o}) x---x (R \ {o}) = R

given by
|2 (x1,...,x0m)]

‘lem """ Hx2m||1?2m

Sy xom) = |

3. Bounds for eigenvalues

Estimates on the solution of the Lyapunov tensor equation can simplify the solving
process of a linear partial differential equation in high dimension, so we discuss bounds
for eigenvalues of the solution of the Lyapunov tensor equation (1) in this section.

THEOREM 1. Let A € R"™" be a stable matrix and 2 € R"™"**" be a 2mth-
order positive definite tensor. Then when A,Eﬁf) (IHD) 5 At 4 HD) x),A) <0,
H(Z)-eigenvalues of the solution & of & x1A+ P XA+ -+ P XopA=—-2
satisfy

)
Mgi(nz)(jH(Z) X1 A+ -+ IHD) x,, A)|
< AH@ ()
A (2)

<
i (IH@) 5y At 4 FHE) 500, A)|
where SN = 7 7 is a 2mth-order identity tensor, 7% = sym(1}') and

17 i1:i27"'7i2mfl:i2m

m —
YN )iy by i o = { 0. others
b

Proof. (i) Choose a vector y € R" satisfying
<gz)}2m71 _ xH({@)ypmfl]
then multiplying y*" on both sides of equation (1) yields

MY (I A+ I A+ 4 T, Ay = — 2y
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for yl2m—1l = py2m=1 — gHy2m=1 Therefore, based on the positive definite tensor 2
and the stable matrix A,

2mAll (2)
‘ mm(jHXlA_F +jH><2mA)|
Qy2m
<Az =
(32) —(jHX1A+fHX2A+"'+jHX2mA)y2m

_ 2 (2)
h |Anl‘1[ax(jH><1A+ +jH><2mA)|
valid when AL (#Hx A+ + 70 x,,,A) <0.
(i1) Choose a vector y € R" satisfying
{ Pyt =2 P)y

Y=1

then according to the property y = sym(I§)y?" ! = #Zy2m-1,

Zmlflm( )
IAZ(IZ X A+ 4 I X0 A)|
Qy2m
A4 P) =
(32) —(jzX1A+jZX2A+"'+jZX2mA)y2m

2mAgay(2)
Mmax(jleA'i' 4 I XA )‘

valid when A%, (IZ x 1A+ -+ I x5,A) <0. O

Particularly, based on Theorem 1, H(Z)-eigenvalues of the solution of equation (1)
with the symmetric coefficient matrix A possess better properties.

PROPOSITION 2. Let A € R"™*" be a stable symmetric matrix and 2 € R "7
be a 2mth-order positive definite tensor. Then when /lﬂéf) (fH(Z) X A+ -+ FHD) .,
A) <0, the minimal and maximal H(Z)-eigenvalue of the solution & of

PXNA+ P XA+ + P XA =—-2

satisfy
x’n}lli(nZ)("@) <MD (5 A (2)
M’mm ( @) X1A+-- +jH( ) ><2mA)| i 2m|afmm(A)‘
hai (2) o wz) T (2)

< Amg <
Bl dma )] <) S B Ayt A o)
where SN = 7, 7 is a 2mth-order identity tensor and 9% = sym(I}").
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Proof. Choose a vector y € R satisfying Ay = Ay, then multiplying y** on both
sides of equation (1) yields

2mA Py* = — Dy
(i) Considering ||y||2, implies

2m 2m
2ml2 38 () <ama| ZL = 2 (9)
i i = Tyl S

y 2m e@ 2m
2m| A AL (2) > 2m|A| = T8 (2
EEARTLR
then

A,H ( )< 2’nlrllax(“@)

min 2m|lmm‘
with the choice of A = Apin,

2H
M () > fml )
zm‘zfmax‘
with the choice of A = Ay, . Therefore, based on Theorem 1,
z’xll—llm( ) < H‘ (gz) < A’npqlax( )
‘ mm(jH X1 A+ IH XZmA)| e 2""")me( )‘

z’xll—llm( ) A,H ({@) A’npqlax( )
2m| Amax (A)| Amax (I X1 At o+ T, A)|
valid when

lnl_qlax(jH ><1A+"'+jH szA) <0
(ii) Consider ||y||2, then based on the choice of A and Theorem 1,
Aein(2)

V4
‘min < <A

AL (2
7 7 mm(‘@)\ mAX( )
ML (FZX A+ -+ IZ X2, A)|

2m| Amin(A)|

Ain(2)

2m|Amax(A)]

valid when

Meax(2)
< Z' < max
\xmd)((@) |lmax(jZX1A+ '+jZX2mA)|

Ao (IEX A+ + IZ %0 A) <0. O

4. Conditional inequalities for the asymptotic stability

For system (2), choose the homogeneous polynomial function (3) as the Lyapunov
function, then according to the Lyapunov stability theorem, we try to use the Lyapunov
tensor equation to consider the asymptotic stability of system (2).
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THEOREM 3. Let A € R"™" be a stable matrix and 2 € R"™"**" be a 2mth-
order positive definite tensor. If

2’xlr—llm(°@)
| AA[l2m < W

max

then A+ AA is stable, where & € R ™" jg the solution of the Lyapunov tensor
equation
P 1A+ P xy AT+t Py AT = -2 4)

Proof. Let A € R"™" be a stable matrix , then according to Lemma 1, there exist
positive definite tensors & and 2 satisfying the Lyapunov tensor equation (4).
Consider system (2), we can choose the Lyapunov function

V(x) = 2x"
implying V (x) > 0 for Vx € R", then according to definitions in Section 2,
V(x) = (P x1 DAT+ P 5y AAT + -+ P X0 AAT) X" — 2m2x*"
< 2m)| AAT 12O (P) = Ain(2)) %130
for

(gz><1AAT+<@X2AAT+"'+<@X2mAAT)x2m

x5
< ‘@XIAAXX2"'X2mx|+___+Sup‘<@XlxXZ"'XZmAAx‘ ||AAX||2m
XI5~ I AAX] |2 x5~ | AAX] |20 (1] 2m
< 2m[| AA[2m O (2)
and
e@.)C2m ) cQx2m
T om P lnfxekn% = rIn{in(Q)
||xH2m ||xH2m
Obviously, if
Al (9
|84 < )
2m6max(gz)

then V(x) < 0 for Vx € R".
Therefore, according to the Lyapunov stability theory, system (2) is asymptotically
stable, i.e. A+ AA is stable. [

Due to the uncertainty of the 2mth-order positive definite tensor 2 in equation
min(2)

. . . . 20
(4), sometimes it is necessary to find a special 2 making Tt

W maximum.
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PROPOSITION 4. Let A € R™" be a stable matrix and % € R > be g
2mth-order identity tensor. If

cymax(f@)

then A+ NA is stable, where 2 € R"™ ™" s the solution of equation

P AT+ Py AT+ P %, AT = —2m.I (5)
Proof. According % =1, the proof is obvious. [
Xi2m

LEMMA 2. [10] Let A € R™" be a stable matrix and 2 € R™"*"*" be a 2mth-
order positive definite tensor, then equation

P x1AT+ P sy AT+ + Py AT = -2

has the unique solution

o0
3”2/ £2><1eAT’ ><2eATt X --~><2meAT’dt
0

PROPOSITION 5. Let A € R™" be a stable matrix, 2 € R *" be a 2mth-
order positive definite tensor and & € RV be a 2mth-order identity tensor.

Then "
A’min (2) < 1
Zmanqax(y) Gll;lldx(@)
where & € RV > g the solution of the Lyapunov tensor equation

P x 1 AT+ P s, AT+ + Py AT = -2

P e RN s the solution of the Lyapunov tensor equation
PN AT+ Py AT+ 4 P X AT = —2m.s
Proof. Consider the Lyapunov tensor equation (4)
P 1A+ P xy AT+t Py AT = -2

and
P AT+ P s, AT+ 4 P xpy AT = -9 (6)

i) Suppose 9= 02 (o is a positive scalar), the Lyapunov tensor equation (6) can be
changed into

(3) 0"+ (39) ot (55) - -3

then according to Lemma 1 and definitions in Section 2,

@ A2 AL (2
2m61!r—11ax(ﬁ) B Zmaxllrlldx(w@) B Zmﬁgﬂ(@)
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2m ¥
7LH (()) lanER H HZm =2m.

‘min

ii) Choose @ = m then AL (9) =

If 2 =2m.#, equation (4) is just equation (5), then according to Lemma 2,
oo
PP z/ (2—-2m.7) xleATt X2€ATt X - xzmeATtdt
0

Obviously, P—Pisa positive definite tensor for

9D —2m.F)x*m A
(”x—) Ain(2) —2m =0
2m
Therefore,
H H (&
)me ( ) _ )me ( )A — 1 < 1 . I:l

2moll (2)  2mol(P) ol (D) ol (P)

Similar to H-eigenvalues and H-singular values, Z-eigenvalues and Z-singular
values of the solution of equation (4) can also be applied to discuss the asymptotic
stability of system (2).

THEOREM 6. Let A € R"™" be a stable matrix and 2 € R *" pe a 2mth-
order positive definite tensor. If

211%11'1( )
184l < 3oz, )

then A+ AA is stable, where &2 € R™ """ js the solution of equation

P x 1 AT+ P sy AT+ -+ Py AT = -2

PROPOSITION 7. Let A € R"™" be a stable matrix and .9 = sym(I') be a 2mth-
order tensor. If

1
O ()

then A+ A\A is stable, where 2 € RV %" s the solution of equation
PN AT+ Py AT+ 4 P X9 AT = —2m. 5

PROPOSITION 8. Let A € R™" be a stable matrix, 2 € R""*""*" be a 2mth-
order positive definite tensor and 9% = sym(I") be a 2mth-order tensor. Then

M2 1

min

2mo%, (P) = 6L, (P)
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where &7 € RV s the solution of equation

<@><1AT—|—<@><2AT—|-"'—|-z@><2mAT:—e@

P e R s the solution of equation

P x 1 AT+ P s AT+ + P x2y AT = —2m.77
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