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DEFERRED STATISTICAL CONVERGENCE

AND POWER SUMMABILITY METHOD FOR

q–LAGUERRE POLYNOMIALS OPERATOR

P. N. AGRAWAL, BEHAR BAXHAKU ∗ AND SOMPAL SINGH

(Communicated by M. Mursaleen)

Abstract. In the present article, we discuss the Korovkin type approximation thereoms and the
rate of convergence with the aid of the modulus of continuity using deferred statistical conver-
gence and the power series summability technique for an operator based on q -Laguerre polyno-
mials introduced by Özarslan (Studia Sci. Math. Hungar., 44 (1), 65–80). We also define the
r− th order generalization of these operators by means of the Taylor polynomial to approximate
functions in f ∈Cr [0,1] such that f(r) ∈ LipKα , 0 < α � 1 . Furthermore, we find an estimate
of the rate of convergence of the q -Laguerre operator acting on f at those points x where the
one sided q -derivatives D+

q f and D−
q f exist.

1. Introduction

The generalized Laguerre polynomials or the associated Laguerre polynomials are
the orthogonal polynomials that arise in the study of quantum mechanics and also in
the treatment of quantum harmonic oscillator due to their relationship with the Hermite
polynomials. They are the polynomial solutions of the second order ordinary linear
differential equation

κu′′ +(α +1−κ)u′+mu = 0,

where α is a real constant. In the special case α = 0, one obtains the simple La-
guerre polynomials. The generating function for the generalized Laguerre polynomials

L
(α)
k (w) is given by

∞

∑
k=0

κ
kL

(α)
k (w) =

1
(1−κ)α+1 exp

(−wκ

1−κ

)
(1)

Taking α = m(∈ N), Cheney and Sharma [1] introduced the following linear positive
operators based on the generalized Laguerre polynomials

Gm(f;κ) =
∞

∑
k=0

f

(
k

m+ k

)
L

(m)
k (w)κk(1−κ)m+1 exp

(
wκ

1−κ

)
, (2)
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where κ ∈ [0,1) and w ∈ (−∞,0] .
From (1), it is clear that if w = 0 and α = m then L

(m)
k (0) =

(m+k
k

)
and hence

the operator given by

Sm(f;κ) =
∞

∑
k=0

f

(
k

m+ k

)(
m+ k

k

)
κ

k(1−κ)m+1, κ ∈ [0,1)

is a particular case of the operator (2).
Now we present some basic definitions based on the q -calculus [12], which are

used in this paper. Let 0 < q < 1.

The q-integer [c]q (c ∈ N) is defined as [c]q =
{

1− qc

1− q
, or,

[c]q = 1+ q+ . . .+ qc−1.

The q-shifted factorial (1−κ)c
q (c∈N∪{0}) is defined as (1−κ)c

q = ∏∞
s=0

1−κqs

1−κqs+c

and for c = m ∈ N ,

(1−κ)m
q = (1−κ)(1− qκ) . . .(1− qm−1

κ).

For the integers m,s such that 0 � s � m , the q -binomial is defined as(
m
s

)
q

=
[m]q!

[s]q![m− s]q!
.

For any non-negative integer m , the q -factorial is defined as

[m]q! = [m]q[m−1]q! if m � 1

and [m]q! = 1 if m = 0.
Let f : R → R be a function and let κ ∈ R . The q -derivative Dq of a function f

at κ is given by

Dqf(κ) =
f(qκ)− f(κ)

κ(q−1)
, κ �= 0, Dqf(0) = lim

κ→0
Dqf(κ). (3)

Notice that in the limit q → 1− then Dqf(κ)→f′(κ) provided f′(κ) exists.
The left and right q -derivatives of f are given by

D−
q f(κ) =

f(qκ)− f(κ)
κ(q−1)

(4)

and

D+
q f(κ) =

f(κ)− f(κ

q )

κ(q−1)
(5)

provided that κ �= 0.
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The Jackson type q -integral introduced by Thomae [34] and Jackson [11] is de-
fined as follows: ∫ c

0
f(t)dqt = (1− q)c

∞

∑
s=0

f(cqs)qs,

where c ∈ [0,∞) . The q -analogues of the rules for differentiation of a product of func-
tions and integration by parts are given by

Dq(fg)(κ) = Dqf(κ)g(κ)+ f(qκ)Dqg(κ) (6)

and ∫ c

b
g(κ)Dqf(κ)dqκ = f(c)g(c)− f(b)g(b)−

∫ c

b
f(qκ)Dqg(κ)dqκ (7)

respectively.
In the last two decades, there has been a great deal of interest among researchers

to define positive linear operators based on q -integers and investigate their various
approximation properties. For some recent significant studies in this direction, we refer
the reader to the papers ([21], [23], [24], [25], [29] and [35] etc.).

The q -Laguerre polynomials ([9], p. 29), ([10], p. 57) and ([18], p. 21) are given
by

L
(a)
n (κ;q) =

(qa+1;q)n

(q;q)n

n

∑
j=0

(q−n;q) j q( j)

(qa+1;q) j(q;q) j
(1− q) j(qn+a+1

κ) j,

where the q -shifted factorial is defined as

(a;q)0 = 1; (a;q)n =
n−1

∏
j=0

(1−aq j), n ∈ N

and a ∈ C. Moak ([18], eq. (4.17), p. 29) found the generating function for the q -La-
guerre polynomials as

Ga(κ,w) =
(κqa+1;q)∞

(κ;q)∞

∞

∑
m=0

qn2+am{−(1−q)κw}m

(q;q)m (κqa+1;q)m
=

∞

∑
j=0

L
(a)
j (w;q)κ j, (Re a > 1)

(8)
where

(a;q)∞ =
∞

∏
k=0

(1− qka), |q| < 1.

Evidently,

(a;q)m =
(a;q)∞

(aqm;q)∞
.

In 2007, for f ∈C[0,1), Özarslan [27] considered the q -analogue of the Laguerre type
operators as

(Gm,qf(u))(κ;w) =
1

Gm(κ,w)

∞

∑
k=0

f

(
[k]q

[m+ k]q

)
L

(m)
k (w;q)κk, (9)
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where 0 � κ < 1, −∞ < w � 0, q ∈ (0,1) and Gm(κ,w) is the generating function
given by (8). In order to study the approximation of f∈C[0,1], we modify the definition
(9) as follows:

Gm,q(f(u))(κ,w) =
1

Gm(κ,w)

∞

∑
k=0

f

(
[k]q

[m+ k]q

)
L

(m)
k (w;q)κk, 0 � κ < 1 (10)

and (
Gm,qf(u)

)
(1;w) = f(1), κ = 1.

The purpose of the present article is to discuss the deferred weighted statistical conver-
gence of the operators given by (10) and also investigate the convergence by the power
summability method. We also consider the r− th order generalization of these opera-
tors with the help of a Taylor polynomial. Lastly, we investigate the approximation of
functions whose q -derivatives are of bounded variation on the interval [0,1] .

2. Preliminaries

We shall need the following basic result to establish the main results of the paper.

LEMMA 1. [27] For the operators given by (10), we have

(i) ‖(Gm,qu2)(.;w)− (.)2‖ � 2|w|
[m]q(1− qm+1)

+
1

[m]q
,

(ii) ‖(Gm,qu)(.;w)− (.)‖ � |w|
[m]q(1− qm+1)

,

(iii) ‖(Gm,q1)(.;w)−1‖ = 0.

where ‖.‖ denotes the sup-norm on [0,1] .

In 1935, Zygmund [36] gave the concept of statistical convergencewhich was later
formalized by Steinhaus [31] and Fast [7]. In the past two decades, the investigation of
statistical convergence has become an active area of research. Many researchers have
contributed in this direction (e.g. [3], [4], [8], [13], [19] and [22] etc.).

A real or complex valued sequence ξ = ξi is called statistically convergent to l if
for a given ε > 0,

lim
m→∞

1
m

∣∣∣∣
{

i : i � m, |ξi − l| � ε
}∣∣∣∣= 0,

where the vertical bars represent the cardinality of the set. We denote this convergence
by

st− lim
m→∞

ξm = l.

Let (cm) and (dm) be sequences of non negative integers such that cm < dm, ∀ m ∈ N

and
lim
m→∞

dm = ∞.
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Then we call a sequence ξ = (ξi) to be deferred statistically convergent to l if for every
ε > 0, we have

lim
m→∞

1
(dm − cm)

∣∣∣∣
{

i : cm < i � dm, |ξi − l| � ε
}∣∣∣∣= 0. (11)

It is denoted as
DSc,d − lim

m→∞
ξm = l.

Let us note that if dm = m and cm = 0, then the deferred statistical convergence reduces
to the statistical convergence. However, if dm = λm and cm = 0, where λm is a sequence
of positive integers such that λm < λm+1,∀ m ∈ N then the definition (11) coincides
with the λ -statistical convergence (see [20], [26]). Further, if dm = ηm and cm = ηm−1

where ηm ∈ N∪{0} and ηm−ηm−1 → ∞ , as m → ∞ then the definition (11) includes
the lacunary statistical convergence.

Let (bm) be a positive non increasing sequence. Then the sequence (ξm) is said to
converge deferred statistically to the number l with the rate o(bm) provided for every
ε > 0,

lim
m→∞

1
bm

{
1

(dm − cm)

∣∣∣∣
{

i : cm < i � dm, |ξi− l| � ε
}∣∣∣∣
}

= 0.

We denote it as ξm − l = DSc,d − o(bm), as m → ∞ . The sequence (ξm) is called
deferred -statistically bounded with the rate O(bm) , if for every ε > 0,

sup
m

1
bm

{
1

(dm− cm)

∣∣∣∣
{

i : cm < i � dm, |ξi| � ε
}∣∣∣∣
}

< ∞,

and it is denoted by ξm = DSc,d −O(bm), as m → ∞ . For further details, please see
([5], [6]).

Next, we discuss the power series summability method, a member of the class of
continuous summability methods, to study the convergence by q -Laguerre polynomials
operator.

Let (ξi) be a sequence of non-negative real numbers such that ξ1 > 0 and the

radius of convergence r of the power series ξ (z) =
∞
∑
i=1

ξizi−1 satisfy 0 < r � ∞, then

we say that the sequence η = (ηi) is convergent to l in the sense of power series

summability method if lim
z→r−

1
ξ (z)

∞
∑
i=1

ξiηizi−1 = l.

The power series method is called regular if

lim
z→r−

ξizi−1

ξ (z)
= 0, ∀ i ∈ N.

In particular, if ξi = 1, ∀ i ∈ N , then ξ (z) = 1
1−z and r = 1, hence the power series

method includes the Abel’s method and if we choose ξi = 1
(i−1)! , ∀ i ∈ N , then we

obtain ξ (z) = ez and r = ∞ and so, the power series method turns into Borel method.
Many researchers have contributed to the study of approximation by positive linear
operators using the above methods. The interested reader may refer to ([30], [32] and
[33] etc.).
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3. Main results

Let us assume that 〈qm〉 be a sequence in (0,1) such that qm → 0, as m → ∞ and
qm

m → a , as m → ∞, 0 � a < 1.

3.1. Deferred statistical convergence

First, we show that the sequence of q -Laguerre operators converges deferred sta-
tistically to the function f , if f is continuous on [0,1] .

THEOREM 1. For all f ∈C[0,1] , we have

DSc,d − lim
m→∞

‖(Gm,qm f)(.,w)− f‖ = 0.

Proof. By the uniform continuity of f on [0,1], for a given ε > 0 ∃ a δ > 0 such
that |f(u)− f(κ)|< ε, whenever |u−κ|< δ . For |u−κ|� δ , we have |f(u)− f(κ)|�
2‖f‖ (u−κ)2

δ 2 .

Hence, for all u,κ ∈ [0,1] , we can write

|f(u)− f(κ)| < ε +
2‖f‖
δ 2 (u−κ)2.

Thus, in view of (Gm,qm(1))(κ,w) = 1, we get

|(Gm,qm f)(κ;w)− f(κ)| � (Gm,qm (|f(u)− f(κ)|))(κ;w)

� ε +
2‖f‖
δ 2

(
Gm,qm(u−κ)2

)
(κ;w).

We may write

(
Gm,qm(u−κ)2

)
(κ;w)

=
(

Gm,qm(u2)
)

(κ;w)−2κ

(
Gm,qm(u)

)
(κ;w)+κ

2

=
{(

Gm,qm(u2)
)

(κ;w)−κ
2
}
−2κ

{(
Gm,qm(u)

)
(κ;w)−κ

}
,

hence ∥∥∥∥
(

Gm,qm(u− (.))2
)

(.;w)
∥∥∥∥ �

∥∥∥∥(Gm,qm(u2)(.;w)− (.)2

∥∥∥∥
+2

∥∥∥∥
(

Gm,qm(u)
)

(.;w)− (.)
∥∥∥∥. (12)
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Consequently,∥∥∥∥(Gm,qm f)(;w)− f

∥∥∥∥
� ε +

2‖f‖
δ 2

{∥∥∥∥(Gm,qm(u2))(.;w)− (.)2

∥∥∥∥+2

∥∥∥∥
(

Gm,qm(u)
)

(.;w)− (.)
∥∥∥∥
}

� ε +
2‖f‖
δ 2

[{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
+

2|w|
[m]qm(1− qm+1

m )

]

= ε +
2‖f‖
δ 2

{
4|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
. (13)

Now, for any ε ′ > 0, let us consider the sets

J1 =
1

dm− cm

{
k : cm < k � dm,

∥∥∥∥(Gm,qm f)(.;w)− f

∥∥∥∥� ε ′
}

;

J2 =
1

dm− cm

{
k : cm < k � dm,

8‖f‖|w|
δ 2[m]qm(1− qm+1

m )
� ε ′ − ε

2

}

and

J3 =
1

dm− cm

{
k : cm < k � dm,

2‖f‖
δ 2[m]qm

� ε ′ − ε
2

}
.

Then in view of (13), we obtain

J1 ⊂ J2∪ J3

which implies that

|J1| � |J2|+ |J3|.
Hence

lim
m→∞

|J1| � lim
m→∞

|J2|+ lim
m→∞

|J3|.

Since the sequences

8‖f‖|w|
δ 2[m]qm(1− qm+1

m )

and

2‖f‖
δ 2[m]qm

tend to zero, as m → ∞, it follows that

DSc,d − lim
m→∞

8‖f‖|w|
δ 2[m]qm(1− qm+1

m )
= 0
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and

DSc,d − lim
m→∞

2‖f‖
δ 2[m]qm

= 0.

Hence, limm→∞ |J1| = 0, whence the result. �
In the following result, we determine the rate of deferred statistical convergence

for the operators (10) by means of modulus of continuity.

THEOREM 2. Let f ∈C[0,1] and DSc,d −ω(f;
√νm,2) = o(ζm), as m → ∞ then

DSc,d −‖(Gm,qmf)(.;w)− f‖ = o(ζm), as m → ∞,

where νm,2 =
∥∥∥∥Gm,qm(u− (.))2(.;w)

∥∥∥∥ .

Proof. For any f ∈C[0,1] , considering the elementary inequality

|f(u)− f(κ)| �
(

1+
(u−κ)2

δ 2

)
ω(f;δ ), δ > 0

we have

|(Gm,qm f)(κ;w)− f(κ)| �
(

1+
1

δ 2

(
Gm,qm(u−κ)2

)
(κ;w)

)
ω(f;δ ), δ > 0

which implies that∥∥∥∥
(

Gm,qm(f)
)

(.;w)− f

∥∥∥∥ �
(

1+
1

δ 2

∥∥∥∥Gm,qm(u− (.))2(.;w)
∥∥∥∥
)

ω(f;δ )

= 2ω(f;
√

νm,2),

where we choose δ =
√νm,2. For any ε > 0, we consider

J1 =
1

dm − cm

{
k : cm < k � dm,

∥∥∥∥
(

Gm,qm(f)
)

(.;w)− f

∥∥∥∥� ε
}

and

J2 =
1

dm− cm

{
k : cm < k � dm, 2ω(f;

√
νm,2) � ε

}
.

It is clear that J1 ⊂ J2.
Consequently,

|J1| � |J2|
and hence

lim
m→∞

|J1| � lim
m→∞

|J2|.
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Since
DSc,d −ω(f;

√
νm,2) = o(ζm), as m → ∞,

it follows that
1

ζm
|J2| → 0, as m → ∞

and hence

lim
m→∞

1
ζm

|J1| = 0,

which proves the theorem. �

In our further consideration, let us denote μm,n(κ) =
(

Gm,qm(u−κ)n

)
(κ;w) ,

n ∈ N∪{0} .

3.2. Power summability method

The following theorem is a Korovkin type approximation theorem for the operators
(10) by using power summability method.

THEOREM 3. For all f ∈C[0,1] , the operators (10) verify

lim
z→R−

1
ξ (z)

∞

∑
m=1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥ξmzm−1 = 0

Proof. Taking into account the inequality (13), we have

1
ξ (z)

∞

∑
m=1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥ξmzm−1

� ε +
2‖f‖
δ 2

{
1

ξ (z)

∞

∑
m=1

‖(Gm,qm(u2))(.;w)− (.)2‖ξmzm−1

+
2

ξ (z)

∞

∑
m=1

‖(Gm,qm(u))(.;w)− (.)‖ξmzm−1
}

� ε +
2‖f‖
δ 2

{
1

ξ (z)

∞

∑
m=1

{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
ξmzm−1

+
2

ξ (z)

∞

∑
m=1

( |w|
[m]qm(1− qm+1

m )

)
ξmzm−1

}
. (14)

Now, let us show that

lim
z→R−

{
1

ξ (z)

∞

∑
m=1

{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
ξmzm−1 = 0. (15)
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Since 2|w|
[m]qm (1−qm+1

m )
+ 1

[m]qm
→ 0, as m → ∞, for the given ε > 0, ∃ m0(ε) ∈ N such

that
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

<
ε
2
, ∀ m > m0(ε).

Therefore,

1
ξ (z)

∞

∑
m=1

{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
ξmzm−1 � M

ξ (z)

m0

∑
m=1

ξmzm−1 +
ε
2
, (16)

where

M = max
1�m�m0(ε)

{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
.

By the regularity condition ∃ δm(ε) > 0 such that

ξmzm−1

ξ (z)
<

ε
2Mm0(ε)

, ∀ r− δm(ε) < z < r,

and m = 1,2, . . . ,m0(ε). Let us choose

δ (ε) = min
1�m�m0(ε)

δm(ε).

Then,

ξmzm−1

ξ (z)
<

ε
2Mm0(ε)

,∀ r− δ (ε) < z < r and m = 1,2, . . . ,m0(ε).

Hence from (16) it follows that

1
ξ (z)

∞

∑
m=1

{
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

}
ξmzm−1 < ε, ∀ r− δ (ε) < z < r. (17)

Since ε > 0, is arbitrary, the equation (15) is established.
By a similar reasoning, we can show that

lim
z→R−

1
ξ (z)

∞

∑
m=1

|w|
[m]qm(1− qm+1

m )
ξmzm−1 = 0.

Hence, from (14), we have

lim
z→R−

1
ξ (z)

∞

∑
m=1

‖(Gm,qm(f))(.;w)− f‖ξmzm−1 = 0. �

The following theorem yields the rate of convergence of (Gm,qm f(u))(κ;w) to f
by the power series method.
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THEOREM 4. For f ∈C[0,1] , there holds

1
ξ (z)

∞

∑
m=1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥ξmzm−1 � 2ω(f;δ ),

where δ =
{

1
ξ (z)

∞
∑

m=1
ξmzm−1νm,2

} 1
2

and νm,2 is defined as in Theorem 2.

Proof. Since f ∈C[0,1], for any z ∈ (0,R) and δ > 0,

1
ξ (z)

∞

∑
m=1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥ξmzm−1

� 1
ξ (z)

∞

∑
m=1

{
1+

1
δ 2

∥∥∥∥
(

Gm,qm(u− (.))2
)

(.;w)
∥∥∥∥
}

ω(f;δ )ξmzm−1

= ω(f;δ )
{

1+
1

δ 2

1
ξ (z)

∞

∑
m=1

ξmzm−1νm,2

}
= 2ω(f;δ ),

where δ =
{

1
ξ (z)

∞
∑

m=1
ξmzm−1νm,2

} 1
2

. �

The following example shows that our Theorem 3, is a non-trivial generalization
of the classical Korovkin result given in [17].

EXAMPLE 1. Let us consider the q -Laguerre operators Gm,qm(f)(.;w) defined by
(10). Using these operators, for f ∈ C[0,1], we define the following positive linear
operators on C[0,1] :

Gm,qm(f)(.;w) = (1+ ηm)Gm,qm(f)(.;w), (18)

where
〈
ηm
〉

=
{

1, if m = p3, p ∈ N ,
0, otherwise

. It is clear that the sequence (ηm) diverges in

the classical sense. From the definition (18), we have

Gm,qm(h j)(.;w) = (1+ ηm)Gm,qm(h j)(.;w) where h j = u j, j = 0,1,2.

Now if we take ξm = 1, for all m ∈ N, then we obtain ξ (z) = ∑∞
m=1 ξmzm−1 = 1

1−z ,
|z| < 1 which implies that R = 1. Further, we obtain

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1ηm = lim
z→1−

(1− z)
z

∞

∑
p=1

zp3
. (19)

From Exercise 35 on page 54 of [G. Pólya and G. Szegö, Problems and theorems in
analysis I: Series. Integral Calculus. Theory of Functions, Springer-Verlag, 1972], we
have

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1ηm = lim
z→1−

(1− z)
z

∞

∑
p=1

zp3
= 0. (20)
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Using the definition (18) of auxiliary operators and (19), we conclude that

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1||Gm,qm(h0)(.;w)−h0|| = 0.

Moreover, from Lemma 1 we have

||Gm,qm(h1)(.;w)−h1|| � |w|
[m]qm(1− qm+1

m )
+
(

1+
|w|

[m]qm(1− qm+1
m )

)
ηm.

Since

(
|w|

[m]qm (1−qm+1
m )

)
→ 0, as m → ∞ , ∃ M1 > 0 such that

(
1+ |w|

[m]qm (1−qm+1
m )

)
<

M1,∀ m ∈ N. Therefore, in view of the equation (19) we get

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1||Gm,qm(h1)(.;w)−h1|| = 0.

Finally, again using Lemma 1 and the definition of the operators Gm,qm given by (18)
we have

||Gm,qm(h2)(.;w)−h2|| � 2|w|
[m]qm(1− qm+1

m )
+

1
[m]qm

+ηm

(
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

+1

)
. (21)

Since for m→ ∞, 2|w|
[m]qm (1−qm+1

m )
+ 1

[m]qm
converges to 0, it is also convergent to 0 in the

sense of power series method. On the other hand, since
(

2|w|
[m]qm (1−qm+1

m )
+ 1

[m]qm
+1
)

�
(M2 +1) , for some M2 > 0, in view of (20) it follows that

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1ηm

(
2|w|

[m]qm(1− qm+1
m )

+
1

[m]qm

+1

)

� lim
z→1−

(M2 +1)
ξ (z)

∞

∑
m=1

ξmzm−1ηm = 0.

Hence from (21), we obtain

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1||Gm,qm(h2)(.;w)−h2|| = 0.

So, we can say that our operator defined in relation (18) satisfies all the conditions of
Theorem 3 and therefore we have

lim
z→1−

1
ξ (z)

∞

∑
m=1

ξmzm−1||Gm,qm(f)(.;w)− f|| = 0.
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Thus the auxiliary operator Gm,qm(f) converges to f in power summability method but,
since (ηm) is not convergent to 0, as m → ∞ , we can say that the classical Korovkin
theorem does not hold true for these operators.

The next theorem yields the rate of convergence by the operators (10) with the aid
of power summability method for continuously differentiable functions on [0,1] .

THEOREM 5. For any f′ ∈ C[0,1] and for all z sufficiently close to R from left
side, the following inequalities are satisfied:

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥� ‖f′‖λw,1(z)+2λw,2(z)ω(f′;λw,2(z))

where

λw,1(z) =
1

ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(u)(.;w)−κ

∥∥∥∥
and

λw,2(z) =
1

ξ (z)

∞

∑
m=1

ξmzm−1

√∥∥∥∥Gm,qm((u− (.))2)(.;w)
∥∥∥∥.

Proof. Following Shisha and Mond Theorem [28] and applying Cauchy-Schwarz
inequality we see that, for any δ > 0

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥
� ‖f‖ 1

ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(1)(.;w)−1

∥∥∥∥
+‖f′‖ 1

ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(u)(.;w)− (.)
∥∥∥∥

+ω(f′;δ )

(
1

ξ (z)

∞

∑
m=1

ξmzm−1

√∥∥∥∥Gm,qm((u− (.))2)(.;w)
∥∥∥∥
)

×
[

1
ξ (z)

∞

∑
m=1

ξmzm−1

√∥∥∥∥Gm,qm(1)(.;w)
∥∥∥∥

+
1
δ

1
ξ (z)

∞

∑
m=1

ξmzm−1

√∥∥∥∥Gm,qm((u− (.))2)(.;w)
∥∥∥∥
]
. (22)

Now, we use Lemma 1 in (22) and choose

δ = λw,2(z) =
1

ξ (z)

∞

∑
m=1

ξmzm−1

√∥∥∥∥Gm,qm((u− (.))2)(.;w)
∥∥∥∥. �
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Now, we determine the rate of convergence of the sequence Gm,q(f)(.;w) to f with
the help of power summability method for the elements of the Lipschitz class LipKα ,
for 0 < α � 1.

We recall that a function f ∈ LipKα if the inequality

|f(u)− f(κ)| � K|u−κ|α (23)

holds for all u,κ ∈ [0,1].

THEOREM 6. Let f ∈ LipKα then for all z ∈ (0,R) , the operators (10) verify the
following inequality:

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥� Kδα(z)

where δα(z) = 1
ξ (z)

∞
∑

m=1
ξmzm−1

[
4|w|

[m]qm (1−qm+1
m )

+ 1
[m]qm

] α
2

.

Proof. Let f∈LipK(α) , α ∈ (0,1]. By linearity and monotonicity of Gm,qm(f)(.;w)
and (23), we write

|Gm,qm(f)(u;w)− f(κ)| � K(Gm,qm(f)(|u−κ|α ;w)).

By the Hölder inequality for r = 2
α and s = 2

2−α , and if we take maximum on [0,1]
and use (12) and Lemma 1, then we have

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)−f

∥∥∥∥ � K
1

ξ (z)

∞

∑
m=1

ξmzm−1
[

4|w|
[m]qm(1−qm+1

m )
+

1
[m]qm

] α
2

whence the result. �
In the following theorem, our focus is to determine the degree of approximation

for the operators (10) by using power summability method in terms of second order
modulus of continuity via Peetre’s K -functional.

Let C2[0,1] := {f ∈C[0,1] : f′, f′′ ∈C[0,1]} with the norm defined by

‖f‖C2[0,1] = ‖f‖+‖f′‖+‖f′′‖.

For any δ > 0 and f ∈C[0,1] , the Peetre’s K -functional is given by

K (f;δ ) = inf
g∈C2[0,1]

{
‖f−g‖+ δ‖g‖C2[0,1]

}
.

From Devore and Lorentz [2], there holds

K (f;δ ) � Cω2(f;
√

δ ), (24)

where C > 0 is a constant.
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THEOREM 7. For any f ∈C[0,1] and for all z ∈ (0,R) , there holds the inequality

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥� Cω2(( f );
√

δ (z)

where δ (z) = 1
ξ (z)

∞
∑

m=1

(
5|w|

2[m]qm (1−qm+1
m )

+ 1
2[m]qm

)
ξmzm−1.

Proof. Let g ∈C2[0,1] be arbitrary. By the Taylor’s expansion, we have

|Gm,qm(g)(κ;w)−g(κ)| � |Gm,qm(u−κ)(κ;w)||g′(κ)|
+

1
2
Gm,qm((u−κ)2|g′′(ξ )|)(κ;w), (25)

where ξ lies between u and κ . Then using Lemma 1 in (25), we get

1
ξ (z)

∞

∑
m=1

∥∥∥∥Gm,qm(g)(.;w)−g

∥∥∥∥ξmzm−1

� ‖g′‖ 1
ξ (z)

∞

∑
m=1

( |w|
[m]qm(1− qm+1

m )

)
ξm zm−1

+
‖g′′‖

2
1

ξ (z)

∞

∑
m=1

(∥∥∥∥(Gm,qm(u2))(.;w)−(.)2

∥∥∥∥+2

∥∥∥∥
(

Gm,qm(u)
)

(.;w)−(.)
∥∥∥∥
)

ξmzm−1

�
‖g‖C2[0,1]

ξ (z)

∞

∑
m=1

(
3|w|

[m]qm(1− qm+1
m )

+
1

2[m]qm

)
ξmzm−1. (26)

On the other hand∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥� 2‖f−g‖+
∥∥∥∥Gm,qm(g)(.;w)−g

∥∥∥∥. (27)

From (26) and (27), we have

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥
�
(

2‖f−g‖+‖g‖C2[0,1]
1

ξ (z)

∞

∑
m=1

(
3|w|

[m]qm(1− qm+1
m )

+
1

2[m]qm

)
ξmzm−1

)
.

Taking infimum over all g ∈C2[0,1] on the right side of the last inequality, and choos-

ing δ = δ (z) = 1
ξ (z)

∞
∑

m=1

(
3|w|

[m]qm (1−qm+1
m )

+ 1
2[m]qm

)
ξmzm−1, we obtain

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥� 2K (f;δ (z)).

Now, we apply the relation (24) to obtain the required result. �
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3.3. q-Laguerre-Taylor operators

It is well known that the linear positive operators have a weak convergence and
do not respond to the smoothness of the function. In order to overcome this problem,
Kirov and Popova [16] considered the generalization of the operator by means of the
Taylor polynomial. Following their idea, for r ∈ N0 , f ∈Cr[0,1] and m ∈ N, we define
the q -Laguerre-Taylor operators as

Gm,r,q(f(u))(κ,w) =
∞

∑
k=0

L
(m)
k (w;q)

Gm(κ,w)
κ

k
r

∑
j=0

f(r)
(

[k]q
[m+k]q

)
j!

(
κ− [k]q

[m+ k]q

) j

, 0 � κ < 1

(28)
and (

Gm,r,qf(u)
)

(1;w) = f(1), κ = 1.

Clearly Gm,0,q(f(u))(κ,w) = Gm,q(f(u))(κ,w) for every f∈C[0,1] κ ∈ [0,1], m∈N.

THEOREM 8. For any r ∈ N, f ∈ Cr[0,1] such that f(r) ∈ LipK(α), 0 < α � 1
and all z ∈ (0,R) , we have

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,r,qm(f)(.;w)− f

∥∥∥∥
� K

β (α +1,r)
(r−1)!

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(|u− (.)|α+r)(.;w)
∥∥∥∥.

Proof. For f∈Cr[0,1], we apply the following Taylor formula [16] about the point
[k]qm

[m+k]qm
∈ [0,1] :

f(κ) =
r

∑
j=0

f( j)
(

[k]qm
[m+k]qm

)
j!

(
κ− [k]qm

[m+ k]qm

) j

+

(
κ− [k]qm

[m+k]qm

)r

(r−1)!

×
∫ 1

0
(1−u)r−1

[
f(r)
(

[k]qm

[m+k]qm

+u

(
κ− [k]qm

[m+k]qm

))
−f(r)

(
[k]qm

[m+k]qm

)]
du.

From the Taylor formula and the definition of the operators given by (28), we write the
difference between Gm,r,qm(f)(.;w) and f(κ) as follow:

f(κ)−Gm,r,qm(f)(.;w)

=
1

Gm(κ,w)

∞

∑
k=0

L
(m)
k (w;qm)κk

(
κ− [k]qm

[m+k]qm

)r

(r−1)!
Qm

(
κ,

[k]qm

[m+ k]qm

)
, (29)

where

Qm

(
κ,

[k]qm

[m+ k]qm

)

=
∫ 1

0
(1−u)r−1

[
f(r)
(

[k]qm

[m+ k]qm

+u

(
κ− [k]qm

[m+ k]qm

))
− f(r)

(
[k]qm

[m+ k]qm

)]
du.
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Since f(r) ∈ LipK(α) , we get

|f(r)
(

[k]qm

[m+ k]qm

+u

(
κ− [k]qm

[m+ k]qm

))
− f(r)

(
[k]qm

[m+ k]qm

)
| � Kuα

∣∣∣∣κ− [k]qm

[m+ k]qm

∣∣∣∣
α

,

thus from (29), we have

|Gm,r,qm(f)(.;w)−f(κ)|� K
1

Gm(κ,w)

∞

∑
k=0

L
(m)
k (w;qm)κk

∣∣∣κ− [k]qm
[m+k]qm

∣∣∣α+r

(r−1)!
β (α +1,r).

(30)
Hence, ∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥ � K
β (α +1,r)

(r−1)!

∥∥∥∥Gm,qm(|u− (.)|α+r)
∥∥∥∥.

Thus,

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(f)(.;w)− f

∥∥∥∥
� K

β (α +1,r)
(r−1)!

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥Gm,qm(|u− (.)|α+r)
∥∥∥∥.

This completes the proof. �

REMARK 1. Consider the function f∗ defined as

f∗(u) = |u−κ|α+r.

Using the well known inequality

|aτ −bτ | � τ|a−b|, f or 0 � a,b � 1 and τ � 1,

it follows that f∗ ∈ Lipα+r1. Since f∗(κ) = 0, we have

‖Gm,qm(f∗)‖ �
(
1+

μm,2

δ 2

)
ω(f∗;δ )

where νm,2 = ‖Gm,qm(u− (.))2(.;w)‖ . Choosing δ =
√νm,2 , from Theorem 8, we

obtain

1
ξ (z)

∞

∑
m=1

ξmzm−1

∥∥∥∥f−Gm,r,qm(f)
∥∥∥∥

� 2K
(r−1)!

αβ (α,r)
1

ξ (z)

∞

∑
m=1

ξmzm−1√νm,2.
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3.4. Functions with derivatives of bounded variation

In this section, we shall estimate the degree of approximation of functions whose
q -derivatives are of bounded variation. First we shall need the following result:

LEMMA 2. For m sufficiently large and κ ∈ (0,1), the following inequality holds:

(i) ρq
m(κ,w,s) =

∫ s
0 (Dq,yL

q
m(κ,w,y))dqy � μm,2(κ)

(κ−s)2 , 0 < s < κ and

(ii) 1−ρq
m(κ,w,z) =

∫ 1
z (Dq,yL

q
m(κ,w,y))dqy � μm,2(κ)

(κ−s)2 , κ < z < 1 , where

Lq
m(κ,w,y) =

⎧⎪⎪⎨
⎪⎪⎩

∑
k� ym

1−y

L
(m)
k (w;q)κk

Gm(κ,w) , 0 < y < 1

0 , y = 0.
1 y = 1.

Proof. (i) For 0 < s < κ, we obtain

ρq
m(κ,w,s) =

∫ s

0
Dq,yL

q
m(κ,w,y)dqy

�
∫ s

0
Dq,yL

q
m(κ,w,y)

(
κ− y
κ− s

)2

dqy

� 1
(κ− s)2

∫ s

0
Dq,yL

q
m(κ,w,y)(κ− y)2 dqy

� νm,2

(κ− s)2 .

Similarly, we can prove the second assertion (ii). �

The rate of convergence for functions of BV and those having derivatives of BV
for q -operators was not resolved until 2019. Karsli [14, 15] proved this and studied
the rate of convergence for BV functions for q -Bernstein-Schurer operators and q -
Bernstein Durrmeyer operators.

Now, we shall obtain the rate of convergence of Gm,q(f)(.;w) for functions having
q -derivatives of bounded variation on [0,1]. We show that the points κ where D+

q f(κ)
and D−

q f(κ) exist, the operators Gm,q(f)(κ;w) converge to the function f(κ) in the
space of DqBV . Let DqBV [0,1] be the space of all q -differentiable functions on
[0,1] which have a q -derivative of bounded variation on [0,1]. Such a function f ∈
DqBV [0,1] can be represented as

f(κ) =
∫

κ

0
ξ (s)dqs+C, 0 � κ � 1

where, ξ ∈ BV [0,1] and C is a constant. It is clear that

DqBV [0,1] = {f : Dqf = ξ ∈ BV [0,1]}.
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THEOREM 9. Let f ∈ DqBV [0,1] and let the one sides limits q -derivatives D+
q f

and D−
q f exist at a fixed point κ ∈ (0,1) . Then for m sufficiently large and κ ∈ (0,1) ,

we have the following estimate:

|Gm,q(f)(κ;w)− f(κ)|

� μm,2(κ)
κ

[
√

[m]q]

∑
k=1

( κ∨
κ− κ

k

Dqfκ

)
+
∣∣∣∣12
(

D+
q f(κ)−D−

q f(κ)
∣∣∣∣
√

μm,2(κ)

+
κ√
[m]q

( κ∨
κ− κ√

[m]q

Dqfκ

)
+

κ+ 1−κ√
[m]q∨

κ

(Dqfκ)
1−κ√

[m]q

+
μm,2(κ)
1−κ

√
[m]q

∑
k=1

κ+ 1−κ

k∨
κ

(Dq fκ)+
∣∣∣∣12
(

D+
q f(κ)+D−

q f(κ)
∣∣∣∣|μm,1(κ)| (31)

where

Dqfκ(s) =

⎧⎨
⎩

Dqf(s)−Dqf+(κ), κ < s � 1
0 , s = κ

Dqf(s)−Dqf−(κ), 0 � s < κ.
,

∨d
c (Dqfκ) is the total variation of Dqfκ on [c,d].

Proof. By the hypothesis, we may write the q -derivative Dqf in the form

Dqf(s) =
1
2

(
D+

q f(κ)+D−
q f(κ)

)
+Dqfκ(s)+

1
2

(
D+

q f(κ)−D−
q f(κ)

)
sgn(s−κ)

+δκ(s)
(

Dqf(s)− 1
2

(
D+

q f(κ)+D−
q f(κ)

))
, (32)

where

δκ(s) =
{

1 , s = κ

0 , s �= x.

Applying Lemma 2, we have

Gm,q(f)(κ;w)− f(κ)

=
∫ 1

0
(Dq,sL

q
m(κ,w,s))f(s)dqs− f(κ) =

∫ 1

0
(Dq,sL

q
m(κ,w,s))(f(s)− f(κ))dqs

=
∫

κ

0
(Dq,sL

q
m(κ,w,s))(f(s)− f(κ))dqs+

∫ 1

κ

(Dq,sL
q
n (κ,w,s))(f(s)− f(κ))dqs

= −
∫

κ

0

(∫
κ

s
Dqf(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

+
∫ 1

κ

(∫ s

κ

Dqf(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

= L1(κ)+L2(κ), say.
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By using equation (32), we get

L1(κ) = −
∫

κ

0

∫
κ

s

(
1
2

(
D+

q f(κ)+D−
q f(κ)

)
+Dqfκ(y)

+
1
2

(
D+

q f(κ)−D−
q f(κ)

)
sgn(y−κ)

+δκ(y)
(

Dqf(y)− 1
2

(
D+

q f(κ)+D−
q f(κ)

))
dqy(Dq,sL

q
m(κ,w,s))dqs.

Since
∫ s
κ
(δκ(y))dqy = 0, we have

L1(κ) =
1
2

(
D+

q f(κ)+D−
q f(κ)

)∫
κ

0
(s−κ)(Dq,sL

q
m(κ,w,s))dqs

−
∫

κ

0

(∫
κ

s
Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

+
1
2

(
D+

q f(κ)−D−
q f(κ)

)∫
κ

0
(κ− s)(Dq,sL

q
m(κ,w,s))dqs. (33)

Proceeding similarly, we find that

L2(κ) =
1
2

(
D+

q f(κ)+D−
q f(κ)

)∫ 1

κ

(s−κ)(Dq,sL
q
m(κ,w,s))dqs

+
∫ 1

κ

(∫ s

κ

Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

+
1
2

(
D+

q f(κ)−D−
q f(κ)

)∫ 1

κ

(s−κ)(Dq,sL
q
m(κ,w,s))dqs. (34)

By combining (33) and (34), we get

Gm,q(f)(κ;w)− f(κ) =
1
2

(
D+

q f(κ)+D−
q f(κ)

)∫ 1

0
(s−κ)(Dq,sL

q
m(κ,w,s))dqs

+
1
2

(
D+

q f(κ)−D−
q f(κ)

)∫ 1

0
|s−κ|(Dq,sL

q
m(κ,w,s))dqs

−
∫

κ

0

(∫
κ

s
Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

+
∫ 1

κ

(∫ s

κ

Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs.

Consequently, we obtain

|Gm,q(f)(κ;w)− f(κ)| �
∣∣∣∣12
(

D+
q f(κ)+D−

q f(κ)
∣∣∣∣|Gm,q(s−κ)(κ;w)|

+
∣∣∣∣12
(

D+
q f(κ)−D−

q f(κ)
∣∣∣∣Gm,q(|s−κ|)(κ;w)
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+
∣∣∣∣
∫

κ

0

(∫
κ

s
Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

∣∣∣∣
+
∣∣∣∣
∫ 1

κ

(∫ s

κ

Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

∣∣∣∣. (35)

Now, let

Am,q(Dqfκ ,κ) =
∫

κ

0

(∫
κ

s
Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs,

and

Bm,q(Dqfκ ,κ) =
∫ 1

κ

(∫ s

κ

Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs.

Then, we just need to estimate the terms Am,q(Dqfκ,κ) and Bm,q(Dqfκ,κ). From
the definition of ρq

m(κ,w,s) given in Lemma 2, applying the q -integration by parts, we
can write

Am,q(Dqfκ ,κ) =
∫

κ

0

(∫
κ

s
Dqfκ(y)dqy

)
Dq,sρq

m(κ,w,s)dqs

=
∫

κ

0
Dqfκ(s)ρq

m(κ,w,s)dqs.

Thus,

|Am,q(Dqfκ,κ)| �
∫

κ

0
|Dqfκ(s)|ρq

m(κ,w,s)dqs

�
∫

κ− κ√
[m]q

0
|Dqfκ(s)|ρq

m(κ,w,s)dqs

+
∫

κ

κ− κ√
[m]q

|Dqfκ(s)|ρq
m(κ,w,s)dqs.

Since Dqfκ(κ) = 0 and ρq
m(κ,w,s) � 1, we get

∫
κ

κ− κ√
[m]q

|Dqfκ(s)|ρq
m(κ,w,s)dqs =

∫
κ

κ− κ√
[m]q

|Dqfκ(s)−Dqfκ(κ)|ρq
m(κ,w,s)dqs

�
∫

κ

κ− κ√
[m]q

( κ∨
s

Dqfκ

)
dqt

�
( κ∨

κ− κ√
[m]q

Dqfκ

)(∫
κ

κ− κ√
[m]q

dqs

)

=
κ√
[m]q

( κ∨
κ− κ√

[m]q

Dqfκ

)
.
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Using Lemma 2 and considering s = κ− κ

u , we can derive∫
κ− κ√

[m]q

0
|Dqfκ(s)|ρq

m(κ,w,s)dqs � μm,2(κ)
∫

κ− κ√
[m]q

0
|Dqfκ(s)| dqs

(κ− s)2

� μm,2(κ)
∫

κ− κ√
[m]q

0

( κ∨
s

Dqfκ

)
dqs

(κ− s)2

= μm,2(κ)
∫ √

[m]q

1

( κ∨
κ− κ

u

Dqfκ

) κ

u2 dqu(
κ

u

)2
� μm,2(κ)

κ

[
√

[m]q]

∑
k=1

( κ∨
κ− κ

k

Dqfκ

)
.

Therefore, on combining the above inequalities we reach to

|Am,q(Dqfκ ,κ)| � μm,2(κ)
κ

[
√

[m]q]

∑
k=1

( κ∨
κ− κ

k

Dqfκ

)
+

κ√
[m]q

( κ∨
κ− κ√

[m]q

Dqfκ

)
. (36)

Again using q -integration by parts in Bm,q(Dqfκ ,κ) and applying Lemma 2, we can
acquire

|Bm,q(Dqfκ ,κ)| =
∣∣∣∣
∫ 1

κ

(∫ s

κ

Dqfκ(y)dqy

)
(Dq,sL

q
m(κ,w,s))dqs

∣∣∣∣
�
∫ 1

κ

|Dqfκ(s)|(1−ρq
n (κ,w,s))dqs

�
∫

κ+ 1−κ√
[m]q

κ

|Dqfκ(s)|dqs+ μm,2(κ)
∫ 1

κ+ 1−κ√
[m]q

|Dqfκ(s)| dqs
(κ− s)2

=
∫

κ+ 1−κ√
[m]q

κ

|Dqfκ(s)−Dqfκ(κ)|dqs

+μm,2(κ)
∫ 1

κ+ 1−κ√
[m]q

|Dqfκ(s)−Dqfκ(κ)| dqs
(κ − s)2

�
κ+ 1−κ√

[m]q∨
κ

(Dqfκ)
1−κ√

[m]q
+ μm,2(κ)

∫ 1

κ+ 1−κ√
[m]q

s∨
κ

(Dqfκ)
dqs

(κ− s)2 .

Now considering s = κ + 1−κ

u , we obtain

|Bm,q(Dqfκ ,κ)| �
κ+ 1−κ√

[m]q∨
κ

(Dqfκ)
1−κ√

[m]q
+ μm,2(κ)

∫ 1

√
[m]q

κ+ 1−κ
u∨

κ

(Dqfκ)

(
κ−1
u2

)
dqu( 1−κ

u

)2

=

κ+ 1−κ√
[m]q∨

κ

(Dqfκ)
1−κ√

[m]q
+

μm,2(κ)
1−κ

∫ √
[m]q

1

κ+ 1−κ

u∨
κ

(Dqfκ)dqu.
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Therefore, we can deduce

|Bm,q(Dqfκ ,κ)| �
κ+ 1−κ√

[m]q∨
κ

(Dqfκ)
1−κ√

[m]q
+

μm,2

1−κ

[
√

[m]q]

∑
k=1

κ+ 1−κ

k∨
κ

(Dqfκ). (37)

Now from (36), (37) and (35), we obtain the desired result. �
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