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NORM INEQUALITIES RELATED TO
HEINZ AND LOGARITHMIC MEANS

GUANGHUA SHI

(Communicated by J. Mi¢i¢ Hot)

Abstract. In this paper, we got some refinements of the norm inequalities related to the Heinz
mean and logarithmic mean.

1. Introduction

There are several means that interpolate between the geometric and arithmetic
means. For instance, the Heinz mean H;(a,b), defined by
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In 1993, Bhatia-Davis [2] obtained that if A,B and X are n X n matrices with A,B
positive semidefinite, then for every unitarily invariant norm |||-||,

1 1
|t xBE|| < 5 1a"xB +aXB || < 514X + XB). (L.1)
The logarithmic mean L(a,b), defined by

Liap) = —4=0 /lafbl—fdt
' loga—logh Jo ’

also interpolates the geometric and arithmetic means. In 1999, Hiai-Kosaki [5] proved
the following inequality

Moreover, in 2006, Drissi [4] proved that the following Heinz-logarithmic inequality
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holds for % <t < %.

A complex-valued function ¢ on R is said to be positive definite if the ma-
trix [@(x; —x;)| is positive semidefinite for all choices of real numbers xj,x2,...,%,,
and n=1,2,.... Let M(a,b) and N(a,b) be two symmetric homogeneous means on
(0,00) x (0,00). M is said to strongly dominate N, denoted by M < N, if and only if

the matrix
[M (ki,/lj)}
N(2i,4;) ij=1,..,
is positive semidefinite for any size n and A,...,A, > 0. Drissi [4] proved that for

a,b >0, H/(a,b) < L(a,b) if and only if % <t < %. In general, the inequality M < N
is stronger than the Lowner’s order inequality M < N.

For more operator or norm inequalities related to the Heinz mean and logarithmic
mean we refer the readers to [8, 9, 7] and the references therein.

2. Main results

LEMMA 2.1. For sinhx and coshx, we have

i) [ > |at| > 0, then the function <8% s positive definite.
cosh Bx p

i) 1 > |at| > 0 with o, B the same sign, then $28% is positive definite.
8 sinh Bx p

(iii) If B >0 and |a| < B/2, then ﬁz#sgfx is positive definite.

Proof. We follow a similar argument as in Chapter 5 of [1]. From the product
representations in p. 147-148 of [1],

sinhx i X2 - 452
= 14+ hx = 14— 2.1
,g( +k2n2>’ costx H( * (2k+1)2n2>’ @D

X k=0

we have

sinhax o = 1+ o /k*n? coshox f[ 1+40%x ) (2k +1)%n?

== = . (2.2
sinhfx B 14 B2 /k>m?’ coshfx ¢ 1+4p%x%/(2k+1)?n? @2)

Each factor in the product is of the form

1+a’x* &> 1-a*/b?

_ 2 2
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Since 1/(1 4 b*x?) is positive definite [1, 5.2.7], it follows that the function
coshax/ cosh Bx is positive definite for |B] > |ot| > 0, and sinh ox/sinh Bx is posi-
tive definite for |B| > || > 0 with o, the same sign.

Since

Bxcoshax gx cosh orx

sinhBx  ginh gx cosh gx
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and x/sinhx is positive definite [1, 5.2.9], it follows from the above argument that

when g > |ot| the function 2 flcn‘;fgfx is positive definite. [J

Now, we define

al—sbs _ asbl—s 1 1—s
Ly(a,b) = = "b'd
(4:0) = T35 lloga —Togh) 1—2sL “ Y

for a,b >0, and 0 < s < % When s =0, it is the logarithmic mean. So we can call it

the generalized logarithmic mean. And we also have lim__, ! Ly(a,b) = atbh?.

THEOREM 2.2. For Heinz mean and the generalized logarithmic mean, we have

(i) If 0 <s < 1/2, and |1 —2t| < 152, then Hy(a,b) < Ly(a,b).
(ii) If |1 —2t| < |1—2s|, then H;(a,b) < Hy(a,b).

(iii) f0O<s<t<1/2,0r1>s>t>1/2, then L;(a,b) < Ls(a,b).

Proof. By definition, H;(a,b) < Ly(a,b) if

i) = {%} j =L

is positive semidefinite. Set A; = " and A; = €%/, with x;,x; € R. Then

(xi_"j)( (1— 21) +e(1 21) )
yij=(1-2s)—= =
6(172.\')7 _ 6(1725‘)7
Thus the matrix [y; ;] is congruent to one with entries
B(=52)cosh(a(*57))
sinh(B ()

where @ = 1 —2¢, B =1—2s. Hence [y; ;| is positive semidefinite if and only if the
function BXSNY i hositive definite, which by lemma 2.1 is correct.

sinh Bx
Similarly, we have H,(a,b) < Hy(a,b) if SN js positive definite, and L (a,b) <

cosh Bx
Lg(a,b) if zigﬁg’c is positive definite. [J

THEOREM 2.3. Let A, B be any positive matrices. Then for any matrix X and for
0<s<1/2and|1—2t| < (1—2s)/2, we have

A" xB +AXB" | < T AXBVay (2.3)
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Proof. Firstly, we assume A = B. Since |||-||| is unitarily invariant, we may suppose
A is diagonal with entries Ay,...,A,. Then we have

1-s
AVIXAT L AIXATT =Yoo (| AXA'av),

s
where Y is the matrix with entries
MAT AN T 2, (0, 0)

y = —59s 59 1—s - .
" A (1—2s)Ls(Ai, Aj)
log;—logA;

A well-known result related to the Schur multiplier norm [6, Theorem 5.5.18, 5.5.19]
says that if ¥ is any positive semidefinite matrix, then for all matrix X,

1Y o X | < max ya|X]]| @24

for every unitarily invariant norm. By Theorem 2.2, Y is positive semidefinite. Apply-
ing (2.4), we have

AT XA+ A XA | <

1—s
/ A'XAVa . 2.5)
S

2
1—-2s
. . . . . A0
Now replacing A and X in the inequality (2.5) by the 2 by 2 matrices 0B and
0X L L .
( 00 ) . This gives the desired inequality (2.3). O

When s = 0, we get Drissi’s result (1.3). Moreover, when s = 0,7 = 1/2, we get
the first inequality of (1.2).

THEOREM 2.4. Let A, B be any positive matrices. Then for any matrix X and for
0<s<1/2, we have

Proof. Suppose A is diagonal with entries Ai,...,A,. Then we have

1-s

AVXBI—Vdv’H < %MAI‘SXBS—#ASXBI‘SIH. (2.6)

N

I1—s
/ A'XA'Vdv =Y o (A'TSXAT + AXA'TY),

where Y is the matrix with entries

AT -AA]
Toghi—Tog; (1—=2s)Ly(Ai,A;)

Yij = A 7Lj1*“' n Al‘lf%; - 2H,(Ai, A})
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By a similar argument as in the proof of Theorem 2.2, we know that Y is positive
definite if and only if

B sinhBx  Jtanhfx

2 BxcoshBx 2 PBx

is positive definite for f = 1 —2s > 0, because tanhx/x is positive definite (see Bhatia
[1,5.2.11]). Thus Applying (2.4) we have

Hence the desired result follows. [l

1—
2

25 I|AsxAs + Ax Al @.7)

1—s
/ AVXAlvdv'H <

s

When s = 0, we get the second inequality of (1.2).

THEOREM 2.5. Let A, B be any positive matrices. Then for any matrix X and for
[l —2¢] < |1 —2s| with 1 —2t,1 —2s the same sign, we have
1—2¢t
Jlat-exs - arxso|| <[ 1=
1—2s

[|A'XB* — A*XB'~||. (2.8)

Proof. Suppose A is diagonal with entries Ai,...,A,. Then we have
AVTXAT —ATXATT =Y o (A1TSXAS — ASXATY),
where Y is the matrix with entries

I—191t ty 1=t
b= A A=A
N YT L
Ap AT = APA
Put A; = ¢" and A; = €%, with x;,x; € R. Then Y is congruent to the matrix with
entries

sinh(a*5)
sinh(ﬁ’%)
where oo = 1—2¢,3 = 1 — 2s. Since (sinh ox) /(sinh Bx) is positive for |B| > |a| > 0

with o, B the same sign, it follows that Y is positive definite. Applying the inequality
(2.4), we have

A" xA" —axAT || < “; ATxA" - AxA| 2.9)

2t
—2s

Hence the desired result follows. [

Set s =0 and s = 1, and combine the conclusions, we have the following inequal-
ity proved by Bhatia-Davis [3],
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COROLLARY 2.6. Let A,B be any positive matrices. Then for any matrix X and

for 0 <t <1 we have

A xB —A'XB"||| < |1 —2t]||AX — XB]|. (2.10)
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