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IMPROVED JENSEN-TYPE INEQUALITIES VIA
QUADRATIC INTERPOLATION AND APPLICATIONS

DUONG Quoc Huy ™, THAI THUAN QUANG AND DOAN THI THUY VAN

(Communicated by M. Krni¢)

Abstract. In the paper (J. Math. Inequal. 11 (2017), no. 2, 301-322.), Choi, Krni¢ and Pecari¢
used the linear interpolation to improve Jensen-type inequalities for convex functions. Their
method also provides a unified approach with simpler proofs for many recent results related to
Young-type and Heinz-type inequalities. In this paper, we propose new refinements of Jensen-
type inequalities established by Choi, Krni¢ and Pecari¢ via the quadratic interpolation of convex
functions. We also give Young-type and Heinz-type inequalities for both scalars and operator
cases as an application.

1. Introduction
The classical Young inequality states that for all a,b > 0 and v € [0, 1], we have
(1=v)a+vb>a'"VbY; (1)

moreover, the equality in (1) occurs if and only if @ = b. The inequality (1) is also
known in the literature as the weighted arithmetic-geometric mean inequality.

A striking refinement of (1) was established by Kittaneh and Manasrah [6] in 2010
as

(1—=V)a+vb=>a' " b" +ro(v)(vVa— Vb)?, 2)

here rp(v) = min{v, 1 —v}. One year later, these two authors themself also gave in [7]
a reversed version of (1) of the form

(1—v)a+vb<a'~Vb" +Ro(v)(va—Vb)?, 3)

where Ry(v) = max{v,1 — v}. The equality sign in the inequalities (2) and (3) also
happen when a = b.
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The proof technique of (2) is to apply the inequality (1) to the difference between
the weighted arithmetic mean (1 —v)a+ vb and the quantity ro(v)( /@ —+/b)?. Mean-
while, to prove (3), Kittaneh and Manasrah again used the inequality (2) and another
inequality involving Heinz mean given by

lfvbv vblfv
Hy(a,b) := % > Vab. 4)

These proofs can not explain fully the source of quantities ro(v)(v/a — v/b)?
Ro(v)(v/a—+/b)?* in the inequalities (2) and (3), respectively. However, they will be-
come clear when we apply the famous Jensen-type inequalities

o) (L (1)) < (1= v)p )+ vr) - 1)

2 2
f(O)Jer(l) _f(%»

®)
< Ro(V)(

to the convex function f(v) = a'~VbY defined on [0,1]. The inequalities in (5) is the
refinement and reverse of Jensen’s inequality proposed by Dragomir [3] in 2006. It is
easy to see that

o(v) = (1=w)f0) 4 vr() o) (LTI (1))

is the linear interpolation of f at points v = 0, 4 5,1. In 2017, Choi, Krni¢, Pecari¢ in
[2] developed this idea via defining recursively the functions r, (V) as

ro(v) =min{v,1 — v},

(V) =min{2r,_1(v),1 —2r,_1(V)}, ©

for all v € [0,1], and using them to establish a refinement of Jensen’s inequality as
follows: If N is a non-negative integer and f is a convex function defined on [0, 1],
then

(1=v)f(0)+vf(1) +Zrn ZAfnk Xt gy (V), (7

here and in the future

st =1 (57) +1() =21 (Fr) ®

and y; is the characteristic function of the interval I given by y;(v) =1 if v €I and
x1(v) = 0 otherwise. The inequality (7) is a new refinement of the left hand side of (5);
moreover, using it, the authors provided a unified method with simpler proofs for many
recent results involving Young’s inequality, its refinements and reverses established
by many researchers such as Kittaneh and Manasrah in [6, 7], Liao and Wu in [8],
Sababheh and Choi in [9], Zhao and Wu in [10, 11].
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An important observation is to establish the inequality (7), the authors built the
function

N-—
ov(v) = (1=v)f(0)+vf(1) 2 ZAf ()it &) (V)
n=0
which is the linear interpolation of f at points v = 2’; ,k=0,1,...,2Y; moreover, it has

the property @y (v) = f(v) for all v € [0,1]. However, it is 51gn1ﬁcant to emphasize
that in very many situations, a quadratic interpolation will be better than a linear one
when we employ the same interpolation nodes. Furthermore, it is enormously useful
when we interpolate differentiable convex functions. Based on this significant obser-
vation, we utilize a quadratic interpolation to propose a new refinement of (7) in the
present article. We also apply it to derive improved versions of Young-type and Heinz-
type inequalities for both scalars and operator cases.

The paper is organized as follows. In Section 2, we propose a quadratic interpola-
tion of twice differentiable and convex functions. Applying this interpolation, we gain
improved Jensen-type inequalities and its reverses which is a refinement and reverse of
(7). The main results in this section is given in Theorem 2.3 below. In Section 3, we
provide applications of Theorem 2.3 to refine the most general forms of recent Young-
type and Heinz-type inequalities. In the last Section, we give operator versions of the
obtained inequalities in Section 3.

2. Improved Jensen-type inequalities related to convex and
piecewise convex functions

The main goal of this section is to give new refinements of Jensen-type inequalities
and their reverses. Our method is to utilize a quadratic interpolation for convex and
piecewise convex functions. Throughout the paper, we will also use the functions r,
given in (6); moreover, they can be expressed as multipart functions in the following.

LEMMA 2.1. ([2, Lemma 1]) Let 0 < v < 1 and n be a non-negative integer. If
" then

v —k+1, Sl<vgi]

o+l
(V) = 2%k-1 K ©)
k—2"v, ST <V S i
Notice that the functions r, are continuous and linear on intervals ( é‘n Loy 5 k) for

< k< 2" We can now define the quadratic functions t, via the functions r, and
get a quadratic interpolation in the following.

LEMMA 2.2. Let f be a function defined on [0,1]. For a positive integer N, we
define yy by

wnv(v)=(1=v)f(0)+vf(l Z (Vv ZAf nk)x k_ Ln)(v)7 (10)

2
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where the quadratic functions t, are given by

(V) =ra(v) +oary_1(v)(1/2=ry-1(v)) (11)

with the arbitrary constant o # 0. Then, Wy is the quadratic interpolation of [ at
points v =k/2N for k=0,1,...,2".

Proof. By Lemma 2.1, we have r,(k/2") =0 for 0 < k < 2". Thus, the interval
of the characteristic function may contain boundary points. Following the proof of [2,
Lemma 2] and the representation (11) of the quadratic functions t, , we can rewrite Wy
as

V/N( ) OCZFN 1 I/Z—VN 1 ZAfnk ATL”)(V)
s e
—1 2"
—OCrN_l(V)(l/Z—rN 1 2 ZAfnk ATL")(V)
n=0 k=

for "z_—Nl <v< 2LN and 1 < k < 2V. Obviously, since rN_l(yVL,l) =0 for all k =
0.1,...,2V"1, we deduce that if k =2m, then ry_i(37) = ry-1(58r) = 0: and, if
k=2m—1, then ry_, (2#\,) =rN_1 (2”21; 1) = 1/2. These two facts, combined with the
equality (12), implies that WN(ZLN) = f(zi,\,) for k=0,1,...,2Y, which show that yy
is the quadratic interpolation of f at points v = 2% for k=0,1,...,2N. O

THEOREM 2.3. Let N be a positive integer. If f is a twice differentiable convex
function defined on [0, 1] satisfying that 0 <m < f"(v) < M < oo, then

(1=v)f(0)+vf(1) +Ztn ZAfnk Xt gy (V); (13)

and

(1=v)f(0)+vf(1) < fO0)+ (1) —f(1=V)

- 2 (14)
= 2 u(V) X A2 —k+ )y 1(v),
n— k=1 7
where the quadratic functions v, are defined as in (11) with o = (A‘Nﬁfml)M

Proof. Observe first that r,(v) € [0, 3] for all n and v € [0,1]. Hence, for each
positive integer N, we have @y (V) = wn (V) because t,(v) = (V).

We will show yy(v) > f(v) for all v € [0,1]. To see this, let us consider the
function

gv):=yn(v) = f(v), vvelo1].
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By Lemma 2.2, it is easy to see that g(k{—,\,l) = g(2 ) =0 for 1 <k<2V. Hence, it
suffices to prove that g is concave on intervals ("2;,\, LN) for 1 < k <2V. Indeed, by
Jensen’s inequality, we have

0 < Ap(n,k) <27272M. (15)

On the other hand, from Lemma 2.1, it is easy to see that the quadratic functions t,, are

twice differentiable on intervals ( 2N1 , 2N) Therefore, we obtain, for all v € (&3 2N , 2’5\,)

on

N—1
! v):zz(x(r,’v I ZAf"k Xt V) =F'(V)

V=)

:l?v‘

2

_2a222N 22Afnkx(k2_
n=0 k=

222Nn_ // )

- 7(4N— D=s'v)
OCM

< — @ -1)—-m=0,

which proves that g is concave on (kz;Nl, 2%) for 1 <k <2V. This factleadsto g(v) >0
on intervals [ o ,2,\,} for 1 <k <2V, namely, yy(v) > f(v) for v € [0,1], which is
equivalent to the desired inequality (13).

Since the functions r, are symmetric about v = 1/2, replacing v by 1 —V in
(13), we get

N—-1
VAO) +(1=v)f(1) = f(1=v)+ Y (v ZAfnk Xt k(L= V).
n=0

Hence,
(I—V)f(0)+Vf(1)=f(0)+f(1)—[Vf(0) (I—V)f(l)]
<FO)+f(1)—f(1—v)— Ztn ZAfnk Xt gy (1= V).

(s
Clearly, 1 —v € ( o 72,,) if and only if v € (1 — 2,,,1 - nl). Thus, replacing k
by 2" —k+1 in the inner summation of the above inequality, we obtain the desired
inequality (14). This finishes the proof of the theorem. [

REMARK 2.4. (i) The inequalities (13) and (14) in Theorem 2.3 refine the main
results in [2, Theorem 3].

(i) From the proof of Theorem 2.3, we deduce that the inequalities (13) and
(14) are still valid for twice differentiable convex functions f on intervals of the form
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[, gwr ] 1 <€ <2V satisfying that 0 < m < f”(v) < M < oo on those intervals,
and A¢(N,k) >0 for 1 <k <2V,
(iii) When N = 1, the upper bound M /4 in (15) can be replaced by Af(0,1) if it

is different from zero. In that case we obtain the following inequalities
1
(1 =v)F(0) +vf(1) = f(v) = ro(V)Ar(0,1) + 5mro(v)(1/2 = ro(v))
> (ro(v )+2A—4ro( v)(1/2=ro(v)))As (0, 1).

Notice that the first inequality above can also follow from the theory of strongly convex
functions. However, when N > 2, applying (7) to this theory gives us the weaker
results. More presicely, for N > 2, we have a series of inequalities

2)1
EAf(",k)%(kz;ngan)(V)
=1

M |

(1=v)f(0)+v/f(1)

n= 0
N—l n

> f(v) T2 EAf n k)Xt iy (V)
N—l n

> f(v) ZAf"k kZ_QLn)(V)

n

+< v(l—v) g

\_/

because, following [2], the inequality

(l—v
S 2 2n+2

holds for all v € [0,1].

3. Improved versions of Young-type and Heinz-type inequalities

In this section, we use Theorem 2.3 to establish improved versions of Young-
type and Heinz-type inequalities. These results are refinements of recently established
inequalities by many mathematicians, for instance, Kittaneh and Manasrah in [6, 7],
Liao and Wu in [8], Sababheh and Choi in [9], Zhao and Wu in [10, 11].

The following theorem gives general refinements and reverses of Young-type in-
equalities.

THEOREM 3.1. Let O<m < a,b <M <o, 0 v<1andN be apositive integer.
For each non-negative integer n, we denote by

6m

mrN,l(v)(l/Z—rN,l(v))

(V) =r(v)+
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and by Ro(v) = 1 — (V). Then, we have

(1-=v)a+vb>a'" "b"+2tn Egnkab

L
n=0 2
2"

N—
=a'"VbY +vo(v)(vVa—Vb)? + 2 Egnk (@:b)xis i) (V)
n=1

)
(16)

21

and

27!
(1-v)a+vb<a+b—a'b'™" - Etn k; Jani(b:@)x it 1 (v)
=2vab—a"b""V + Ro(v)(va— Vb)?

27!

—Zrn ) 2 (Vanib:a)xr (V) a7
k=1

a'” Vb”+9%o( )(Va—Vb)?
27!

- 2 (Vv Z gn x(b, a)X(kz_ L)(V)a

=1 2

)

where g, x(a,b) = Ag(n,k) with f(v) =a'"Vb¥, namely,
dnsla,b) = (k=2 p(k=1)/2" | 1=k/2" R /2" 2a1—(2k—1)/2"+1b(2k—1)/2"+1

(\/al (k—1)/20p(k—1)/27 _ /gl k/2"bk/2") .

Proof. Since f(v)=a'"VbV is a twice differentiable and convex function on [0, 1]
with its second derivative f”(v) = (In2)2a'~Vb¥ and a,b € [m,M], it follows that

b\?2 b 2
m(ln—) <f”(v)<M<ln—> ,
a a
( 4N6 M - Thus, the functions v, and 2Ry can be defined
as written above. Now, the inequality (16) follows directly from (13) and the first

inequality in (17) is deduced from (14). The second inequality in (17) is inferred from
the geometric-arithmetic mean inequality 2v/ab < a'~VbY +a'b'~v. 0O

which implies the constant o =

REMARK 3.2. (i) The inequalities (16) and (17) provide new refinements of the
main results in [1, 9].

(i1) By taking N = 1 in (16) and (17), we obtain the following inequalities, which
are refinements of famous inequalities established by Manasrah and Kittaneh in [6] and
(71,

(1—V)a+vb=a'"Vb" +ro(v)(vVa—vVb)?
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and
(1—V)a+vb<a'"Vb"+Ro(v)(va—Vb)?,
where to(v) = ro(v) +25;r0(v)(1/2 —ro(v)) and Ro(v) =1 —1o(V).
(ii1) By choosing N = 2 in (16) and (17), we get new refinements of the results in
[11]:
(1—=v)a+vb=>a"Vb" +1o(v)(Va— Vb \/—)2

+ua(v) | (Va—Vab) g 1) () + (Vab= V)1, (v)]

2

and

(1—V)a+vb<a'Vb"+Ro(v)(va—Vb)?
—r1(v) (V= Vab) 0.1, (V) + (Va— Vab)x1 (V)

N

where
(V) = n(V) + o (vV)(1/2 - n(v)),
(V) = (V)4 o ()(1/2-n(v)),

Ro(v) =1 —1o(v).

The following theorem provides complete refinements and reverses of Young-type
inequalities involving the Kantorovich constants.

THEOREM 3.3. Let O<m < a,b< M <o, 0K v < 1 andN be apositive integer.
For each non-negative integer n, we denote by

6m

sa(V) =ru(v)+ (4N — 1)MKy(a,b)

1/2rN*1(V)(1/2_rN71(V))

and by So(v) =1 —s0(v), where Ky(a,b) is the Kantorovich constant given by

/2% 4 p1/2My2
Ky(a,b) = w
4(ab)1/?
Then, we have
N—1 on
(1—=V)a+vb= Ky(a,b)Va'~VbY + Y salv 2 gni(a,b)y XL, Lﬂ)(v)
n=0
= Ky(a,b)*Va 1_VbVJrSo( )(\/5—\/1_7)2 (18)

N—-1
+n§'1sn Zgnkab kz—in)( )
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and
(1-v)at+vb<a+b —KN(a b)N Vg pl-v
2’1
_ Z sn(v Z gn,k(b,a)x(%’%)(v)
k=1
2V —KN<a BV a"b' ™ 4 So(v)(Va— Vo)’
< (19)
_ an Z )k (D, a)x(kz_ 2"7)(‘/)
k=1
< Ky(a,b) "™ Ma'=VbY +So(v)(va—Vb)?
N-1 on
_ 2 sn(Vv) Z(V)gmk(b,a)x(%?%)(v),
n=1 k=1

where g, is defined as in Theorem 3.1.

Proof. Let f(v) = Ky(a,b)™V)a'=Vh" be a function defined on [0, 1]. Observe
first that by Lemma 2.1, the function f is of the form y8Y on each interval I, =
[;N+11 , 2N+1] for some &,y >0 and 1 < ¢ <2V*!. Although f is not convex on [0, 1],
it is convex and twice differentiable on each interval ;. Moreover, there exist positive
constants C; such that the second derivative f” of f satisfies

mC? < f"(v) < Ky(a,b)'/*CIM
forall v e, and 1 < ¢<2N*! Hence, we can take the constant

6m

%= @ 1)MKy(a,b)' 2

and obtain the quadratic functions sn and Sy as above.
On the other hand, since rN( k) =0 fork=0,1,...,2", itis easy to compute and
get

gn.k(aab)a 0<n<N7
Af(n’k):{o/ n=N

which shows A¢(N,k) >0 for 1 <k < 2V Thus, by Remark 2.4, we can apply The-
orem 2.3 to the function f to gain the inequality (18) and the first inequality in (19).
The second inequality in (19) follows directly from the arithmetic-geometric mean in-
equality

2vab < Ky(a,b)"a"b' = + Ky(a,b) "V Va' VY,

this also finishes the proof of the theorem. [

REMARK 3.4. (i) For N =1 and N = 2, the inequalities in (18) and (19) respec-
tively refine the results which proposed by Wu and Zhao in [10]

(1—=V)a+vb =K (a,b)"Ma' Vb +s50(v)(va—Vb)?,



820 D. Q. HUY, T. T. QUANG AND D. T. T. VAN

(1—=v)a+vb<Ki(a,b) " Ma" Vb +So(v)(va—Vb)?,

where

/2 00

So(v) =1=s0(v),
and by Liao and Wu in [8]:
(1= V)a+ vb > Ka(a,b)2Ma Vb +so(v)(va— Vb)>:
+s1(v) [(%_b_‘/E>2%(0,%>(")+(\/Z_’—\A‘/Cl_b)%(%,l)(v)},
(1= V)a-+ vb < Ka(a,b) >l =B +So(v)(v/a— V)’

so(v) =ro(v)+

= s1(v) | (Vab = VB) g 4, (v) + (Va— Vb, 1y (v)].
where
o(v) = ro(v) + M;(#an(l/z— nv)),
1 (V) = ra(v) + SMKE#W”M“”‘ nv)),

So(V) =1 —SO(V).

Next, we will discuss the Heinz mean Hy(a,b) in parameter v of two positive
numbers a,b which we have just mentioned in (4). The Heinz mean interpolates the
geometric mean and the arithmetic mean, namely,

b
Vab < Hy(a,b) < % (20)
The right-hand side of this inequality was refined by Kittaneh and Krni¢ (see [5]) to
b
Hy(a,b) < (1 —2r0(v))% + 2r0(v)Vab. Q1)

Now, by virtue of Theorem 2.3, we can give a general improved form of this result as
follows.

THEOREM 3.5. Let 0 < a,b <o, 0 < v <1 and N be a positive integer. For
each non-negative integer n, we denote by

12+/ab

mm—l(v)(lﬂ— rv-1(v)).

ha(V) = (V) +

Then, we have

a+b N-1 2"
o ngahn(v)kgl[fl% (a,b) +H (a,b) = 2Hay (a.0)] 21 £)(V) 22

> Hy(a,b).
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Proof. Let f(v) = Hy(a,b) = (a'~Vb" +a"b'~")/2 be a twice differentiable and
convex function on [0, 1]; moreover, its second derivative is

1-vpv vpl—v 2
f”(v)Za—b tath <lné> .

2 a

Clearly,

which leads to the constant
12v/ab
(4N —1)(a+b)’

Hence, applying Theorem 2.3 to f, we obtain the desired inequality (22). O

REMARK 3.6. For N = 1, we have a series of inequalities

a+b

Hy(a,b) < (1 = 2ho(v))—— +2ho(v)Vab

b b
< (1= 2p(v)) 52 + 2o (v)Vab < 7

where
4v/ab

"
a+b 0

ho(v) = ro(v) + (V)(1/2=ro(v)).

4. Operator versions of Young-type and Heinz-type inequalities

Our main goal in this section is to use scalar versions of Young-type and Heinz-
type inequalities from the previous section to establish their operator forms.

Throughout this section, invertible positive operators on a complex Hilbert space
H will be denoted by uppercase letters and [ stands for the identity operator on H. We
also use the following notations:

(i) A>0 (A>0) if A is a positive (invertible positive) operator;
(i) A>B (A > B) if A— B is a positive (invertible positive) operator.
For A,B >0 and 0 < v < 1, the v-weighted arithmetic and geometric means of
A and B are defined respectively by
AV, B=(1-V)A+ VB,
AﬁvB :AI/Z(A71/2BA71/2)VA1/2'

We also write AVB and AfB instead of AV ! B and Af ! B, respectively.

The main idea for showing operator inequalities corresponding to their scalar ver-
sions is to use the operator monotonicity of continuous functions in the following.
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LEMMA 4.1.([11]) Let X be an arbitrary self-adjoint operator. If f and g are
continuous real-valued functions on the spectrum Sp(X) satisfying that f(t) > g(t) for
all t € Sp(X), we then have an operator inequality f(X) > g(X).

Now, we will discuss operator forms of Young-type inequalities. First, the operator
version of (1) says that for two invertible positive operators A,B and 0 < v < 1, we
have

AV\B > At,B.

This inequality was improved by Dragomir [4] to

1
Ev(l —V)At; . .B<AV,B—Af,B < zv(1—V)At . B,

D =

where A,B>0,0<v <1, and
fmin(x) = min{1,x}(Inx)?,
fmax(x) = max{l,x} (lnx)z,

for x > 0. The more general versions of these results were showed in [1] (see also [2]
for the matrix case) of the following forms

N—1 on
AVyB > AfyB +2ro(v)(AVB — AfB) + 2 (V) z Qn,k(AaB)X(kz;nl_ZL)(v)
n=0 k=1 2
and
N—1 2"
AVVB < AfyB+2Ro(V)AVE—ALB) = 3 ru(v) Y, ank(AB) it s (V)
n=0 k=1
where A,B >0, 0 < v < 1,N is a positive integer, and
gn,k(AaB):AﬁszilB_FAﬁzLB_ZAﬁL;llB; (23)
n n on

forall 1 <k < 2". By virtue of Theorem 3.1, these results can be extended as follows.

THEOREM 4.2. Let A,B > 0 be such that Sp(A),Sp(B) C [m,M] for some posi-
tive numbers m,M. Then, for 0 < v < 1, a positive integer N and v,,Rq are defined
as in Theorem 3.1, we have

N-1 2"
AVVB > AyB +2¢0(v)(AVB = AfB) + 3 ta(v) X 0nk(AB)x i1 t)(V)
n=0 k=1 7

and

N—1 2"
AVVB < Aty B+2R0(V) (VB —A2B) — 3 t4(v) Y, auslA. B it 1 (V).
n=0

“ Lk

[N]

where g, 1(A,B) are given in (23).
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Proof. From the inequalities (16) and (17) in Theorem 3.1, we have, for all x €

(5t ]
1+x Z
1—v+vx>xv+2to(v)<T—\/_> Ztn Zgnklx)%(kz_zin)(\/)
k=1

and

1+x Nt
1—v+vx<xV+2mO(v)( . —ﬁ)—2tn(v)Egn,k(l,x)x(%%)(v),

where
gni(1,x) — (k=127 K/ o\ (2k=1)/2

Thus, by Lemma 4.1, for any positive operator X with its spectrum in [{7, %] , we have

1+ X
(1—v)I+vX>XV+2to(v)(—£ ~-x'72)

N-1 2"
+ 2 (V) Y anallX) 2 ) (V)
n=1 k=1
and
I+X
(I=v)I+vX <XV+29%(V)(+T —X1/2>
N-1 2
=Y (V) Y guk X)Xt k) (V)
n=1 k=1
where

n k([,X) = X(k—l)/2” +Xk/2n _ ZX(Zk_l)/szrl'

Since Sp(A),Sp(B) are in [m,M], we obtain the spectrum Sp(A~'/2BA=1/2) of
A~1/2BA=1/2 in the interval (%> %] Therefore, replacing X by A~'/2BA=1/2 in the
above inequalities and multiplying the obtained inequalities by A!/2 both-sidely, we
get the desired inequalities. [

In view of Theorem 3.3, we can also propose improved versions of Young-type
inequalities involving the Kantorovich constant. Recall (see [2, 4]) that for any non-
negative integer N, the Kantorovich constant of order N is given by

(141122

Kn(2,1) = T

t>0.

The function Ky (2,-) is decreasing on (0, 1) and increasing on (1,c0); moreover, it
has the property
Ky(2,1) =Kn(2,1/t), V¥t e (0,00).

Now, we are ready to state the result as follows.
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THEOREM 4.3. Let A,B > 0 satisfy one of the following conditions:
1) O0<ml <ALYI<TI<B<MI,
(i) O<ml <BLyl<TI <AL MI,

where 0 <m,M,y,I' < oo are scalars. With the notations So,s, and g,  being as in
Theorem 3.3 and in (23) respectively, we have

AV,B = Ky(2,h) V) Aty B+ 250(v )(AVB—AﬁB)
_ on
+ ) sn(V) Y gni(A Byt x)(V)
n=1

IR

W

k=1
and
AV, B < Ky(2,h) ™A%, B+280(v) (AVB —AtiB)
N—1 on
=Y su(v) Y ani(AB (1 (V)
n=1 k=1 e
where
2 N Ny 2
B (y1/2N+1—1/2N) o (m1/2 + M2 )
KN(Z,]’I) = W and KN(Z,h ) = 4(mM)1/2N

Proof. Observe first that }",} <L r < 1<l < % We now consider the case when

the operators A, B satisfy the condltlon (i). Utilizing the inequality (18), we have, for
all x e [T, %]  [57, 4],

(1—v)+vx> KN(Z,x)rN(")x" +s0( )(14x—2v/X)

N—1
+n§‘15n Zgnkl-x kZ_L)(v)

T

I

V),V _
><h<mxl<nh/KN(2x) )3 50 (V) (1 +x = 25)

. (24)
+an Zgnk (Lx)x k2_7i)(v)
n=1

= Ky(2,h)" )x +50(V)(1+x—2v/%)
N-1 2"
+ 2 9(V) 2 gna(L0)x 1 1) (V).
n=1 k=1
where h =L and 1 = % By Lemma 4.1, for any invertible positive operator X with
its spectrum in [k, 4], we obtain

(1= V) +vX > Ky(2,h) V)XY + 250 (V) (# —X1/2>

— 2’1
+ 2 (v Zgnklx)x(kz_ (V).

n
k=1

I
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It follows from the condition (i) that the spectrum Sp(A~'/2BA~1/2) of the operator
A712BA=12 isin [L, M. Hence, replacing X by A~!/2BA~!/2 in the above inequality
and computing as in the proof of Theorem 4.2, we will gain the first inequality in the
theorem.

If the operators A, B satisfy the condition (ii), the inequality (24) still holds for all
xe [ L C % M instead of [ M7 The spectrum Sp(A~1/2BA~1/2) of A=1/2BA~1/2
in this case belongs in the 1nterval (% F] Since the remaining steps in the proof of this
case are similar to the previous case, we omit the details.

The other inequality is proved similarly to the first one, and so we do not again
present the details here. This also finishes the proof of the theorem. [

The operator versions of Heinz-type inequalities (20) and (21) are of the forms
AfB < Hy(A,B) <AVB
and
AVB—H,(A,B) > 2ro(v)(AVB — AB),
where A,B>0,0<v <1 and
AtyB+ At _B
2 )
see [5] for the details. Notice that the second inequality above refines the right-hand

side of the previous inequality. Due to Theorem 3.5, we can give the most general form
of this refinement in the last theorem of the paper as follows.

Hy(A,B) = (25)

THEOREM 4.4. Let 0 < v <1 and N be a positive integer. Let A,B > 0 have the
spectra Sp(A),Sp(B) C |a,b] for some 0 < a < b < . Then, we have

AVB_]::E;h"(V)é[HkZ,J (A,B) +H2L,'1 (A,B) —ZH% (A,B)}x(kz;nl%)(v)
> Hy(A,B),
where h,, are defined as in Theorem 3.5 and H,(A,B) is given in (25).
Proof. From the inequality (22) in Theorem 3.5, we have
! ” —Nzlh 22 Hior (1,%) + H (1,%) — 2Ha (1061 4,(V)
il ) ol ()
> Hv(l,X),

where x € [#,2]. By Lemma 4.1, for any arbitrary invertible positive operator X with
Sp(X) C [4,2], we deduce

I+x I =
> n=0h n(V )I;[H%(LX)-FHZL”(I,X) 2Hu (I X)]x 5 ) (V)

2 HV(IaX)
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On the other hand, since Sp(A),Sp(B) C [a,b], we find that Sp(A~'/2BA~1/2) of
A~12BA=1/2 s in [% 2] Therefore, replacing X by A~'/2BA~1/2 in the above in-

b'a

equality and multiplying the obtained inequality by Al2 both-sidely, we will gain the
desired inequality. [J
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