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STRONG DEVIATION THEOREMS FOR
GENERAL INFORMATION SOURCES

SHU CHEN, WEI-CAI PENG* AND ZHONG-ZHI WANG

(Communicated by Z. S. Szewczak)

Abstract. In this paper, we first introduce some new concepts of generalized likelihood ratio,
upper/lower generalized divergence rate and upper/lower generalized relative entropy, as a mea-
sure of randomness to characterize the deviation between generalized information sources and
memoryless (i.e., independent) sources. Then, by adopting pure analysis method on studying
probability limit theory, a class of strong limit theorems and strong deviation theorems for gen-
eralized information sources and generalized information source entropy density are established.
The outcomes extend some existing results of [10] and [21].

1. Introduction

Since [17] established the pioneering work in information theory field, many schol-
ars have achieved a series of in-depth and fruitful research on the theoretical and ap-
plication basis of information theory, and achieved rich results. Many studies, such
as [7], [9], devoted to studying the more general and abstract mathematical model of
the axiomatic system of information theory, and obtained more general results to the
basic theory of information. In the United States, a group of excellent engineers and
technicians are committed to the realization of effective information processing and re-
liable transmission, and have made outstanding contributions to the transformation of
information theory into information technology.

However, most of the above literature are based on the assumption that the source
is stable (or ergodic). [6] successfully introduced the concept of upper/lower probabil-
ity limit, which provided a new idea for the study of general information sources and
called this method spectral information method. Han and his collaborators discussed
the coding theorem, information distortion rate and hypothesis test of general (gener-
alized) sources and achieved a lot of meaningful results. His systematic achievements
are summarized in [6].
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An important problem in information theory is the limit property of sample en-
tropy. In the literature [17], discussed the asymptotic equipartition property (AEP) of
independent identically distributed processes and discussed the case of stationary er-
godic processes. [12] and [3] proved the AEP of ergodic sources on a finite alphabet
set, this is the famous Shannon-McMillan-Breiman theorem. [4] made the extension
to the case of countable set. [13], [16] and [8] obtained the £} convergence of con-
tinuous ergodic sources. [2] and [14] obtained almost everywhere convergence of real
valued ergodic processes. [1] skillfully adopted the sandwich method to give a gen-
eral asymptotic equipartition property. [11], [10], [5], [15], [19], [18] and [20], by
using analysis method, discussed AEP and strong deviation theorem for homogeneous
Markov chains, non-homogeneous hidden Markov chains, tree-indexed Markov chains
and Markov chains in random environment.

As mentioned in the introduction of [6], it is difficult to obtain significant results
without appropriate restrictions on the sources. Motivated by the work of [6], [11],
this paper establishes some new deviation theorems for general information sources,
which generalizes the results of [10] and [21]. It is worth pointing out that we have no
restrictions on the information sources.

The rest of this paper is organized as follows. Section 2 gives some basic con-
cepts and definitions. In Section 3, a kind of limit properties and strong deviation limit
theorems for generalized sources are established.

2. Preliminaries

In this section, we give some definitions and notations which will be used hence-
forward. We start by introducing the notations. Throughout this paper, all random vari-
ables are defined on a fixed probability space (Q,.%,u). Let 2= {&" = (51("), ey
éé"))}new be a general information source, where {éi("),l < i< n} is a random
variable over the n-th Cartesian product 2" of an arbitrary discrete source alphabet
2 ={ay,az,---} and N1 is the set of all positive integers.

Assume that the joint distribution of " are

pn(x(l"),...’xgl"))

:”(él(n) :xgn)f"?éfgn) :xf(ln)) > 07 x(n) € %7 = 1,2,"',71. (1)

i
In general, the information sources satisfy the consistency condition

W™ vi=12..m,

1

for arbitrary m < n and m,n € N* and are usually called the stochastic processes.
But, the general sources considered here are not required to satisfy the consistency
condition, they contain various sources, it contains all of non-stationary and/or non-
ergodic sources.

Further, suppose that the marginal distribution of éi(n) is

pm(xl(n)) :‘u(él(n) :x,(n))7 i=1,2,,n.
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and denote .
(n) L (n)y _ . (n) (n) X NJr
‘In(xl y Ty Xn ) = Hpm(xi )7xl' € , nE .

i=1

By the Kolomogrov measure extension theorem, there exists a probability measure (de-
noted by 1) on (Q,.%) such that

ﬁ(él(n) = xgn)a Y érgn) = xr(ln)) = Qn(xgn)» e 7x£ln))7 (2)
ie. E={&"},cn+, for fixed n, are independent under probability measure [ .

DEFINITION 1. Let u and i be defined as in (1) and (2), respectively. Let " =

(51("), o EVY, e be a random vector, g,(E") and p,(E") be distribution functions
of ", define

Fi) = limsup o ZEE; 3)
and
hﬁ(w) = liminfllog an(8") o

non pn(&")

Eﬁ(a)) and hﬁ(a)) are called the upper and lower generalized divergence-density rate
of probability measure (i relative to [, respectively.

DEFINITION 2. Let D(pyl|g,) = Elog [”"(5")] , define

an(&")
D) = timnt D (p, ) ®
and
D) = timsup =Dl ©

D(ul|/i) and D(u||it) are called the sup-divergence rate and the inf-divergence rate of
U respect to U, respectively.

Let 2= {" = (él(n)7m§}§n))}nEN+ be a general information source. Denote

gi(") :logﬁ, 1<i<n,neN". Forevery n,i (1<i<n),defining,
PnilS;
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be the likelihood ratio and the generating function of r.v. ’g’i(") , respectively.

Hereafter in this context, log means the natural logarithm unless stated otherwise.
We will use the convention that 0log0 = 0, which is easily justified by continuity since
xlogx — 0 as x—0.

LEMMA 1. ([1]) Let {&,}en+ be a sequence of nonegative r.v.'s with EE, <1,
then

1
limsup —logé&, <0 a.s.
n N

3. Main results and proofs

With the preliminaries accounted for, the main results may now be established.

THEOREM 1. Let & = {&" = (", &" ) s, Hi(0), Zu(w), G (r) be
given as above. Let

:@::{w:hﬁ(w)>—oo}. (7)

If there exists a positive constant 1y, such that GE")(ro) <oo, 1<i<n, neNT and

, IS oy
hmnsuanIGi (r0) = G(ry) < o, (8)
then
e L TR0 ]
hn}quni:zl &M -HE)] 20 a5 0eg ©)
and
1 z(n n il
limsup; D [éi( )—H(éi( ))} <ally(w) as. weP (10)
n i=1

where H (éi(n)) = EE}”) is the entropy of r.v. éi("), and
o(x) =inf{g(rx),0<r<rp}, x<0 (11)
2re2G(ro) x

8lrx) = (ro—r)? o x<0 (12

and

2
=
I
()
N
S
2
A

() - [ ]
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Proof. For r € (—eo,r10], define

G5 i= iy [

It can be checked that G;(r,x) is a probability mass function on 2. Put

(n) My . TT ™y 7L ONE
rn(x sy Xn )-: G,‘ (r»x,' ): N pni(xi ) )
1 11 gc}”)(r) | |
and
(m)  g(n)
Anl)(r, CO) — rn(gl(n)a 7€(n))7 n €N+.
pn(él ;T 6n )
Note that
(n) (n)
Tn(Xy "y 3 Xn ) n n
Euh (@) = o) o == (] )
1 » pn(xl 'ttty Xn
:Zx(ln),-",x,(ln)rn(x(ln)f”7x£ln))
<l1.

Obviously, Lemma 1 implies that
, 1 (1)
limsup—logA, ' (@) <0 a.s.
n  n

Noting

logAY (@) = D rgi(") - Zlong")(r) —log % (w),
i=1 i=1

thus,

n

limsup% ngi(")—ZIOgGE")(r)—log.,%(a)) <0 as.
i=1

n i=1

Letting » =0 in (13), we have
|
hi(®) :=liminf —log %, (®w) >0 a.s.
n n

Hence

1
<0 a.s.

i, 1
hy (o) —hmnsupzlog Zi@) S

1155

13)
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By formulas (4), (7) and (13), the properties of superior limit and the inequality

— L1 <logx<x—1 (x>0), we have

. <& [20n n
timsup ~ 3 £~ H(§")]
n i=1 -
<timsup 3 [log 61" (r) — rt (&) ~ (o)
X ; n&= i —=H
<11msup% 2 Gl( )( )—1 —rH(éi(n))} —ﬁﬁ(w)

n

:limsup1 Z]E(e’gi(n) —1-rE™) — () as.weP.
iz

Using the inequality 0 < e* —1—x < 3(x) 2¢l | we have by (14) that
n

limsup r 2 [gi(n) _ H(gi(n))}

nia

—hmsup ! ZE { ")2e " } Hi(0) as.oc?.
n

Since
(ro+r) 46_2
sup{ (logx) x< } ot r<0 and r# —ry
and
4e~2
(ro=r)(1 0<x<1 0
sup{ (logx) x < } o=’ <r<ro
Let r <0 and r# —rp in (15), we have by (16) and (17)
.. J Ly n n
rliminf— )" [él( )—H(él( ))}
g
2 1 & ) A
— limsup — Z Z Pnt(xl("))erlogpnz(X, ) [logpm(xl(" )} —hﬁ(a))
n n i:1x(’1)6%
72 . 1 1—-ry ro+r 2
=— limsup - Z [pnz(x,(n )} {pni(x,(n))] [IOng(x " )} - hﬁ
n n IZIX(H)E%
2re2G(ro) g
o) w(w) as. we?

n

1iminf12{§i<")—H(§}”)) > 2 LAY s wed.
n r

i3

(14)

15)

(16)

7)
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2re=2G(rp) ﬁﬁ(w)

Taking r — —eo in (19), we have T T 0, thus (9) follows

Similarly, put 0 < r < rp in (15), we have by (10) and (17)

. 1< z(n n
limsup. 3} & —nE™)]

1 0 o) a2 k(o
Limsup 33 e e [log ] - 12
g = O r
. 1& n 1—rg ) 70T n 2 hﬂ(w)
:—11msup—z [pm(xl )} [pm-(xl )] [logp,,,-(xl- ))} i
" nl:lx(’l)eé’}f d

From (11) and (12), we have for every x <0,

0<a(x)<g< rov—x >= [W] V=x(1 4 V=),

1—|—\/—x’x )
and
. roy —X
o(0)<1 x ] =0
) xli%g<1+¢—_xx)
hence

The proof is completed. [

Consider an independent and identically distributed information source § = { &},
with source alphabet 2~ and Shannon entropy H(&). The asymptotic equipartition
property (AEP) is the assertion that

—%logp(&,éza'“;én) —>H(€)

either in a sense of .} convergence, convergence in probability or with probability one
as n approaches to . The AEP is fundamental to information theory and is called the
Shannon-McMillan theorem in information theory.

Let Z={&"= (51("), . -,5,5”))},,€N+ be a general information sources. Denote
Pl = (G = G = ). Lt

(@) 1=~ togpu(E"), o)

which is called the generalized information source entropy density of p, (51("), &Y.
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THEOREM 2. Under the conditions of Theorem 1, we have

limint () ~ H(E| > h(0)+ D) a5 0.

and

limsup[fn(w)—%H(é")]gﬁﬁ(w)—ka(hﬁ(w))—i—ﬁ(um), as. WEY.

n

where H(E") = [—logpn(él("), EER 5,5”))} is the joint entropy of random vector E".
Proof. From (5), (9) and (20), we have
liminf [fn(w) - lH(é")}
n n

> lin}qinf% log % n lin}qinf% ; [E}”) —H(E™)

+11m1nf lZH ")]

>hl(0)+D(u||il) as. w€ 2.
Analogously, we have by formulas (6), (10) and (20)

lim sup [fn(w) - %H (5")}

< limnsup % log % +1im supl S [gl_(n) - H(éi(n))]

n ni.=
li H(& &n
+ 1mnsupn in )]
< (©) + a(ifi(©) + D(u|[i) as. €2,
which implies Theorem 2 holds. [

COROLLARY 1. Put u=p,i.e. {éi(n), 1 <i<n},en+ are independent for every
fixed n. If there exists a positive constant ry such that (10) holds, then

limnsup [,,(a)) - %H(é")} =0 as. weg.

Proof. Noticing that in this case, we have D(u||it) = D(u||u) =0, hﬁ(w) =
Eﬁ(w) =0, 2 =Q and a(0) =0. Corollary 1 follows immediately. ]

In the remainder of this section we make the restriction that the source alphabet
2 is finite, i.e. 2" = {al,a2,~~~,a‘gg|},where | -| denotes cardinality operator.
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COROLLARY 2. Under the conditions of Theorem 2, we have

liminf - 3° &M -HE)] 20 a5 0eg
" i=1

n
and
limsup%i [E}” —H(;ﬁ"))} <BH (@) as. weD
n i=1
lin}linf [fn(a)) - %H(é")] > hﬁ(w) +D(ullg) as. o2 (21)
and

limnsup [fn(w) - %H(é")] < Eﬁ(w) +ﬂ(hﬁ(w)) +D(ullg) as. €2 (22)

where
B(x) =inf{h(r,x),0<r<1}, x<0
r
272X |r x 2722 |x
h(rx) =212 25, [0 02X 1 <o
e i R a—rn2
and

0= B(0) < Bl < () = Qe A2 [+ VTV, 23)

Proof. Let ry = 1, note that G(ryp) = G(1) < |27|. The assertion follows directly
from Theorem 1. [

LEMMA 2. Let E be a generalized information source, then {— % log py, (é")}
are uniformly integrable.

neNt

Proof. For each nonnegative integer k define the sets

1
Bi(1,n) := {w: —Zlogpn(’g'") € [k,k+ 1)}
and hence if ® € Bx(1,n) we have

1
k< —Zlogpn(é") <k+1
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or
efn(kJrl) <pn(§n) <efnk.

Thus for any k, we have
1
S [ o toepa(eh)] <l Du(Bi(1m)

COGBk(l,n)
—kt1) Y e

wEBk(lJl)
<(k+1)e ™27
There are at most |2"|" possible n-tuples corresponding to thin cylinders in Bi(1,n)
and each probability less than ¢~

To prove uniform integrability we must show uniform convergence to 0 as k — oo
of the integral

1 n n n n
EA(1,n) = > —pue” ) )

ae{n )

< l n n n n
SY T ) Togp )

=0 weBy (1)

(k+l+1)‘%‘n k+1) —n(k+i)

N
gk

Il
o

(k+ it l)efn(2k+2iflog|f2“\).

N
M

Il
o

Notice that, taking k large enough so that 2k > log| 2’|, then the exponential term is
bound above by the special case n = 1 and we have the bound

EAi(1,n) < Y (k+i+ 1)e (kF2ilogl )
i=0

a bound which is finite and independent of i and n. Taking k — oo, the sum can

easily be shown to go to zero so that prove {—% logp, (& (”))} - are uniformly inte-
ne

grable. O

COROLLARY 3. Let hﬁ(w) and h.(w) be defined as above, then

lin}linf [fn(w) - %H(é")] >y (0) +E(h(0) as. ©0€P. (24)

and

limnsup [fn(w)—%H(gH)} <(2e72]+1) —hﬁ(w) [1+ —hﬁ(w)]

+E(-Hi(0) as. 0. (25)
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H log % (®) H :
Proof. Since { === n> 1, are uniformly integrable, by the Fatou Lemma,
we have

D(px || gn) = liminfE(log £, (®)) = E(h. (o)), (26)

D(pn || n) = limsupE(log. %, (@) < E(hj (@), 27
then (24) follows from (21) , (23) and (26), and (25) follows from (22), (23) and
(27). O

COROLLARY 4. If

then

lim [fn(a)) - %H(é”)] =0 as. (28)

Proof. In this case, t(7) = 1, E(—hf(®)) =0, and h.(0) >0 a.s., (28) fol-
lows from (24) and (25). O

Next, we adopt the method presented above to get some upper bounds on the
generalized divergence-density rate.

THEOREM 3. Let ay € 2, Sp(ar, ®) be the number of occurrences of ay in se-
quence (51("), . -75,5’7)), ¢ be a constant with (0 < ¢ < 1). Let

1
S, (ax, ) == {w:liminf; [ (ar, Epm (ax) ] > c}

and

|2
= U S*(ak, ()
k=1
then

Hy(0) <c—(1+c)log(l+c) as. €S.(c).
Proof. Let t be a positive constant, define

n
Sn(ar,®) 17"!7)
! I,—Il D) pailar)

5 ") (n))

I axn

A1, @) = (29)

Pa(x
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Note that
EAY (1, 0)
Sn(a.0) 471117%
=1 T4(t—1) ppi(a) n "
TR @yl
pn(-xl So, Xy )
n .
:Z n n tsn(ak’w) M
1) ) 1} 1+ (t— 1) ppi(az)
(n)
=3 n pilag) - o)
et LT = D pular)
and

(n)
. puilal) -k
(n)

> pni(xl(@).,l{ak}("E + ¥ pni(xl@).,l{ak}(x?
A ={ar} A {ar)

= pui(ax) -t + (1 — pui(ax))

=1+ (t— 1)ppi(ar).

X

n)) )1))

Hence EA,(qz) (t,0) < 1, then by Lemma 1, we have
. 1 )
limsup —log Ay’ (f,w) <0 a.s. (30)
n N

From (29) and (30), we have

n—o0 .
i=1

1 | 1
liminf{ . log % () + - Y log[1+ (t — 1) ppi(ar)] — ZS"(ak’ w)logt} >0,
thus
—Q .ol ]
—hy(0) = hr{gglf;logfn(w)

1 |
> liminf{ ZS"(ak’ )logt — . zlog[l +(1— l)pm-(ak)}} . (3D

n—so0
i=1
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Let 7 > 1, (31) and the inequality log(1+x) > x(x > 0) imply that

g 1 (n)
—hﬁ(w) > 10gt~1igi°§f; n(ak, ® Epm ]

1< [log[l+ (t = Dpni(ar)]
—logt- hr{ILlo{)lf— 121 { log? — pui(ar)

l n
> logt - liminf — | S, (a, w)logt — me-(ak)]

n—oo n I [:1
log[1 + (t — 1)pni(ar)]
—logt - liminf — { — pnilax)
N—soo zzi log?

> log? {c— limsup — Z [M - Pm’(ak)} }

n—seo M2 logt

> (l+c)logt+1—t as. €S (o),

thus
(@) <t—1—(1+c)logt as. @€S.(c).

We can find that, for any ¢ > 0, g(r) = (1 +c¢)logr + 1 —¢ attains the maximum value
g(14+c¢)=(1+c)log(l+c¢)—c att=1+c. Therefore, we have for ¢ > 0

h“( 0)<c—(1+c)log(l+¢) as. ®eS,(c) O

THEOREM 4. Under of the conditions of Theorem 3, let

1
S*(ar,c) = {a) : limsup ~ [ (ap, @ me a) ] < —C} (32)
n n

and

g

= U S*(ag,c)
k=1
then, if 0 < ¢ < 1 we have

h“() <(c—Dlog(l—c¢)—c as. €S (c).

If c=1, we have
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Proof. Put 0 <r < 1,by (31), (32) and the inequality log(1+x) <x (—1 <x<
0), we have

I N
_@ hZ(a)) < hmnsup; l ak7 me (n) ‘|
| o [1og [1+(t— Dpui(")]

—1i Z
1mnsup n 2 logt

— puix™)

. 1
< llmnSUP; [ (ax, ® anz () ‘|

X
—hmmf Z [71:; ) - pm-(xl(n))]

t_
<—c+l—— as. weS (o).
logt?

Thus
B (@) < (c—1logt+1—1 as. €S (c).

Itis easy to see that g(r) = (1 —c¢)logr+r—1 (0 <t < 1) attains the maximum g(1 —
¢)=(c—1)log(l1—c)—con (0,1]. If 0 < ¢ < 1, we have

h“() <(c—Dlog(l—c)—c as. e S (c).
Similarly, if ¢ =1, we have
(@) <—1 as. oesi(l).

The proof is completed. [

THEOREM 5. Assume that (pi,---,p|g|) with p; >0 and Zl Z\pi=1is adis-
tribution on 2". Denote pmax = max{pi,---,p|o|} and pmin = mll’l{pl,"'7p|@/“}.
Let 2o = {ai: pi=pmin,a@i € 2}, 21 ={a;i:pi=pmax,ai € Z'}. Let aj € X,
Su(ai, ®) be the number of occurrences of a; in segement (51("), ey én(n)). If

S .
limsupM > pi, foralla;e ' — 2y a.s.
n

n—oo

or

lim sup

n—oo

Sq(ai, @
M < pi, foralla; e ' — 21 a.s.
n

then

limsup fu (@) < H(p1, -+, p|2) as.

n—oo
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Proof. Set
nyl 21 4
B Il 2 Pl EW g}

(3)
(@)= pa(&")
3)

It is not hard to verify that EA,;” = 1, so we have limsup % log A£l3)(a)) <0 a.s.
n

Note that
1 Sn ai, @ Sn ai, @
“logA(w)= Y g10g1m+ > (1 - g) 10g Pmin
n raer -2y " ra e — 2 n
1
- _1 n " )
—logpa(&")
thus S
nlai, @ i
limsup f,, (@) < limsup 2 L log Pmin _ 10g Prmin @.s.
n nopger -2, N pi
. S is w
limsup f, (@) < Z log Pmin limsup M —10g Pmin a.s.
n IS AR A i n n
limsup fu(w) < Y, pi 105;lein —10g prmin @.5.
n Fai €2 — 25 i
|2
limsup f,(w) < — ) pilogp; a.s.
n i=1

ie.
limsup fu(@) < H(p1,--+,p|2|) a-s.
n

Notice that

1 Sn ai, @ Sn ai, @
~logAV(0)= Y glogpﬂr > (1 - g) 10g pmax
n iger -2, " rai e X -2, n
1
~logp(&")
Similarly, we have
Sn iy @
limsup f, (@) < limsup 2 (@, 0) log Pmax 10g Prmax @S-
n nopgex—2y N i
Sn iy @
limsup f,(®) < 2 log Pmax 1im sup Sn(ai, @) 10g prmax a.S.
n iaie 2 -2 Di n n
limsup fu(w) < ), pilog pmflx —10g pmax_ @.s.
n

iaie 2 -2 Di
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thus
| 2]

limsup f,,(®) < — 2 pilogp; a.s.
n i=1
Therefore, Theorem 5 follows, i.e.

limsup fu(@) < H(p1,-,pj2|) as. O

COROLLARY 5. limsup,, f; < log|Z’| a.s.

Proof. Let
I}\
AW (@) = 21
Obviously,
I}\
@ () = . lem () .. )
el ()Z ()Z G Pl
x\"ex Mg Pn\Xy s Xn
L
EAL
_1’
hence

which indicates that
1
limsup — [—log| 2| —logpn(E")] <0 a.s.
n n

ie.
limsup f, < log| 2’| a.s. O

REFERENCES

[1] P. H. ALGOET, T. M. COVER, A sandwich proof of the Shannon-McMillan-Breiman theorem, The
annals of probability, §899-909, 1988.

[2] A. R. BARRON, The strong ergodic theorem for densities: generalized Shannon-McMillan-Breiman
theorem, The annals of Probability 13 (4), 1292-1303, 1985.

[3] L. BREIMAN, The individual ergodic theorem of information theory, The Annals of Mathematical
Statistics 28 (3), 809-811, 1957.

[4] K. L. CHUNG, A note on the ergodic theorem of information theory, Mathematical Division, Office of
Scientific Research, US Air Force, 1960.



[5]

[6]

[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

STRONG DEVIATION THEOREMS FOR GENERAL INFORMATION SOURCES 1167

H. DANG, W. YANG, Z. SHI, The strong law of large numbers and the entropy ergodic theorem for
nonhomogeneous bifurcating Markov chains indexed by a binary tree, IEEE Transactions on Informa-
tion Theory 61 (4), 1640-1648, 2015.

T. S. HAN, Information-spectrum methods in information theory, Springer, New York, 2003.

A. Y. KHINCHIN, Mathematical foundations of information theory, Courier Corporation, 2013.

J. C. KIEFFER, et al., A simple proof of the Moy-Perez generalization of the Shannon-McMillan theo-
rem, Pacific Journal of Mathematics 51 (1), 203-206, 1974.

A. N. KOLMOGOROV, A. T. BHARUCHA-REID, Foundations of the theory of probability: Second
English Edition, Courier Dover Publications, 2018.

W. L1u, The Strong Deviation Theorms and Analytical Methods (in Chinese), Beijing, Science Press,
2003.

W. L1u, W. YANG, The Markov approximation of the sequences of N-valued random variables and a
class of small deviation theorems, Stochastic Processes and their Applications 89 (1), 117-130, 2000.
B. MCMILLAN, The basic theorems of information theory, The Annals of Mathematical Statistics,
196-219, 1953.

S.-T.C. Moy, Generalizations of Shannon-McMillan theorem, Pacific J. Math 11 (2), 705-714, 1961.
S. OREY, On the shannon-perez-moy theorem, Contemp. Math 41, 319-327, 1985.

W. PENG, W. YANG, Z. SHI, Strong law of large numbers for Markov chains indexed by spherically
symmetric trees, Probability in the Engineering and Informational Sciences 29 (3), 473—481.

J. PIERCE, The early days of information theory, IEEE Transactions on Information Theory 19, (1),
3-8, 1973.

C. E. SHANNON, A mathematical theorem of communication, Bell System Technical Journal 27, (3),
379423, 1948.

Z. WANG, A kind of asymptotic properties of moving averages for Markov chains in Markovian envi-
ronments, Communications in Statistics-Theory and Methods 46 (22), 10926-10940, 2017.

Z. WANG, W. YANG, The generalized entropy ergodic theorem for nonhomogeneous Markov chains,
Journal of Theoretical Probability 29 (3), 761-775, 2016.

Z. WANG, W. YANG, Markov approximation and the generalized entropy ergodic theorem for non-
null stationary process, Proceedings-Mathematical Sciences 130 (1), 1-19, 2020.

Z.-Z.WANG, S.-S. YANG, H.-F. JIANG, F.-Q. DING, On strong limit theorems for general informa-
tion sources with an application to AEP, Communications in Statistics-Theory and Methods 50 (6),
1387-1399, 2021.

(Received January 7, 2022) Shu Chen

School of Mathematics & Physics
AnHui University of Technology
Ma’anshan, 243002, China
e-mail: 13855217135@163.com

Wei-cai Peng

Department of Mathematics and Statistics
Chaohu University

Hefei, 238000, China

e-mail: weicaipeng@126.com

Zhong-zhi Wang

School of Mathematics & Physics
AnHui University of Technology
Ma’anshan, 243002, China
e-mail: zhongzhiw@126.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



