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MAJORIZATION PROBLEMS FOR A CLASS OF
ANALYTIC FUNCTIONS DEFINED BY SUBORDINATION

EBRAHIM ANALOUEI ADEGANI, DAVOOD ALIMOHAMMADI,
TEODOR BULBOACA AND NAK EUN CHO*

(Communicated by V. R. Allu)

Abstract. In the present paper we study a majorization problem for a class of analytic functions
of a-convex functions defined by subordination with respect to a given function ¢. In a special
case we obtain the majorization problem for the class .# () of o -convex functions. Further,
coefficient bounds for some majorized functions are estimated.

1. Introduction

Let U:={z € C: |z] < 1} denote the open unit disk of the complex plane C, and
let .o/ be the class of functions f analytic in U that have the following representation

flz)=z+ Eanz", zeU.
n=2

Also, let . be the subclass of o7 consisting of all univalent functions in U. Further,
let @ represent the category of all analytic functions @ in U that are satisfying the
requirements @(0) =0, and |@(z)| < 1 forall z € U.

DEFINITION 1. [25, 26] For two analytic functions in the unit disk 6 and ©, we
state that 8 is quasi-subordinate to © if there is a function v analytic in U, such that
0(z)/v(z) is analytic in U,

0(z

o) 0(2),

v(z)
and |v(z)| <1, z € U, where “ < stands for the usual subordination for analytic func-
tions in U. We denote the above quasi-subordination by

0(z) <4 O(z). (1)
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‘We remark that the relation (1) can be rewritten as
0(z) = v(2)0(®@(z)), z€ U,

where |v(z)| <1, z€ U, and @ € ®@. Therefore, for v(z) = 1 the quasi-subordination
reduces to the subordination [9], i.e.

0(z) =0(o(z)), z€ U,

written as 0(z) < ©(z), while for @(z) = z the quasi-subordination reduces to the
majorization [16], i.e.
0(2) =v(2)0(2), z€ U,

written as 6(z) < ©(z), and in this case we say that 6 is majorized by ©.

Using the concept of subordination, Ma and Minda [17] introduced the classes
*(p) and € (@), where @ is an analytic function with positive real part in U, starlike
with respect to @(0) = 1, with ¢(U) symmetric with respect to the real axis, and
¢'(0) > 0. Ma and Minda [17] defined the above mentioned classes as follows:

fon L2f'(2)
(@) = {fe;zf’. o) <<p(z)}

and

_ R
C(9) = {fed. 1+ 70 -<q0(z)}.

As remarkable special cases, taking ¢(z) = (14+Az)/(1+Bz) where Ac C, -1 <B<
0 and A # B, we get the classes .”*[A, B] and %[A, B], respectively, and these classes
with the restriction —1 < B < A < 1 reduce to the well-known Janowski starlike and
Janowski convex functions, respectively. By replacing A =1 —20o and B = —1, where
0 < a < 1, we obtain the classes (o) and € (o) of starlike functions of order
o and convex functions of order o, respectively. In particular, * := .%*(0) and
% := % (0) are the class of starlike functions and of convex functions in the unit disk
U, respectively. In this regards, see also the articles [3, 4, 6, 28, 29].

In 1969, Mocanu [21] introduced the class of o -convex functions, denoted by

/
M (o), as follows: for @ € R a f € &/ with M #0, z €U, is said to be
Z

o-convex in U if

Re{(l—a)zﬁg) +oc<1+z'j:/((;)')>} >0,zeU.

Clearly, .”* ;= .#(0) and ¢ := . (1) are the class of starlike functions and of convex
functions in the unit disk U, respectively. In 1973, Miller et al. [19] proved that
functions belonging to .# (¢t) are starlike for all real ¢, and convex for o > 1.

The unified treatment of various subclasses of starlike and convex functions by Ma
and Minda [17] motivates one to consider similar classes defined by subordination. In
this regards, the class . (o) was further generalized by Ali et al. [2] by introducing
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the class .Z (a, @) of o -convex functions with respect to ¢, that satisfies the above
Ma and Minda conditions, by

M (o, ) == {f co:(1- O‘)Z;;S) +o (1 + ZJJ:,H(S)) ~< (p(z)}. 2)

As special remark, we see that [24]

//(m%_zzﬂk) =M (a,pB),0<B <1,

AM0,0)=:"(p), and A (1,0)=:%F(0).

Silverman [27] considered the class ¢4 defined by using various combination of
zf'(z)/f(z) and 1+zf"(z)/f'(z) and investigated properties of the functions of this
class (see also [23, 32]). Thus, a function f € <7 belongs to the class %ﬁ if it satisfies
the subordination condition

1+2f"(2)/f (2)

FOE P

where 0 < 3 < 1.

The majorization problem for the normalized classes of starlike functions has re-
cently been investigated by MacGregor [16] and Altintas et al. [7]. Moreover, some
authors have investigated majorization problems for the families of meromorphic and
multivalent meromorphic or univalent functions including various linear and nonlinear
operators (see [8, 12, 13, 30, 31]). Lately, Cho et al. [10] studied majorization problem
for the general class of .#*(¢) and presented many consequences of the main result,
while the given results would generalize many of the previous ones. Moreover, they
investigated coefficient bounds for majorized functions associated with the mentioned
class.

Motivated essentially by the recent works [16, 10], in the present paper we study
a majorization problem for the general category .# (o, @) and % with various special
consequences of the main result. Also, some suitable relations of the outcomes are
presented with those reported in the earlier results. Moreover, coefficient estimates for
majorized functions related to the class .# (a) are obtained.

2. Main results

Throughout this paper we assume only that ¢ is a univalent function with positive
real part in U, with ¢(U) symmetric with respect to the real axis, and normalized with
¢©(0) = 1, in other words we will use weaker conditions on ¢ mentioned in the previous
section.

First, we study a majorization problem for the general category .# (o, ). For
this goal, the following outcomes will be employed in the proofs of our main results.
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LEMMA 1. [20, Theorem 1] Let B and y be complex numbers with  # 0, and
let h(z) =c+hiz+---, be regularin U. If Re [Bh(z) + 7] > O then the solution of

zq'(zx)
(2) + Ba)+y h(z),

with q(0) = ¢, is regular in U. The solution satisfies Re[Bq(z) +7v] > 0 and is given
by
. -1
(s [Hocta) —yp e
0

. -1
P (B [ HOP T a) B e

B [*h(1) i
zexp(;/o Tdt>’ if c=0,
zexp(/oz%dt),ifc;éo.

LEMMA 2. [15, Theorem 2 (see also page 210)] Let f(z) =z+ §, ayz’ € A (),
v=2

q(z) =

where

o> 0. Let S(n) be the set of all n-tuples (x;,x2,+++,%y) of non-negative integers
for which 2 ix; = n, and for each such n-tuple define q by 2 xi=gq. If Y(o,q) =

i=1

oo 1)(0(1 2)...(a—q) with Y(ot,0) = o, thenforn=1,2,---,

jan1] <Y

where summation is taken over all n-tuples in S(n), and c, are given by

T((X,q— l)c)lchz CZ”
X1 !XQ! n!

b

1 n—1

[12+ka).

nlo"(1+no)

Cn =

The bounds are sharp and for o0 > 0 are attained by the function f. defined by

o= [1 6105 20

LEMMA 3. [32, Corollary 2.6] Let A and B be such that —1 < B<A < 1. Then
4, C 7*[A,B) where b= (A—B)/(1+|A|)?. For A#0 the inclusion is sharp.

The next lemma that represents Theorem 2 of [10] holds also if we assume the
weaker conditions for the function ¢ mentioned at the beginning of this section. Fol-
lowing the same proof as in [10] we saw that the assumptions that ¢ should be starlike
with respect to @(0) = 1, and the condition ¢’(0) > 0, both assumed in [10], are not
necessary.
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LEMMA 4. [10, Theorem 2] Let 6 € o/, © € ./*(¢) with 0(z) < ©(z), then
|6/(2)| < |©'(z)] for all 7 in the disk |z| < ry, where ry is the smallest positive root of
the equation

‘nllin|(p(z)| (1-r)—2r=0,r€(0,1).
zl=r
Our first main result is the next one:
THEOREM 1. For a >0 let 6 € o, © € A (o, ) with 0(z) < O(z). If ¢ is

convex in U, then |0'(z)| < |0/ (z)| for all 7 in the disk |z| < ¥/, where 1 is the smallest
positive root of the equation

min |y (z)| (1 —r*) —2r=0, r € (0,1),

Jzl=r
with .
v =@ [THoreta) ®
and
H(z) = zexp (/;%m). 4)

Moreover, the function y is univalent with real positive part in U.

Proof. For © € .# (o, ) let define the function p(z) :=z0'(z)/O(z), z € U.
Then, the subordination relation of the definition formula (2) for © € .Z (¢, @) is
equivalent to

' (2)
p(z)+o =< ¢(z). ®))
@+ <o)
Supposing that the function y satisfies the differential equation
2y (z
V() +o v =0(2), y(0) =1, (6)
v(2)

since the function ¥ has positive real part in U, using Lemma 1 for § = 1/o, y=0,
and ¢ = 1, it follows that the solution y of the differential equation (6) is analytic in
U, with Rey(z) > 0, z € U, and is given by (3), where H is defined by (4).

On other the hand, since ¢ is convex and y is analytic in U with Rey/(z) > 0,
z € U, using [18, Theorem 3.4.g] for ¢(w) = o/w it follows that y is univalent in
U, and since p satisfies the differential subordination (5), from [18, Theorem 3.4.g] it
follows that p(z) < y(z) < ¢(z), that is

720'(z)
0(z)

and v is the best dominant of the subordination (5). Thus, we proved that © €
A (o, @) implies © € .S (y), or

A (o, 9) C S (y).

< y(2),
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Therefore, by the assumptions 0 € 7, © € .7*(y) with 0(z) < O(z) and the
above inclusion, from Lemma 4 we conclude that |6(z)| < |©’(z)]| for all z in the disk
|z| <7/, where ¥ is the smallest positive root of the equation

min|y(z)| (1-7%) —2r=0, r € (0,1),

[zl=r
and the proof is completed. [J

For oo =1 Theorem 1 reduces to the reported result Theorem 2.1 of [11] when 6
be majorized by © € € ()

COROLLARY 1. Let 6 € &7, © € € () with 0(z) < O(z). If ¢ is convexin U,
then |0'(z2)| < |0/ (2)| for all z in the disk |z| < ¥/, where ¥ is the smallest positive root
of the equation

ln‘lin\l//(z)| (1—r*) —2r=0,r€(0,1),
z|=r

with

v(z) =H(z) (/OZH(t)t‘ldt)_l,

H(z) = zexp (/()Z%dt).

Moreover; the function y is univalent with real positive part in U.

and

Taking @(z) = in Corollary 1 we get the next result for 6 be majorized

1—
1

Vi-z

N

by @,where@e%( ) =CV np(1/2) (see [14]):

COROLLARY 2. Let O € o/, @ € €V 11 (1/2) with 6(z) < ©(z). Then, |6’(z)| <
|©'(z)| for all z in the disk |z| < r}|, where r| is the smallest positive root of the equa-
tion

y(—r)(1=1*)—2r=0,re(0,1),
with
4z ' 1
(14VT=2)° ~Blog (141 —2) +4+8In2

v(z) =

-8
1+v1—z

Proof. If we take ¢(z) =

1
in Corollary 1, then ¢ is convex (univalent)
iz Y 4

in U, with real positive part, @(U) is symmetric with respect to the real axes, and
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¢(0) = 1. Then we obtain that the function v is convex (see the proof of Theorem 8
in [5], pages 5-6, relations (45)—(48)) and

2) (/OZH(t)tldt>
4z 1

1+vI1- —8log(1++/1—2)+4+8In2
( ) 1+\/IT og (1+ z) +4+8In

-1

1
=1+-z+-,2z€0,

where

and all powers are considered at the principal branch, that is log1 = 0. Further, since
v (Z) = y(z) forall z € U it follows that y(U) is symmetric with respect to the real
axis. Thus, combining with the fact that y is convex in U, and because Re y(z) > 0,
z € U, it follows that

min{Rey(2) : |z| <r} = y(-r)

or
min{Re y(z) : |z| <r} =y(r), re (0,1).
25
1.5
1
0.5
0 T
0 02 04 ] 0.6 0.8 1
Figure 1: The plot of w(r) — red, and w(—r) — blue, for r € (0,1)
From the Fig. 1 made with MAPLE™ software we get
y(—r) < wy(r), re(0,1).
Therefore

min{Rey(2):|z| <r} =y(-r) = ﬁlln\‘//( 2)], r€(0,1),
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and this completes the proof. [J

For ¢(z) = 1+ pz, with p € (0,1], Corollary 1 leads to the next result for the
functions 6 majorized by © € € (1+ pz) (see [5]):

COROLLARY 3. Let 0 € .o/, © € € (1+pz), p €(0,1], with 6(z) < O(z). Then,
160" (z)| < |©'(z)| for all z in the disk |z| < ry, where 1} is the smallest positive root of
the equation
v(—r) (1 — r2) —2r=0,re(0,1),

where
(0) = pzexp(pz)
exp(pz) — 1

Proof. We will take ¢@(z) =1+ pz, p € (0,1], in Corollary 1, which is convex
(univalent) with real positive part in U, @(U) is symmetric with respect to the real
axis, and ¢(0) = 1. Also, the function ¥ is convex (see the proof of Theorem 6 in [5])

and .
_ “H(t) \  _ pzexp(pz) . P,
v(z) =H(z) (/0 , dt) _exp(pz)—l_l+2z+ ,z€ U,

with

H(z) = zexp (/OZ Mdt) =zexp(pz).

From the same reasons like those of the proof of Corollary 2 we have

min{Rey(2) : |z| <r} = y(-r)

or
min{Rey(z) : [z <r} =wy(r), r€(0,1).
If we define the function ¥ : [-r, 7]\ {0} — U, with r € (0,1), by
prexp(pr) .
W(x):=1< exp(px)—1’ if x & [=r\ {0},
1, if x=0,
then

_ pexp(px) (exp(px) 21 px)’ x€ =]\ {0},

(exp(pr) — 1)
Itis easy to check that In(1+4y) <y for y € (—1,+e0), which implies exp(px) > 1+ px
for all x € [—r,r]\ {0}, therefore y'(x) >0, x € [—r,r]\ {0}. A simple computation
shows that ¥ is continuous at x = 0, and combining with the fact that ¥ is a strictly
increasing function on each of the intervals [—7,0) and (0,r], we deduce that

v/ (x)

y(=r) <y(r), re(0,1).
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Therefore

min {Rew(3) : o <} = y(—r) = min|y ()], r (0.1,

which completes our proof. [

with 0 < B < 1, we get the next

1+(1-2
If we put in Theorem 1 ¢(z) = M

result when 6 be majorized by © € .# (o, 3):
COROLLARY 4. Let 0 € &7, © € 4 (0, B), with a>0, 0< B <1, and 0(z) <
O(z). If the function
1
v(z) ==
R (1 L 1)

o o *z—1

(7)

is convex in U for some o0 >0 and B € [0,1), then |6'(z)| < |©/(2)| for all z in the
disk |z| <y, where 1 is the smallest positive root of the equation

1
Y CEIREa.

v T

(1—-r)—2r=0,r€(0,1),

and oF\(a,b,c;z) is the Gaussian hypergeometric function.

Proof. Let chose oo >0 and 3 € [0,1) such that the function y is convex (univa-
lent) in U.
I1+(1-2
Setting ¢@(z) = Hliﬁk

b4
positive part in U, ¢@(U) is symmetric with respect to the real axis, and ¢(0) = 1, we
will use Theorem 3.3d. of [18] by taking in the subordination (3.3-11) of [18, page 109]
the values

in Theorem 1, which is convex (univalent) with real

1
B:=—, v:=0, A:=1-23, B:=-1.
o
Thus, the assumptions of Theorem 3.3d., i.e. Re[ +7]=1/0 > 0 and (3.3-10) of
[18, page 108] are satisfied, and according to this theorem, combined with the relations
(3.3-13) and (3.3-15) of [18, page 110], (see also [1, Theorem 2.2]) we conclude that

1
v(z) = 20-p) 1 1 z .
F = 1,=+1;—
2 1( L o ’Z 1)

o

On the other hand, to determine the best lower-bound

min Rey(z)

lz]=r<1
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we will use Theorem 1 of [22] (see also [18, Theorem 3.3e]). Therefore, by choosing
in this theorem | |
=—>0 =—>0, a:=0
Bi=2>0 Bt+y:=_2>0, :

since :
—o
o€ o, 1), op:= maX{T;O} <1,

we obtain that the best lower-bound is

min Rey(z) = y(—r) 1
Z = —r) = .
|z|]=r<1 2F1(2(1o:ﬂ)’1’é+1;r-%1>

Since y(U) is symmetric with respect to the real axis, y was assumed to be
convex in U for some  and f3, and Rey(z) >0, z € U, it follows that

min|y(z)| = minRe y(z) = y(-r),

|z|=r |z|=r

and this completes the proof. [J

3% 3w 3
2 4 4 2 1

Figure 2: The plot of ® (Re'), R=1-10"%, t € [0, 27], for B =1/2 and a € [3,3.01]

1
If we take B = = in the above corollary, from the Fig. 2 made with MAPLE™
software we get that the function @ defined by

zw”(Z)> ,

®(z) :=Re (1 + e

1
where  is given by (7) is positive in U for all o € [3, 3.01]. Therefore, for f = 3 and
o € [3,3.01] the function y is convex, and from Corollary 4 we get the next example:
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EXAMPLE 1. Let 6 € &7, © € 4 (0,1/2), with o € [3,3.01], and 6(z) < O(z).
Then, |0'(z)| < |©(z)] forall z in the disk |z| <7, where 7 is the smallest positive root
of the equation

1
2 (g hg + L

) (1—-r)—2r=0,r€(0,1),

and ,Fj(a,b,c;z) is the Gaussian hypergeometric function.

Similarly, considering o = 3.001 in the above corollary, from the Fig. 3 made
with MAPLE™ software we get that the function @ defined by (2), where v is given
by (7), is positive in U for all B € [0.4999, 0.5001]. If follows that for o« = 3.001 and
B €10.4999,0.5001] the function y is convex, and from Corollary 4 we get:

Figure 3: The plot of ®(Re"), R=1-10"%, € [0,2n], for o =3.001 and B €
[0.4999, 0.5001]

EXAMPLE 2. Let 6 € &7, © € .#(3.001,0), with 8 € [0.4999,0.5001], and
0(z) < O(z). Then, |0'(z)| < |©'(z)| for all z in the disk |z| <7, where 7 is the
smallest positive root of the equation

1

20-p)
Fl( soor L 3oor + L7

) (1-r*)—2r=0,r€(0,1),

and ,Fi(a,b,c;z) is the Gaussian hypergeometric function.

For B =0 in Corollary 4 we get the next result when 6 be majorized by © where
Qc.#(a):
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COROLLARY 5. Let 0 € o/, © € ./ (o), with a > 0, and 6(z) < O(z). If the
function

1
2F1 (2,1, 5+ 1)

o’ o

is convex in U for some o > 0, then |0'(z)| < |0©'(z)| for all z in the disk |z| <1},
where 1} is the smallest positive root of the equation

v(z) =

®)

1
2F1(a’1’a+1’r+1

)(1—r2)—2r:o,re(0,1),

and ,Fy(a,b,c;z) is the Gaussian hypergeometric function.

If we set o € [20,20.01] in the above corollary, from the Fig. 4 made with
MAPLE™ software we get that the function ® defined by

®(z) = Re (1 2 ((Z))) ,

where y is given by (8) is positive in U for f = 0. Therefore, for B =0 and « €
[20,20.01] the function y is convex, and from Corollary 5 we get the next example:

Figure 4: The plot of ® (Re'), R=1-107%, ¢ € [0, 27], for B =0 and « € [20,20.01]

EXAMPLE 3. Let 6 € o7, © € . (a), with o € [20,20.01], and 6(z) < O(z).

Then, |6'(z)| < |©'(z)| for all z in the disk |z| < r., where r, is the smallest positive
root of the equation

1
2Fi (5 Lg + 17

) (1—-r)—2r=0,r€(0,1),

and ,Fi(a,b,c;z) is the Gaussian hypergeometric function.
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THEOREM 2. Let A and B be such that —1 < B < A < 1, and suppose that 0 €
o, ©cG(B), where B = (A—B)/(1+|A|)?. Then, |0'(z)| < |©'(z)| for all z in the
disk |z) <", where ¥ is the smallest positive root of the equation

1—-Ar
1—Br

(1—r*) —2r=0,r€(0,1).

Proof. If @ € o/ and © € 4(B), with B = (A—B)/(1+|A[)?, using Lemma 3 it

follows that © € .*[A, B]. Since ¢(z) = 1 1 BZ is convex (univalent) in U, with real
F4

positive part, and @ (U) is symmetric with respect to the real axis, we have

. 1-Ar
min|o(@)| = e(=r) = 5

Now, from Lemma 4 our result follows immediately. [l

For B=—1and A=1-24, with 0 < A < 1, the above theorem reduces to the
next particular case:

COROLLARY 6. Let 0 < A < 1, and suppose that 6 € «/, © € 4(2(1—2)/(1 +
|1 —2A()?). Then,

(1—(1=24)r)(1—r)—=2r=0, r€(0,1).

THEOREM 3. Let 0(z) =z+ E an?" € o, and O(z) = z+ § by € M (o),
n=2 n=2
o >0, with 0(z) < O(z). Then,

n Y(or,g— 1))
R P e L
=)

X1 !)CQ! . -xj,ll
where the summation is taken like in Lemma 2.

Proof. Since 0(z) < ©(z), by the majorization principle there is an analytic func-

tion v(z) = X ¢u2", with |v(z)| <1 in U, satisfying

n=0
0(z) =v(2)0(z), z€ U,
that implies
a, =cob,+c1by1+---+cpobry+cp1,n=2,3,---. 9)

If y is an arbitrary circle |z| = r, with 0 <r < 1, thatis z = rei¢, 0 < ¢ <2rm,

then . @
V(z
= [ Y&y k=01,
Ck 27ti/’ka+l 2y 3 Ly
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In view of the above relation we can rewrite (9) in the form (see also [16, p. 99])

1 v(z) -1
n = — L4 boz+-+b,2" )| dz, n=2,3,---.
a 2m/y[zn(+zz+ —l—z)]zn

Using the well-known fact that |v(z)| < |z| for all z € U, from the above relation we
get

1 2t 1 ) '
lan| < —/ ‘1 —i—bzrelc_|_...+bnrn—let(n—1)§) ¢
0

=1

< 1/2” L (4 loalr b+ bl ) dC
\_ _ r “ e n
21 Jo 2

=1

<

(L+1|ba|+---+1|bn|), n=2,3,---.

-1
And since the above inequality holds for all r € (0,1), letting r — 1~ we conclude that
lan| < 1+ |62+ +|bp|, n=2,3,---.

From this inequality, using Lemma 2 we obtain the required inequality. O

As a special case of this theorem we easily get the next result:

EXAMPLE 4. Let 0(z) = z+ §, ay?' € o, and O(z) = z+ E bnt' € M (),
n=2 n=2
o >0, with 6(z) < ©(z). Then,

2

<14+ —.
a2] +1+oc

Proof. Since O(z) =z+ E by7" € A (), according to Lemma 2 for n = 1 we
n=2
get

Y(a,g—1)ci' 2
x1! - 1+06.

bo] <

Now, from Theorem 3 for n = 2 and the above inequality it follows that

2 Y(ot,g—1)c]'c2 ¢} Y(ot,g—1)c)! 2
|“2|<1+Z<Z 2 =1+Z( i.)1:1+
j=2 b

xl!xz!---xj_l! 1+0o’
where all the above summations are taken like in Lemma 2. [

Acknowledgement. The fourth author was supported by the Basic Science Re-
search Program through the National Research Foundation of Korea (NRF) funded by
the Ministry of Education, Science and Technology (No. 2019R111A3A01050861).



[1]
[2]
[3]
[4]
[5]

[6]
[7]
[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]

[26]

MAJORIZATION PROBLEMS FOR A CLASS 1273

REFERENCES

E. A. ADEGANI, T. BULBOACA, A. MOTAMEDNEZHAD, Sufficient condition for p-valent strongly
starlike functions, J. Contemp. Math. Anal., 55, 4 (2020), 213-223.

R. M. ALI, V. RAVICHANDRAN, S. SUPRAMANIAM, The Fekete-Szegd coefficient functional for
transforms of analytic functions, Bull. Iranian Math. Soc., 35, 2 (2009), 119-142.

D. ALIMOHAMMADI, N. E. CHO, E. A. ADEGANI, A. MOTAMEDNEZHAD, Argument and coeffi-
cient estimates for certain analytic functions, Mathematics, 8, 1 (2020), 88.

D. ALIMOHAMMADI, E. A. ADEGANI, T. BULBOACA, N. E. CHO, Logarithmic coefficients for
classes related to convex functions, Bull. Malays. Math. Sci. Soc., 44, (2021), 2659-2673.

D. ALIMOHAMMADI, E. A. ADEGANI, T. BULBOACA, N. E. CHO, Logarithmic coefficient bounds
and coefficient conjectures for classes associated with convex functions, J. Funct. Spaces, 2021, (2021),
Article ID 6690027, 7 pages.

D. ALIMOHAMMADI, E. A. ADEGANI, T. BULBOACA, N. E. CHO, Successive coefficients of func-
tions in classes defined by subordination, Anal. Math. Phys., 11, (2021), 151.

0. ALTINTAS, O. OZKAN, H. M. SRIVASTAVA, Majorization by starlike functions of complex order,
Complex Var. Theory Appl., 46, (2001), 207-218.

S.BULUT, E. A. ADEGANI, T. BULBOACA, Majorization results for a general subclass of meromor-
phic multivalent functions, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys., 83, 2 (2021),
121-128.

P. L. DUREN, Univalent Functions, (Grundlehren der mathematischen Wissenschaften 259, New
York, Berlin, Heidelberg, Tokyo), Springer-Verlag, Berlin/Heidelberg, Germany, 1983.

N. E. CHO, Z. OrROUJY, E. A. ADEGANI, A. EBADIAN, Majorization and coefficient problems for a
general class of starlike functions, Symmetry, 12, 3 (2020), 476.

K. GANGANIA, S. S. KUMAR, On certain generalizations of .#*(y), Comput. Methods Funct. The-
ory, (2021), https://doi.org/10.1007/s40315-021-00386-5.

P. GoswaMmlI, M. K. AOUF, Majorization properties for certain classes of analytic functions using
the Saldgean operator, Appl. Math. Lett., 23, 11 (2010), 1351-1354.

S. P. GOYAL, P. GOSWAMLI, Majorization for certain classes of analytic functions defined by fractional
derivatives, Appl. Math. Lett., 22, 12 (2009), 1855-1858.

S. KANAS, V. S. MASIH, A. EBADIAN, Relations of a planar domains bounded by hyperbolas with

families of holomorphic functions, J. Inequal. Appl., 2019, (2019), 246.

P. K. KULSHRESTHA, Coefficient problem for alpha-convex univalent functions, Arch. Ration. Mech.
Anal., 54, (1974), 205-211.

T. H. MACGREOGOR, Majorization by univalent functions, Duke Math. J., 34, (1967), 95-102.

W. C. MA, D. MINDA, A unified treatment of some special classes of univalent functions, In Proceed-
ings of the Conference on Complex Analysis (Tianjin, 1992); Internat. Press, Cambridge, MA, USA,
(1992), 157-169.

S.S. MILLER, P. T. MOCANU, Differential Subordinations, Theory and Applications, Marcel Dekker
Inc., New York, 2000.

S. S. MILLER, P. T. MOCANU, M. O. READE, All o -convex functions are univalent and starlike,
Proc. Amer. Math. Soc., 37, (1973), 553-554.

S. S. MILLER, P. T. MOCANU, Univalent solutions of Briot-Bouquet differential equations, J. Differ-
ential Equations, 56, (1985), 297-309.

P. T. MOCANU, Une propriété de convexité généralisée dans la théorie de la représentation conforme,
Mathematica (Cluj), 11, 34 (1969), 127-133.

P. T. MOCANU, D. RIPEANU, 1. SERB, The order of starlikeness of certain integral operators, Math-
ematica (Cluj), 23, 46 (1981), 225-230.

M. OBRADOVIC, N. TUNESKI, On the starlike criteria defined by Silverman, Zeszyty Nauk. Politech.
Rzeszowskiej Mat., 24, 181 (2000), 59-64.

D. V. PROKHOROV, J. SZYNAL, Inverse coefficients for (a,[3) -convex functions, Ann. Univ. Mariae
Curie-Sktodowska Sect. A, 35, (1984), 125-143.

M. S. ROBERTSON, Quasi-subordinate functions, In: Mathematical Essays Dedicated to A. J. Macln-
tyre, Ohio University Press, Athens, OH, (1970), 311-330.

M. S. ROBERTSON, Quasi-subordination and coefficient conjecture, Bull. Amer. Math. Soc., 76,
(1970), 1-9.


https://doi.org/10.1007/s40315-021-00386-5

1274 E. A. ADEGANI, D. ALIMOHAMMADI, T. BULBOACA AND N. E. CHO

[27] H. SILVERMAN, Convex and starlike criteria, Int. J. Math. Math. Sci., 22, 1 (1999), 75-79.

[28] J. SOKOL, A certain class of starlike functions, Comput. Math. Appl., 62, (2011), 611-619.

[29] J. SOKOL, J. STANKIEWICZ, Radius of convexity of some subclasses of strongly starlike functions,
Zeszyty Nauk. Politech. Rzeszowskiej Mat., 19, (1996), 101-105.

[30] H. TANG, M. K. AOUF, G. DENG, Majorization problems for certain subclasses of meromorphic
multivalent functions associated with the Liu-Srivastava operator, Filomat, 29, 4 (2015), 763-772.

[31] H.TANG, H. M. SRIVASTAVA, S.-H. L1, G.-T. DENG, Majorization results for subclasses of starlike
functions based on the sine and cosine functions, Bull. Iranian Math. Soc., 46, (2020), 381-388.

[32] N. TUNESKI, On the quotient of the representations of convexity and starlikeness, Math. Nachr.,
248/249, (2003), 200-203.

(Received November 10, 2021) Ebrahim Analouei Adegani
Faculty of Mathematical Sciences

Shahrood University of Technology

P.O. Box 316-36155, Shahrood, Iran

e-mail: analoey.ebrahim@gmail .com

Davood Alimohammadi
Department of Mathematics
Faculty of Science, Arak University
Arak, 38156-8-8349, Iran

e-mail: d-alimohammadi@araku.ac.ir

Teodor Bulboacd

Faculty of Mathematics and Computer Science
Babegs-Bolyai University

400084 Cluj-Napoca, Romania

e-mail: bulboaca@math.ubbcluj.ro

Nak Eun Cho

Department of Applied Mathematics

College of Natural Sciences, Pukyong National University
Busan 608-737, Republic of Korea

e-mail: necho@pknu.ac.kr

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com



