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Abstract. Motivated by the results of Zhao and Cheung, we deduce a Hilbert-Pachpatte inequal-
ity with alternating signs involving non-homogeneous kernels. We also obtain a generalization
of a related result known from the literature.

1. Introduction

The Hilbert-Pachpatte inequality is one of interesting inequalities in mathematical
analysis and its applications (see [1], [4], [5], [7]-[9]). Although classical, it is still of
interest to numerous authors.

Recently, C. J. Zhao and W. S. Cheung [7],[8] obtained some Hilbert-Pachpatte
inequalities with alternating signs. Their result is contained in the following theorem:

THEOREM 1. Let p> 1, £ 42 =1, andlet 0 <by1 <by <--- <by<by, 0<
Omr1 Say < <ap<Lay forn=0,1,....r+1and m=0,1,...,s+1, respectivily.
Further, let A,y = Y2 (= 1) ay and B, = 331 (= )" by If f and g are convex,
nondecreasing and nonnegative functions on [0,by] and [0,a,], respectivily, then the
following inequality holds

s+1 r+1 En Zm s+2
qoiqﬁ) +)g;<n+) 5 < Dpars | 2 (glam-1) = glam))?(s = m+3)
m=0n=0 m—1
r+2 1
X | D (f(ban1) = f(b2))P (r=n+3)| , (1)
n=1
where
Dpgrs= als+2) —|—p(r+2). (2)
pPq
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In 2019, Ts. Batbold, L. E. Azar and M. Krni¢ [1] considered generalizations of
Hilbert-Pachpatte inequality with non-homogeneous kernel. For some similar works on
the extensions and generalizations of Hilbert-Pachpatte inequality, we refer the reader
to [2], [7]-[°].

In this paper, following the way of [1], [7], we give a generalization of Hilbert-
Pachpatte inequality (1). More precisely, in the sequel, we deduce more general form
of inequality (1) containing non-homogeneous kernels. Furhermore, a generalization
of a related inequality is also obtained.

2. Main results

We have already mentioned, we will extend this inequality for a class of non-
homogeneous kernels defined by K (m,n) = (A, +pn) ", myn € NU{0}, u > 0. Here,
and throughout this paper (A4 )uenuqo; and (pn)nenufoy are positive sequences of real
numbers.

LEMMA 1. (Szegd’s inequality, [6]) If O < bop+1 < bop < -+ < by < by and f is
convex on [0,by], then

2n+1 2n+1
7 ( Y (-1 k+1bk> 2 D £(by). 3)
k=1 k=1

THEOREM 2. Let 00> 1, g+g =1, andlet 0 <boyp1 <by < <by<by, 0<
A1 S < Say<ay forn=0,1,....r+land m=0,1,....s+1, respectivily.
Further, let A, = Y2 (= 1) ay and B, = 331 (= 1) by If f and g are convex,
nondecreasing and nonnegative functions on [0,by] and [0,a,], respectivily, then the
following inequality holds
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0

Proof. Using the following relation
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which follows from the definition of the Gamma function, the left-hand side of inequal-
ity (4) can be rewritten in the following form:

|l S e @ ez
= — —Am¥ a 7pnx
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k=1
2n+1
<Y (D) f(be)
k=1
n+1
= D (f(boy—1) — f(bx)), (®)
k=1
and
_ m+1
g(Am) < D, (glaz—1) — glax)), ©))
=1

where, for the sake of simplicity, we write f(b2,42) = g(azm+2) =0.
By the above inequalities (7), (8), (9), and Holder inequality, we have

s+1 r+1 f(En)g(Zm)
2.2 Tt
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< m/o (x ety (g(a%—l)_g(a%)))

m=0 (=1
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n=0 k=1

1
B

=1

- 1 el s+1 B mmerl , ﬁd
ST / X 26 2 (aze-1) — g(ax)) X

r+1 n+l @ o
Xl/o Xt 1(26 PN (f b2k1)_f(b2k))> dx] : (10)
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Using again Holder inequality and relation (6), we obtain

m=0

it B
X <m+1 Z (az—1) azz)))] dx]
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Finally, applying the Holder inequality and interchanging the order of summation, we
obtain

s+1 r+1
f(Bn)g(Am)

5.3, Hell

m=0n=0 m n

=1

s+1 « m+1 % m—+1 é ’ é
<Cup | D (m+1)7B <El> <E(g(a2€_1)—g(a%))a>



1279

HILBERT-PACHPATTE INEQUALITIES

r+1 B n+1 é n+1 l% e
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n=1
which concludes the proof. [J

REMARK 1. It should be noticed here that if o« =g¢q, B =p, An = m—“, Pn =

1 1
"qil and p = 1, the constant reduces to Cj , = (s+2)7(r+2)4. By using Young’s
inequality we get the Theorem 1.

REMARK 2. Taking Ay = (m+ 1)¥, py = (n+ 1)¥ in (4), we have

1
o

s+1 r+1 —n Zm 542 .
f(li J¢) T~ <Cip | 2 (8(azm—1) —glazm))*(s —m+3)
m=01=0 ((m+ DF + (n+ 1)u) o
[r42 %3
< | X (fban1) = f(ban)P(r=n+3)|
n=1
- (11)
where
Crp= 7%[37% (S+2)l (r—|—2)é (12)

THEOREM 3. Let p,g>1, a > 1, + + % =1, and let (an), (by) be positive

non-increasing sequences of real numbers Further, let A,, = 22"”1( 1)€+1ae and
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B, = Y21 (— 1) 1by. Then holds the inequality

)IID JRL LR | PR (AP Pl
m=0n=0 (A«m+pn)“ P m=1 "
r+1 é
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where
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and Ay =Y Nag-y — az),  Bu= Y| (bok—1 —b).

Proof. By virtue of (6), it follows that

m=1 n=1

s r P ’1 oo s o
Eantirmak (75 (7 Eom)e

Using the following inequality (see [3])

m= l m=1 :1 ’
where y > 0 is a constant and z,, > 0, it easily follows that

m+1

- - ip-1
Ah=AD<p Y (ay-—axy)A}
=1
and
. B n+1 a1
Bl =B1<q) (by_1—bu)B] ",
k=1

and we assume that az,+2 = b2 =0.
From (15)—(17) and using Holder inequality, we have
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Using again Holder inequality and relation (6), we obtain
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Now, using the Holder inequality and interchanging the order of summation, we have
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REMARK 3. If u =1, 4, = (m+1)/B and p, = (n+1)/o, so our inequality

(13) reduces to the corresponding result established in [8].

REMARK 4. Taking A, = (m+ l)lli, pn=(n+ l)lll in (13), we have

s r KPEII » s+1 - h %
Z 1 — T~ gc}L,p Z(s_m+2)((a2m—l_a2m)Ag1_ )ﬁ
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