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ON SOME INEQUALITIES RELATED TO HEINZ
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Abstract. In this paper, we improve and generalize some existing inequalities for unitarily invari-
ant norms by using the convexity of the function f (v) =

∥∥AvXB1−v +A1−vXBv
∥∥ on the interval

[0,1] .

1. Introduction

Let a and b be nonnegative real numbers. The Heinz mean is defined as

Hv(a,b) =
avb1−v +a1−vbv

2
, 0 � v � 1.

It is well-known that the Heinz mean interpolates between the geometric mean and
the arithmetic mean:

√
ab = H 1

2
(a,b) � Hv(a,b) � H0(a,b) = H1(a,b) =

a+b
2

, 0 � v � 1. (1.1)

The matrix version of (1.1) was proved by Bhatia and Davis [3] says that

2
∥∥∥A

1
2 XB

1
2

∥∥∥ �
∥∥AvXB1−v +A1−vXBv

∥∥ � ‖AX +XB‖ , 0 � v � 1, (1.2)

where ‖·‖ is every unitarily invariant norm.
In this paper, we always suppose that A,B and X are operators on a complex sep-

arable Hilbert space such that A and B are positive. For every unitarily invariant norm,
setting f (v) =

∥∥AvXB1−v +A1−vXBv
∥∥ , then the function f (v) is convex on [0,1] , and

f ( 1
2 ) � f (v) � f (0) = f (1) . In fact, the operator version of (1.1) holds.

Kittaneh [4] gave a refinement of the second inequality in (1.2) as follows:

∥∥AvXB1−v +A1−vXBv
∥∥ � 4r0

∥∥∥A
1
2 XB

1
2

∥∥∥+(1−2r0)‖AX +XB‖ , (1.3)

where r0 = min{v,1− v} , 0 � v � 1.
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Bhatia [2] introduced a refinement of (1.3) as follows:∥∥∥∥AvXB1−v +A1−vXBv

2

∥∥∥∥ �
∥∥∥∥(1−4v(1− v))

AX +XB
2

+4v(1− v)A
1
2 XB

1
2

∥∥∥∥ , 0 � v � 1.

(1.4)
Unfortunately, the inequality holds only in the trivial cases of v equal to 0, 1

2 and 1.
Zou [7] proved that inequality (1.4) holds for Hilbert-Schmidt norm. For more

information on the Heinz inequalities for unitarily invariant norms, the reader is referred
to recent papers [1, 5, 6, 8], and references therein.

Let A,B and X be n×n complex matrices, if A,B are positive semidefinite, Zou
and He [9] proved the following inequality

∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥ . (1.5)

In this paper, we will improve and generalize the inequalities (1.3) and (1.5) using
the convexity of f (v) .

2. Main results

The following result is a refinement of the inequality (1.3).

THEOREM 1. Let A,B and X be operators such that A and B are positive. Then
for 0 � v � 1 , 0 < μ < 1 and for every unitarily invariant norm

∥∥AvXB1−v+A1−vXBv
∥∥ �

(
1− v

μ

)
‖AX+XB‖+

v
μ

∥∥AμXB1−μ+A1−μXBμ∥∥ , 0 � v � μ

(2.1)
and

∥∥AvXB1−v +A1−vXBv
∥∥ �

(
1− 1− v

1− μ

)
‖AX +XB‖+

1− v
1− μ

∥∥AμXB1−μ +A1−μXBμ∥∥ ,

μ < v � 1. (2.2)

Proof. For v = 0, μ ,1, inequalities (2.1) and (2.2) are obvious. For 0 < v < μ ,
since f (v) =

∥∥AvXB1−v +A1−vXBv
∥∥ is convex on [0,1] , it follows by a slope argument

that
f (v)− f (0)

v−0
� f (μ)− f (0)

μ −0
,

and so
f (v) �

(
1− v

μ

)
f (0)+

v
μ

f (μ),

that is∥∥AvXB1−v +A1−vXBv
∥∥ �

(
1− v

μ

)
‖AX +XB‖+

v
μ

∥∥AμXB1−μ +A1−μXBμ∥∥ .
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For μ < v < 1, similarly, we have

f (v)− f (μ)
v− μ

� f (1)− f (μ)
1− μ

,

and so

f (v) �
(
1− 1− v

1− μ

)
f (1)+

1− v
1− μ

f (μ),

that is∥∥AvXB1−v +A1−vXBv
∥∥ �

(
1− 1− v

1− μ

)
‖AX +XB‖+

1− v
1− μ

∥∥AμXB1−μ +A1−μXBμ∥∥ .

This completes the proof. �

COROLLARY 1. Let A,B and X be operators such that A and B are positive.
Then for 0 � v � 1 , 0 < μ < 1 and for every unitarily invariant norm∥∥AvXB1−v +A1−vXBv

∥∥ � (1− r0)‖AX +XB‖+ r0
∥∥AμXB1−μ +A1−μXBμ∥∥

� ‖AX +XB‖ ,

where r0 =

{ v
μ ,0 � v � μ ,

1−v
1−μ ,μ < v � 1.

REMARK 1. Taking μ = 1
2 in Theorem 1, we can obtain inequality (1.3).

REMARK 2. Theorem 1 is better than inequality (1.3).
For 0 < μ � 1

2 , by (2.1) and (1.3), we have∥∥AvXB1−v +A1−vXBv
∥∥

�
(
1− v

μ

)
‖AX +XB‖+

v
μ

∥∥AμXB1−μ +A1−μXBμ∥∥
� μ − v

μ
‖AX +XB‖+

v
μ

[
(1−2μ)‖AX +XB‖+4μ

∥∥∥A
1
2 XB

1
2

∥∥∥]
= (1−2v)‖AX +XB‖+4v

∥∥∥A
1
2 XB

1
2

∥∥∥ .

For 1
2 < μ < 1, by (2.2) and (1.3), we have∥∥AvXB1−v +A1−vXBv

∥∥
�

(
1− 1− v

1− μ

)
‖AX +XB‖+

1− v
1− μ

∥∥AμXB1−μ +A1−μXBμ∥∥
� v− μ

1− μ
‖AX +XB‖+

1− v
1− μ

[
(2μ −1)‖AX +XB‖+4(1− μ)

∥∥∥A
1
2 XB

1
2

∥∥∥]
= (2v−1)‖AX +XB‖+4(1− v)

∥∥∥A
1
2 XB

1
2

∥∥∥ .

In the following, we give a lemma which will turn out to be useful in the proof of
our result.
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LEMMA 1. Let f (μ) be convex on [0,1] , then

f (μ) � (1−2μ) f (0)+2μ f
(1

2

)
, 0 � μ � 1

2
and

f (μ) � (2μ −1) f (1)+2(1− μ) f
(1

2

)
,

1
2

< μ � 1.

Proof. For 0 � μ � 1
2 , let μ = (1−λ ) ·0+λ · 1

2 , by the convexity of f , it follows
that

f (μ) = f
(
(1−λ ) ·0+ λ · 1

2

)
� (1−λ ) f (0)+ λ f

(1
2

)
= (1−2μ) f (0)+2μ f

(1
2

)
.

For 1
2 � μ � 1, let μ = (1−λ ) · 1

2 + λ ·1, similarly, we have

f (μ)= f
(
(1−λ )· 1

2
+λ ·1

)
� (1−λ ) f

(1
2

)
+λ f (1)= (2μ−1) f (1)+2(1−μ) f

(1
2

)
.

This completes the proof. �

THEOREM 2. Let A,B and X be operators such that A and B are positive. Then
for every unitarily invariant norm∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥
� (1−2μ0)‖AX +XB‖+4μ0

∥∥∥A
1
2 XB

1
2

∥∥∥ ,

μ ∈
[
0,

1
4

]
∪

[3
4
,1

] (2.3)

and ∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � (1−2μ0)‖AX +XB‖+4μ0

∥∥∥A
1
2 XB

1
2

∥∥∥
� ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥ , μ ∈
[1
4
,
3
4

]
,

(2.4)

where μ0 = min{μ ,1− μ} , 0 � v � 1 .

Proof. Since f (v) =
∥∥AvXB1−v +A1−vXBv

∥∥ is continuous on [0,1] , it follows
that ∫ 1

0
f (v)dv = f (μ).

By Lemma 1, we have∫ 1

0
f (v)dv =

∫ 1
2

0
f (v)dv+

∫ 1

1
2

f (v)dv

�
∫ 1

2

0

[
(1−2v) f (0)+2v f

(1
2

)]
dv+

∫ 1

1
2

[
(2v−1) f (1)+2(1− v) f

(1
2

)]
dv

�
f (0)+ f ( 1

2 )
2

.

(2.5)
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If 0 � μ � 1
4 , by Lemma 1, we obtain

∫ 1

0
f (v)dv = f (μ) � (1−2μ) f (0)+2μ f

(1
2

)
. (2.6)

By a small calculation, we have

(1−2μ) f (0)+2μ f
(1

2

)
− f (0)+ f ( 1

2)
2

=
(1

2
−2μ

)(
f (0)− f

(1
2

))
� 0. (2.7)

It follows from (2.5), (2.6) and (2.7) that

∫ 1

0
f (v)dv �

f (0)+ f ( 1
2 )

2
� (1−2μ) f (0)+2μ f

(1
2

)
,

that is ∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥
� (1−2μ)‖AX +XB‖+4μ

∥∥∥A
1
2 XB

1
2

∥∥∥ .

If 1
4 � μ � 1

2 , by Lemma 1, we obtain

∫ 1

0
f (v)dv = f (μ) � (1−2μ) f (0)+2μ f

(1
2

)
. (2.8)

By a small calculation, we have

(1−2μ) f (0)+2μ f
(1

2

)
− f (0)+ f ( 1

2)
2

=
(1

2
−2μ

)(
f (0)− f

(1
2

))
� 0. (2.9)

It follows from (2.5), (2.8) and (2.9) that

∫ 1

0
f (v)dv � (1−2μ) f (0)+2μ f

(1
2

)
�

f (0)+ f ( 1
2)

2
,

that is ∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � (1−2μ)‖AX +XB‖+4μ

∥∥∥A
1
2 XB

1
2

∥∥∥
� ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥ .

For 1
2 � μ � 3

4 . Similarly, we have

∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � (2μ −1)‖AX +XB‖+4(1− μ)

∥∥∥A
1
2 XB

1
2

∥∥∥
� ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥ .
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For 3
4 � μ � 1. Similarly, we have

∫ 1

0

∥∥AvXB1−v +A1−vXBv
∥∥dv � ‖AX +XB‖

2
+

∥∥∥A
1
2 XB

1
2

∥∥∥
� (2μ −1)‖AX +XB‖+4(1− μ)

∥∥∥A
1
2 XB

1
2

∥∥∥ .

This completes the proof. �

REMARK 3. If μ ∈ [ 1
4 , 3

4 ] , (2.4) is sharper than (1.5).
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[5] F. KITTANEH, M. KRNIĆ, Refined Heinz operator inequalities, Linear Multilinear Algebra. 61 (2013),

1148–1157.
[6] M. LIN, Squaring a reverse AM-GM inequality, Stud. Math. 215 (2013), 187–194.
[7] L. ZOU, Inequalities related to Heinz and Heron means, J. Math. Inequal. 7 (2013), 389–397.
[8] L. ZOU, Unification of the arithmetic-geometric mean and Holder inequalities for unitarily invariant

norms, Linear Algebra Appl. 562 (2019), 154–162.
[9] L. ZOU, C. HE, On some inequalities for unitarily invariant norms and singular values, Linear Alge-

bra Appl. 436 (2012), 3354–3361.

(Received December 7, 2021) Wushuang Liu
Faculty of Science

Kunming University of Science and Technology
Kunming, Yunnan 650500, P. R. China

Xingkai Hu
Faculty of Science

Kunming University of Science and Technology
Kunming, Yunnan 650500, P. R. China

e-mail: huxingkai84@163.com

Jianping Shi
Faculty of Science

Kunming University of Science and Technology
Kunming, Yunnan 650500, P. R. China

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


