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HERMITE-HADAMARD TYPE INEQUALITIES
FOR RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS VIA STRONGLY /#-CONVEX FUNCTIONS

Y1 XING, CHAOQUN JIANG AND JIANMIAO RUAN*

(Communicated by J. Pecaric)

Abstract. In this paper, the Hermite-Hadamard type inequalitis for Riemann-Liouville fractional
integrals via strongly /-convex functions are established. Furthermore, we obtain some identi-
ties related to the fractional integrals with n-times differentiable functions, and then gain mid-
point type and trapezoid type error estimates connected with the Hermite-Hadamard type in-
equalities, which generalize some known results.

1. Introduction

Let 7 be an interval in R and % : [0,1] — [0,e0) be a given function. A function
f:1— R iscalled h-convex provided that

flex+ (1 =2)y) <h()f(x) +h(1=1)f(¥) (L.1)

holds for all x,y € I and 7 € (0,1). This notation was introduced by VaroSanec [33]
and generalizes the classes of convex functions, s-convex functions (in the second
sence), Godunova-Levin functions and P-functions, which are obtained by taking in
(L.1) h(z) =1t, h(t) =1 (s € (0,1)), h(t) = 1/t and h(z) = 1, respectively. Many
properties of them can be found, for instance, in [10, 12, 16, 25, 26, 38].

A significant application of the convex function is the well-known Hermite-Hada-
mard inequality, if f : [a,b] — R is a convex function, then

(1) <t o L0

This inequality was studied extensively and had been extended under various convex
type functions. In 1995, Dragomir, Pecari¢ and Persson [1 1] established similar results
for Godunova-Levin functions and P-functions. In 1999, Dragomir and Fitzpatrick [9]
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obtained an analogous inequality for s-convex functions (in the second sence). In 2008,
Sarikaya, Saglam and Yildirim [29] extended it to /-convex functions.

Following Polyak [23], a function f :1 — R is said to be strongly convex with
modulus B > 0 if

flex+(L=1)y) <tf(x) + (L=1)f(y) = Br(L = 1)(x—y)*, (1.3)

forall x,y €I and 7 € (0,1). The function played an important role in optimization the-
ory, mathematical economics and so on (see e.g. [17, 18, 19, 23, 24, 34, 35]). In 2011,
Angulo, Gimenez, Moros and Nikodem [3] introduced the strongly 4-convex function,
which unified the classes of strongly convex functions and /Z-convex functions. And
then they extended (1.2) to these new functions.

DEFINITION 2. [3] Let 4:[0,1] — [0,°0) be a given function and 3 be a positive
constant. We say that f : I — R is strongly h-convex with modulus f3, or f belongs
to the class SX(h,B,1), if

flex+ (1 =1)y) Sh(0) f() +h(1=1)f(y) = Br(1 = 1)(x = y)?, (1.4)
forall x,y €l and t € (0,1).
Particularly, if f satisfies (1.4) with h(t) =1, h(t) =1* (s € (0,1)), h(r) =1/t and
h(t) =1, then f is said to be strongly convex functions, strongly s-convex functions,
strongly Godunova-Levin functions and strongly P -function, respectively. Moreover, it
is not difficult to check that 4(1/2) > 0 if f € SX(h,[,I) and f > 0. As an application,
the authors [3] established the following Hermite-Hadamard inequality.

THEOREM A. Let f € SX(h,,]a,b]) and h be Lebesgue integrable on (0,1)
with h(1/2) > 0. If f is Lebesgue integrable on |a, b|, then

1 a+b B 1 b
2n(1/2) [f< 2 )+E(b_a)2] S m/a Jlx)dx
1
< (@ +r0) [ noa-Lo-ar. s

It is notable that Theorem A reduces to Theorem 6 in [29] with § — 0.
Let a >0 and f € L([a,b]). The left-sided and the right-sided Riemann-Liouville
fractional integrals J, f and Ji f of order o are defined by

J% f(x) = ﬁ/ﬂx(x—t)a”f(t)dt, x€ (a,b], (1.6)
and | .
% f(x) = W/ (t—x)% L f(0)dt, x € [a,b), (1.7)

respectively, where T'(ot) = [ e~ dx is the Gamma function.

In recent years, Hermite-Hadamard type inequalities via the fractional integrals
are studied extensively, for instance, see [5, 8, 27, 30, 32, 36, 37] and the references
therein.

In 2017, Sarikaya and Yildirim [28] first obtained a remarkable inequality of
Hermite-Hadamard type involving the fractional integrals.
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THEOREM B. [28] Let f :[a,b] — R be a convex function and f € L([a,b]).
Then

a a—1
1(437) < S Vs 1@+ 10 <

 Sa)+f(b)
R

In 2020, Budak, Ertugral and Sarikaya [6] extended it to more generalized frac-
tional integrals. In 2021, Zhang, Farid and Akbar [39] obtained an analogue inequality
as Theorem B for strongly (s,m)-convex functions.

In 2000, Pearce and Pecari¢ [25] proved an important equality connect with the
left part of (1.2).

LEMMA A. [25] Let f: [a,b] — R be a differentiable function and f' € L([a,b)).

Then
1 b b
E/a f(x)dx—f(a; )

1 [ /( ' (b—x)f (x)dx — / (M)/z(x —a) f’(x)dx]

" b-a a+b)/2

60|

1/2

tf (ta+ (1 —t)b)dt—/1;2(1 ~ 0 (ta+(1 —t)b)dt].

By the lemma, the authors showed the following result.

THEOREM C. [25] Let f: |a,b] — R be a differentiable function. If |f'|7 is
convex on [a,b] with 1 < g < e, then

b _ 1( N4 INIAR YL
s [ e (442 < 2 (L)

Furthermore, some estimates for concave functions are also achieved in [15] and
[25]. In 2004, Kirmaci [14] rediscovered Lemma A and established some other esti-
mates similar to Theorem C. In 2011, Alomori, Darus and Kirmaci [2] obtained ana-
logue results for s-convex functions. And more results about the difference estimates
connected with (1.2) can be referred, for instance, to [4, 13, 25].

In 2017, Sarikaya and Yildirim [28] found an important identity related to Riemann-
Liouville integrals as follows.

LEMMA B. Let f:[a,b] — R be a differentiable function and f' € L([a,b]). Then

2" T(a+1) [J(ib)f( >+J§i,+b>+f<b>] ~f (#)

(b—a)” 2
b—a [! 1—t 141 1+1 1—

= 1-0%| | — —b —_— —b dt.
7ol (e i) - (e )4

It is not difficult to check that Lemma B becomes Lemma A with ¢ = 1. As a

consequence, they obtained the following midpoint type inequalities for differentiable
functions.
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THEOREM D. [28] Let f: [a,b] — R be a differentiable function. Suppose that
|f'|9 is convex on [a,b] for 1 < g < oo.

(i) If 1 < g <o, then

2971 (o + 1)
b—a) P(

- f<>+fg 10 -1 (452

T

= ( 2(0+2 ) [(a+D)|f (@) + (a+3)|f' (b))
+ (o +

S 4(a+1)
+[(@+3)f @)+ e+ DI )] 17}

(i) If 1 < g < oo, then

2a<;r(z+l) ey 1@+ ) ‘f<a;b)‘
/

by~

b— a /' (a \+3\f’ BN (317 (@] + 47 (B) )

<l () | (A (o)
[If(a

b—a 4 1/p
<
4 <ap+l)

where 1/p+1/qg=1.

I+IF @],

Itis notable that Theorem D reduces to the theorems in [14]. In2017, Set, Sarikaya
and Gozpinart [31] generalized the proceeding theorem to conformal fractional inte-
grals. In 2020, the authors [6] extended them to more generalized fractional integrals.
In 2021, the authors [39] gained similar inequalities for strongly (s,m)-convex func-
tions. Moreover, Noor and Awan [20] proved an equality for twice differentiable func-
tions.

LEMMA C. [20] Let f: |a,b] — R be a twice differentiable function and f" €
L([a,b)). Then

S Py @+ gy 0] -1 (457)

= éfa_f)lz) /01(1—z)°‘+1 [f”(l; +ﬂb>+f”<1;t +1—b>}dt.

Consequently, they established the following inequalities for s-convex functions.

THEOREM E. [20] Let f € C*([a,b]) and f" € L([a,b]). Suppose that |f"|? (1 <
q < o) is an s-convex function (in the second sense).
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(i) If 1 < g <o, then

e Yy o Sy 1] = (57

(b—a)? 1o\
S 23+s/4(ar+1) <a+2)
1/q
" {<‘/01(1_t)a+l(1+t)sdt|f//(a)’q+ﬁ’f//(b)|q>

n 1 | // |II+/ a+1(1+t dt|f” )}q l/a
s+o+2 ’

(i) If 1 < g < oo, then

% sy S0+ 0] =1 (57|

(b—a)2 1 I/p 1 1/q
< 23+5/4(a+1) (p(a+l)+l> ( 1)
{1 =D @I O @ - ),

where 1/p+1/q=1.

2

On the other hand, in 1998, Dragomir and Agarwal [7] established the following
identity for the right hand side of (1.2), and then they gained error estimates related to
it. Some more studies please refer to, for examples, [1, 13, 14, 22].

LEMMA D. [7] Let f € C'([a,b]) and f' € L([a,b]). Then

HZIO L [ =20 [0 =201 Gat (1 -0

In 2016, Ozdemir, M. Avci-Arding and H. Kavurmaci-Onalan [21] (Lemma 2 for
x= (a+Db)/2) proved a trapezoid type equality for differentiable function via fractional
integral.

LEMMA E. [21] Let f € C'([a,b]) and f' € L(|a,b]). Then

27 (e + 1) [ g o ~ fla)+(p)
(b_a)a |:J(1H2rb)f( )+J(a+b)+f(b)] >

= @/01[1—(14)“] [f’(%mr%b) f (%H%b)}dﬁ

Thereafter, Budak [5] obtained it for generalized fractional integral in 2019 and
Budak, Ertugral and Sarikaya [6] extended it to other fractional integrals in 2020. As a
consequence, the authors obtained the following results.
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THEOREM F. [5, 6] Let f € C'([a,b]) and f' € L([a,b)). Suppose that |f'|4 is
convex on [a,b] for 1 < q < es.
(i) If 1 < g <o, then

2014+ 1) [, o fla)+ f(b)
g T+ 0]
b—a « o+1 3o0+7 Va
S 2jaatl <2((x+2)|f( '+ 2y O )
300+7 o+ 1 Y
(i@l e ]
(ii) If 1 <q <eoo, then

20 1F(a+l) { Ja

fla)+T? f(b)} _M'

T h—a  |(42) (=52)" 2
b— a / /' (a \+3\f’ BN (317 (@] 47 B) )
S ap+1 l( ) +< 4 )
b—a( 4 \'7
< <ap+1) [ @+ @],

where 1/p+1/q=1.

In the sequel, we assume that the function % in the above definitions is always
Lebesgue integrable on [0,1]. Denote L(I) be the set of Lebesgue integrable functions
on the interval I and let C"(I) be the space of functions f with its derivatives f (%)
continuous on [ for all 0 < k < n. The aim of this paper is to extend the above re-
sults to strongly /-convex functions and obtain some error estimates related to these
inequalities.

2. New Hermite-Hadamard inequality via Riemann-Liouville fractional integrals

In this section, we establish a similar results as Theorem B for strongly /-convex
functions.

THEOREM 1. Let f € L([a,b]) and f € SX(h,B,[a,b]) with h(1/2) > 0. Then

2/1(1 72) {f (a;b> * z<aﬂ+(b1>_<2>2+ 2)}

< 2a 1r a+1 [J s fla +Jf‘a+/,)+f( )}
1 —a 2
<! a/o e n(g) e (1= 5)ar- B
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Proof. Since f is a strongly h-covex function with modulus 3, for any 7 € [0, 1]
we have

a+b 1/1—¢ 1+¢ 1 /1+¢ 1—1¢
f( 2 )Zf[i(T“ l’) z( 2 ¢ —b)}

<h(1/z>f<E +ﬂb)+h(1/z) (% +—b> Brp_ap,

2

with means that

1 a+b
ah(l/z)f<T>
</01( b 1f< ! +ﬂb>dt+/ ) 1f<1+t %b)dt

_3(17—“) /01(1 _ %12y

4h(1/2)
A e s 2 [P i
B (b—a)o‘ ,/(,H_b)/z(b ) f( )d + (b_a)a/a ( ) f( )d (2-1)
N B(b—a)’
4h(1/2)o(a+1)(a+2)

2T [ « ool Bl-ap
= b_a [J(wf( ) (agpy I )} ah(1/2)a(at (0 12)

Therefore we finish the first inequality of the theorem.
On the other hand, it is easy to see that

f (%cﬂ— %b) <h (E> fla)+h (ﬂ) f(b)— w(b—a)z,

2.2)

2 2 4
1 1— 1 1— 1 1
r(Ftar i) <n(S) s (50 ) s - PEEE a2
which, combing with (2.1) and (2.2), imply that
2°T(a) [ a a ]
(b—a)a J(#) f( )+‘I(a+b)+f(b)

0 2

< [f(a)Jrf(b)]/Ol(l—z)"“l [h (%)+h<l;t)]d —ﬁ(bz_“) (aﬁ;j‘”).

:/01(1—1)0‘1f<%a+ﬂb)dz+ 1(1—:)‘“f<ﬂ +—b)dt

Thus we finish the proof of Theorem 1. [

If taking h(z) =t and h(r) =¢*, then Theorem 1 reduces to Corollary 3 and Corol-
lary 4 in [39], respectively. And, it is not difficult to see that the theorem is Theorem A
for oo = 1. Letting B — 0 in Theorem 1, we have the following result.
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COROLLARY 1. Let f:]a,b] — R be an h-covex function with h(1/2) >0 and
f€L([a,b]). Then

1 a+b 270 (e + 1) [, o
2h<1/2>f( 2 >< b a)" [’(M) @)+ agny /B )}

< LI Lot o (5) +h (1-5)]

Especially, if i(t) =, Corollary 1 becomes Theorem B.

3. Midpoint type inequalities for » times differentiable functions

In this section, we will extend the midpoint type inequalities in Theorem D and
Theorem E to the case of strongly /-convex functions with n order derivatives. For the
sake of convenience, if f: [a,b] — R is an n-times differentiable function, we denote

e(r37) - 2 Dot 1) e 1@+ Iy 1) -1 (750

(b—a) ; (252) 2
) b—a) ) (ath
,zzl 2T (o +k) 7 ( 2 ) G-

Itis easy tosee thatif n=1or 2, £ ( f, ““’ ) have the same concise form:

(f,“b)zza(;r_(z;l) [Jg;z,,)f(nf(a (b )} f(“;”). (32)

Now we introduce the following key lemma.

LEMMA 1. Let f € C"([a,b]) and f") € L([a,b]), n € Z* . Then
b b—a)" 1 1
£<f’a; ) - 2n+1;—[n—1a()a+k) [(—1)”/0 (1=t e (% +—b>d

+/ )0l U(% +ﬂb)dz},

here we denote TI_ (o +k) = 1.

It is not difficult to check that Lemma 1 reduces to Lemma B and Lemma C for
n=1 and n = 2, respectively.

Proof. Without loss of generality, we may assume n > 2. Integration by parts n
times show that

1
/(l—t)‘”"‘lf(") (% +1—b>dt
0

_ 1 —
:_bzaf(nfl) <a+b>_2(a+n 1)/ (1 — g)otn=2pln= )(ﬂ +:b)d
- 0

2 b—a 2 2
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o 2 f(nil) a+b _22(a+n—1)f(n72) a+b
 b—a 2 (b—a)? 2

22(a+n—1)(a+n—-2) [} ain—3 pn2) (11 1=t
+ (b—a)2 A(I—Z) + f (T +—b>d

'2 o (a+b\ 2%(a+n—1) , 5 (a+th

:mf( U( 2 >_ (b—a)? / 2)< 2 )
B(a+n—1)(a+n—2) 3 (a+b

a2 ()
(- 12"(a+n—1)(o+n—2)---(0+1)  (a+b
(b—ay ()
—1)non n— n—2)--- 1
(=1)"2"(a+ (;)_(:j;;n 2) (OH'I)O‘/O (l—t)alf<ﬁ —l——b)d

2
_n—l( 1)n—i=lgn= JHk JH(OH—k) ) a+b
=z a0 ()

j=0
(=129 Ty (e + k)T (a)
- (b—a)otn J(a_er_b)’f(a)'

+

(=D"(b=a)"
2L (o)

D)t e <n><ﬂ ﬁ)
2"+11'[Zi(a+k)/0 (1= (s =tp ) ar (3.3)
_ 2ot o 1 <a+b) W EDb-a) <.,»><a+b>
- (b—a)™ J(‘%—b)if() f J:zizjﬂnizl(a"‘k)f 2 )

Similarly, using integration by parts n times again,

1 _
/(l—t)‘”"‘lf(") (% +ﬂb>dt
0

2 (e k) o fat b | 2% T (o) T(0)
(b—a) 2 (b—a)n (5

Multiplying both sides of the proceeding equality by we obtain

Jj=0

which means that

(b_a)n ! _ \a+n—1 £(n) (E ﬂ )
—2“1“2_%(&%)/0(1 N (s = ) ar (3.4)

_m o B a+b ol (b_a)j () atb
= T hoae J( )+f() f( ) j:ziszHi:l(a“‘k)f (2 )

Therefore we complete the proof of the lemma by (3.3) and (3.4). U
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Using Lemma 1, we obtain the following fractional integral inequalities. For sim-
plicity, we first denote

1/2
d:/ tOH*nflh {% / O(+n lh )d
0 1/2

THEOREM 2. Let f € C"([a,b]) and f") € L([a,b]),n € Z". Suppose that ’f(”) !

€ SX(h,B,[a,b]),1 < g < es.
(i) If g=1, then

(7))

< Zm vy (@) + [ 0)) - gttt A,

IR ICEN 2ntot (g4-n+1)(o+n+2)

(i) If 1 < g <eoo, then

(3

2(a+n)/q—n—l(a =+ n)l/q(b _ a)"
[Tj— (o +k)

lola vl - gblesmssear )

<

200n2(q+n+ 1) (e +n+2

+ [%‘ﬂn)(b))ud‘f(n)(a)‘q_ B(a+n+3)(b—a)? )] 1/q}

Z(OtJrn)/qfnfl(OC _|_n)1/q(b _ a)n
[T (e +k)

" {<%1/q+931/q> (‘f(”)(a)‘ + ‘f(n)(b)D +2 [ B(a+n+3)(b—a)? )} l/q} |

<

20442 (g -n+1) (oe+n+2

(iii) If 1 < g < oo, then

(+3)

(b—a)" ( 1 )1/1’
S 2P (k) \ploctn— 1)+ 1

x{(l/zh Jae | £ ’+ e 1) |1 (b ’q_ﬁ(bli—z‘”z)l/q

; </1;2h(t)dt )|+ /01/2’“’)"‘ ) - B(bli_za)z) ‘/"}
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_ (b—a) ( 1 )1/1’
2P (ot k) \p(otn—1) +1

([ ) (o) ] G
afza])
where L+ 4 = 1.

Proof. (1) If g = 1, then it follows from the fact of |f| € SX(h,f3,[a,b]) that

‘/ DR )<¥ +—b)dt
< [ a=nmtn () @] n (50 )

(I—=1)(141)
f(b—a)zldt

—B

1 12
— notn // (1 )O£+n lh dl‘f ‘ +20£+n/ ta-‘rn—lh(t)dt‘f(n)(b)‘
1/2 0

B B(o+n+3)(b—a)?
4a+n+1)(a+n+2)

’_ B(a+n+3)(b—a)?
d(oo+n+1)(a+n+2)

— Dotz ‘f(n) (a)’ + potn oy ’f(n) (b)
Similarly,

‘/ Y )<1—t JrH—tb)d
2

' B(a+n+3)(b—a)?
4(a+n+1)(a+n+2)

< 2“*"&7|f ‘4—2"‘*"%']‘

Then we complete the proof of (i) by the proceeding two inequalities and Lemma 1.
(2) If 1 < g < oo, then power-mean inequality and the fact of | f|? € SX (h, 8, [a, b])
show that

yen- 1 1+1¢ 1
‘/ =l pln (T +—b)dl
L anet )1‘1”( Lo et
g(/o(l t) dt /0(1 1)

1/q
dt)

141 1—1¢
(N
f(2 +2b)
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< 1 1=1/q 20¢+n/1 (l—t)a+"71h(t)dt‘f(")( )‘q
S \a+n 1/2 ¢

o Blatnidb-af ]“q
4a+n+1)(a+n+2)

206+n 172 OH*nflh d (n) b
s [ a0 o

B o (otn)/q B(o+n+3)(b—a)? 1/q
~ (a+n)t- 1/‘1[ ‘f ‘ —HZ{‘f (b>‘ _2°‘+"+2(a+n+1)(06+n+2)] ’

and

/1(1 —[)a+n71f(n) (% +ﬂb)d '

0

2(e+n)/g g Bloatnt3)b—-a? 1Y
< - (n) _
T 1/‘1[ ‘f ‘ —HZ{‘f (a)‘ 2°‘+"+2(a+n+1)(06+n+2)] ’

which finish the proof of the first inequality in (ii) by Lemma 1 again.
For the proof of the second inequality, let

by =2 [P () dr ‘f(”) )|’

a1 = 11 =) h(o)dr | ) a)

a2 = [\ =)@ O B, by = Jo 2145 h(r)ar | £ (a)

o o B(a+n+3)
1= 2= = 3am 2 (grnt 1) (atnt2) (b—a).

According to the fact that

> (laxl + [be] + lex])’ Z larl” + X 1oe + Y lal’, 0<s <1,
fa =1 =1 =1

then the desired result can be obtained easily.
(3) If 1 < g < oo, then the Holder inequality and the fact of |f|? € SX (h, B, [a,b])
tell us that

'/ yoetnl g )<¥a+%b>dt
L T4 1—1 \]7 )\
(a+n—1) (n)y (11TF 1=
< (/0 (1 —r)Plot dt) (o ( 5 a+ b) dt)
1 1/p 1+1¢ BN
s <p<a+n—1>+1> {/0 ( )\f o'+ (T) )]

—B(l_t)(l+t)(b—a)2]dt}l/q

4
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1/p
— <—p(a+nl—l)+l> (2/1;2h(t)dt)f(")(a))q

1/q
1/2 PRy
2] h dt‘f r,_@) .

By the same way, we have

/()l(l_t)a+n—1f(n) (% +ﬂb>d ‘
1 1/p 1 q

- - (n)
s (p(a+n—1)+l> (2/1/2h(t)dt’f (b)‘

1/q
+2 1/2h dt‘f ’q—M> .

6

Then we complete the proof of the first inequality in (ii) by the above two inequalities
and Lemma 1.

The second inequality is proved by a similar way as (2), we leave the details to
readers. [

Letting B — 0. We have the following results.

COROLLARY 2. Let f € C"([a,b]) and f™ € L([a,b]), n € Zt. Suppose that
‘ ik 7

(i) If 1 < g <o, then

=3

pletm)/a—n=1(o 4 p)l/a(p — q)
[Ti—(a+k)

{llf v o] ]| ||

< Gy T () (] + o).

(i) If 1 < g < oo, then

a —a) 1/
()< mmpters <a+n1—1>+1> p
{(/ he dt’f ’+ e dt’f ’q>l/q
+ (/1;2h(t)dt ‘f(”)(b)‘qu/ol/zh(t)dt )f(”)(a)‘q) Uq}

is an h-convex function with 1 < g < oo.

<




1322 Y. XING, C. JIANG AND J. RUAN

_ (b—a) ( 1 )‘/1’
\2n+1/pH":1(a+k) (a+n—1)+1

x [( 01/2 )Vq </ It dt)”‘f] (/@] + |2 w)).

REMARK. By changing of variable, it is not difficult to check that Corollary 2 ex-
tends Theorem D and Theorem E for n =1, h(t) =t and n =2, h(t) =1°, respectively.

1,1 _
where 1_7+5_1'

4. Trapezoid type inequalities for n times differentiable functions

In this section, we will prove some similar results as Theorem F for strongly %-
convex functions with n order derivatives. For simplicity, if f € C"([a,b]), we denote

a+b\ 2°'T(a+1) [, o [l +f()
R(1:457) = g ey 1@+ ey 0] -1
[+ ()] (b—a) T (0 +K) = jt ;) (a+b
+,-=21 i AT (o8 ff( 5 ) @.1)

Itis easy to check thatif n=1 or 2, R ( £ “J{—b) has the simplified form:

at+b\ 29 (a+1) [, o f(@)+£(b)
<f7 )‘ b—a) [J(a;,,)f( @)+ I (D )] L @)

Now we introduce the following key lemma.
LEMMA 2. Let f € C"([a,b]) and f") € L([a,b]), n € Z* . Then

atb\ (b—a)" LS otk o o
%(f, 5 >__2”+1HZ}(oc+k)/o l k(nl_l)! (1= 1) — (1 — 1)+ 1]

<l (Frestge) oo (e )|

It is not difficult to check that Lemma 2 reduces to Lemma E by (4.2) for n = 1.

Proof. Without loss of generality, we assume that n > 2. Integrating by parts n
times show that

! Hn;l(a+k) n— o-+n— n 1+t
/0 [k(n‘_il)!(l—t) L (=)ot I]fU(T +—b>dt

2 (T (a+k) a1 [a+b
:b—a< (n—l). l>f( U( 2 )

_2(a+n—1)/ ;- (OH'k)(l_t)n—2_(l_t)oc+n—2‘| o) (ﬁﬁﬁb)m
0

b—a (n 2)! 2 2
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_ 2 (M@t Y ey (axb
 b—a (n—1)! 2

 2(atn-1) (HZJ((Hk) - 1) -2 (“_”’>

(b—a)? (n—2)! 2
22(a+n—1)(a+n—2)
(b—a)?
X/OI l%u—n“—(l—n“*“ F=2) (%H %b) di
_nfl( 1=t Il (e +i) (T (e +k) o [(atb
:jzzl b ,;+ ( klj! —1 f(.)( 5 )
_ 1\nyn—1yn—1 1
P g (e 0 )
(=) (i) (T (a+k) s (a+b
:; = a)n; ( PR f(n( : )
N —1)"2"1‘[H(a+k)f(a>+( 1)”“2"11275( a+k)
(b—a) —a)"
« [Tty <1+’ tb dt
0
nl(—1)n—itlgn— ’Hl (o +1) H a+k hf{atb
-p e () o (232)
(— l)nznl—[z %(a—kk) , 1)n+12n+ar( )HZ é(a—i—k) " .
+ b—ay I( )+ b—ayo J(#)*f( ),

which means that

271N (o 4-1) .  fla)

7@ 2 J(azh)—f() > (4.3)
i(b— a)JH (o+k)y—jt o (a+b

+2 2/+1 !H'zl(oH—k) fm( 2 )

_ ( )n+1(b a)"
C ootz o+ k)

! HZ;%(O‘"_]{) n—1 at+n—1| ¢(n) 1+1¢ 1—1¢
<[ [Wu—r) —(—n ]f (s a
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Similarly, integrating by parts n times again tell us that

[T;—, (x+k) . anetl o (1=t 1+t
/O[W(l—t) L (1—n)%* 1]f<><—a+—b>dz

2 (TIZ{(a+k) wn [(a+b\ 2(a+n-—1)
_b—a< n—1)! 1>f( U( 2 )+ b—a

X/o [Wu—o"—z—(l—o“"—zl A (iw ib) dt

2 2
B —nEl - /(121 j;;n(o]wz) (Hizlifwk) _1> £ <a42rb)
=1 :
2 T (o + k) w (1=t 1+t
+—(b T /0[1—(1—t) 1f (Ta+ 5 b)dt
=—nEl . /(121 j;;n(o]wz) (Hizlgxﬂtk) 1>f()<a42rb)
j=1 :
on n:l iy 2n+0£1—* n:l 4k
R e
which implies that
27 (o +1) 4 f(b)
W’(cﬁfbrf @7 9
Y IT_ (o +k) N[a+b
+2 o kznlizl(am fm( 2 )
(b—a)"

2 (o k)

! HZ:(O“H‘) n—1 asn—1| ) (11 1+¢
<[ [Wu—r) —(1-ner ]f (e ) a

Then we complete the proof by (4.3) and (4.4). [

Using Lemma 2, we obtain the following error estimates. For convenience, we

first set
1/2 k
€ = / (L()‘I;_)t"_l—2ata+n_l>h(t)dt,
(n—

_ (et afy  yortn—
_/1/2< k(nl—l)! (1—1)=! —29(1 —p)o+ 1>h(t)dt.
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fm?

THEOREM 3. Let f € C"([a,b]) and f") € L([a,b]),n € Z. Suppose that

€ SX(h,B,[a,b]),1 < g < es.
(i) If g=1, then

‘m (f’a+b)‘ s zng,:ii_(zc)im &+

n(n+3)ngif(a+k)—(n+2)!(a+n+3)(b v
2 (n+2)(a+n+1)(o+n+2) 9

(n) (a)‘ +

o))

—B

(i) If 1 < g < oo, then

(+45)

_ (b—ay m-le+o 1\

= 2n(-1 g TN o+ k) nl a+n

x{[‘ﬁ

PSR )\ s A R R AR Va
2'2(n+2)(a+n+1)(a+n+2) (b—a)

)|

@)\ +2

¢l )| + 2] @)

+

_ﬁn(n+3)1'[z+f(a+k)—(n+2)!(a+n+3)(b_a)2] 1/q}

2'2(n+2)(a+n+1)(a+n+2)

(b—a)" (ng}(a+k) R )””

<
2n(1—1/q)+11‘[2;%(a+k) n! o+n

{ (V01 e (

n(n+3) T2 (a+k) — (n+2)! ((x+n+3)( - e
27 2(n+ 2 (e +n+ 1) (a+n+2) A '

() (a)) +

o ®))

+2|B

(iii) If 1 < g < oo, then

P ()

n— 1/
< (b - Li) /1 Hk:}(a +k) tn—l _tOC+n—1 pdt '
et =1a— a4+ k) \Jo (n—1)!
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x{[lh@w ®wﬂ+ h(t)dt
1/2

12
[/hdt a+/hdt

(b—a) /1 HZ:(O‘"‘k)tn—l_taﬂ—l
= 2n+1—1/qnz;%(a+k) (n—1)!

x{ [( 01/2h(t)dt)l/q+ (/I;Qh(t)dt)l/q] (
+2 {ﬂ(bl—zaq a }

1,1 _
where 1_?+5_1'

12

ﬁ(b—a)z] 1/q
12

) ﬂ@—ayym}
12

p 1/p
dt)

)

(n) (a)‘q —

@)+

Proof. (1) If g = 1, then it follows from the fact of |f| € SX(h,f3,[a,b]) that

/1 [w(l —0) 1 _t)aﬂl] £ (ﬂ + —b) dt
0

(n—1)! 2
. /01 lHZ(:}EaI;k)(l_t)n1_(1_t)a+n11 h(%) U f(n)(a)‘
+f HZ,}_“I”‘ (11" 1—(1—z>0‘+"—1]h(12’>dt “v)
[ [Hz@%g;m(l_t)n_l_(l_t)m_l] pUZIED g,
o /1;2 lnz(n} (@ ;k) (1 —p1 201 _t>a+n_1] o) |0
o /01/2 lnz(niiocl;kyn_l_zataﬂ_l o)t 1 0)

n(n 4 3) M (o4 k) — (n+2)! (o +n+3)
dn+2)(a+n+1)(oc+n+2)
=2 (¢ @[+ 2|1 w))
n(n+3) T2 (o +k) — (n+2)! (o +n+3)

B dn+2)(atnt )(at+nt2) pb—a)”

B(b—a)’
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Similarly,

! Hn;l(a+k) n—1 a+n—1 (n) l—1 1+1¢
/() [7k(n1_1)! (l—l) —(l—l) + f (Tﬂl"‘ Tb) dt

<2(2)" @]+ | w)]
n(n 3 (o4 k) — (n+2)!(a+n+3)

Tt (arnt Dioansa) Pl

Then we finish the proof of (i) by the above inequalities and Lemma 2.

(2) If 1 < g < oo, then power-mean inequality and the fact of | f|? € SX (h, 3, [a, b])
show that

TN+ k) . ainetl oo (1HE 1
/olk(nl—il)!(l_t) (1 =)t I]f()<7 +—b)d

< EEOER et o
b /0 W( —1)" = (1-1) ;
X (/01 l%(l —to (1 _t>a+n1]

<zn/q<H HCARIN )H/q{@\ﬂn)(a)\q%\ﬂn)(b)\q

n! o+n

n(n+3) L2 (0 k) — (n+2)! atnsd) o o e
T 2 2(mt2)(atn+ D(otn+2) e ’

and

n—1)!

< on/a | (a+k) 1 ll/q{_@‘ BYANL BN
< ( ) row)| +€| )

n—1
[ B ] o (S )
0 | S

n! o+n

nn @R (a3 e
T 2 2t 2)(atn+ ) (o+n+2) A ’

which finish the proof of the first inequality in (ii) by Lemma 2 again.

The proof of the second inequality can be obtained by a similar method as in
Theorem 2 (ii), we omit the details.
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(3) If 1 < g < oo, then Holder’s inequality and |f|7 € SX (h, 3, [a,b]) imply that

T (a4 k) - S A B
/0[’1”1_71)!(1—1) Lo (1 =)t I]ﬂ)(T +—b)dt

x(/o f()<1+ta ﬁb) th>1/q

2
n—1 p 1/p
< 2Va (/1 lnk=1(a+k)tn1 _ta+n1] dt)
0 (n—1)!

B _a)? 1/q
’q_ (bIZ)} ’

[/ ht dt’f ’+ e dt’f

and

n—1)!

1 p 1/p
< 2l/a (/1 [Hkl(a+k)tnl _ta+n1] dt)
0 (n—1)!

_a)? 1/q
’q_B(blz )} '

/O [w(l —teq —z)‘”"‘l] s (% - %b) dt

1/2
x[ hdt’f ’+ hdt’f
12

Therefore, we obtained the first inequality of (iii) by the above two inequalities and
Lemma 2.

The second inequality is achieved by the same way in Theorem 2 (iii), we leave it
to readers. [

Letting B — 0, we take the following conclusion.

COROLLARY 3. Let f € C"([a,b]) and f") € L([a,b]),n € Z*. Suppose that
q) is an h-convex function with 1 < q < eo.
(i) If 1 < g <o, then

7 (n557)
(b—a)" IT_{ (o +k) o1 s
(=1 =Y (o4 k) n! a+n

c[Celialr almal’y s (ol oo e o]’y

‘ £
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1-1
(b—a)’ I CR e
2"(1_1/‘1)“1_[2:(054'@ n! o+n

{2 (0] o)

(i) If 1 < g < oo, then

‘ <f’a+b>’ |
—a) n—1 P 1/p
< stoner ([T )
Aot [ weral ool
1/2
+ { 1/211 dt‘f ‘ N 1/2h dt)f ﬂl/q}
—a)? n—1 p 1/p
. z"ngnz;)}(am (/01 lnkdﬁ;k)f“ —t“*’”] dt>
X l( Ol/zh(t)dt)l/q—f—( 1;2h( )l/q] <)f )+)f(")(b)‘>,

1 1 _
where 1_?+5_1‘

REMARK. If n =1 and h(t) =1, then Corollary 3 reduces to Theorem F.
As a special case of Corollary 3, we have the following results.

COROLLARY 4. Let f € C*([a,b]) and f" € L(|a,b]). Suppose that |f"|? is a
convex function with 1 < g < eo.

(i) If 1 < g <o, then

271+ 1) [, o ~ fla)+ f(b)

e ey e+ ey 0] - H

(b—a® [(a+1 1 \'"Va
g23+1/q(oc+1)< 2 _a+2>

Il (- 2 o]

(o5 o (- Fa g rer]
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<
23+1/q((x+ 1)

(b—a)? <a+1_ 1 )‘1/‘1
2

2 o+

1/q 1/q

o+3 Ca+2 a+3

(if) If 1 <q <eoo, then

2 et ) [ ’ _ @)+ 1)
e eyt gy LI

b—a)’ 1 o 1/p
< ssvaary (, eos viee )
% [(3 ’f”(b)’q—f— |f//(a)’q)l/q+ (3 |f”(a)’q+ |f//(b)|q)1/q]

143Y4) (b—a)? ( 1 Up
(;+2/q()05+1)) (/0 [(a+1)z—z°‘+1]”dt> (I (@] +]r"®)])

—a)’ ! tr 11 11
< %(/0 [(a+1)t—t°‘+1]pdt) (| @]+ |r"®)])

S

1,1 _
where 1_7+71_1‘

REMARK. Especially, if taking ¢ = 1 in Corollary 4 (i), we have

L L C R VR )+ £ ()

(b—a)o‘ [J(#)f( )+J(#)+f(b)] 2 ‘
b—a)’ 2 1 1

<! 16) [1_(a+l)(a+2)](}f @] +11"@®)])-
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