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NUMERICAL RANGES OF SUM OF TWO WEIGHTED
COMPOSITION OPERATORS ON THE HARDY SPACE H?

MAHMOOD HAJT SHAABANI AND NARJES VAFAEI

(Communicated by M. Krni¢)

Abstract. Let ¢ be an analytic self-map of the open unit disk D and let y be an analytic
function on ID. The weighted composition operator Cy ¢, is the operator on the Hardy space H 2
given by Cy o f = wfo@. Under some conditions on ¢; and ¢, we try to find a subset of the
numerical range of Cy, ¢, +Cy,.p, and determine when zero lies in the interior of the numerical
range of Cy, o, +Cy,.0, -

1. Introduction

Let D be the open unit disk in the complex plane C. Suppose that S is the subset
of C. The boundary points of S is denoted by dS. If ¢ is an analytic self-map of
D, then for every analytic function f on DD, the composition operator is defined by
Co(f) = fo@. In this paper, we consider the weighted composition operator Cy ¢,
where v is a bounded analytic function.

The set of functions f analytic on D with

2 0 ,dO
02
sup f(re — <
0<r<1J0 I ) 2z

is called the Hardy space H?, and ||f]| is the second root of this supremum.

The space H*(D) = H” is the set of all bounded analytic functions on D and
I fll = supc1 [£(2)], where f € H™.

For a,b,c,d € C, a linear fractional transformation is a map of the form ¢(z) =
gis , when ad — bc # 0. We denote the set of these linear fractional transformations
that send the open unit disk to itself by LFT(D).

We know that the automorphisms of the unit disk are the one-to-one analytic maps
of the unit disk onto itself. These automorphisms are given by ¢(z) = )Ll(f—gzz), where
[A] =1 and |a| < 1. The set of all automorphisms of D is denoted by Aut(D). Let
¢ be an analytic self-map of ID. We say ¢ has a finite angular derivative ¢'({) on
the unit circle if there is an 1 on the circle such that (¢(z) —1)/(z— {) has a finite
nontangential limit as z — {. For { € dD, we denote ¢({) :=lim,_; ¢(r{). For an
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analytic self-map ¢ of DD, we say that @ does not make contact with JD if {{ € D :
(&) € ID} is empty.

A map ¢ € LFT(D) is called parabolic if it has a unique fixed point { € JD. Let
T(z) = % Put ¢ =To@oT~'. Then ¢ is a linear fractional transformation which
takes the right half plane onto itself that fixes only co. Therefore, there is a complex
number ¢ with Re # > 0 such that ¢(z) = z+¢. The constant number ¢ is called the
translation number of ¢. Note that if Re 7 =0, then ¢ € Aut(ID). When the translation
number ¢ is strictly positive, we call the associated linear fractional self-map of D a
positive parabolic non-automorphism. Among linear fractional transformations with a
fixed point § € dD, just for the parabolic ones, we have ¢'({) = 1. It is easy to see

that ¢(z) = %

Let ¢ € LFT(D). Then Cj = T,Co T}, where 0(z) = _‘%;fg is a self-map of D
into itself, h(z) = cz+d, g(z) = (—bz+d)~" and h,g € H*. The maps o,g and h
are called the Cowen auxiliary functions. If ({)=n for {,n € dD, then o(n) =
(see [10]).

Associated with each point @ € D is the function

Kp(z) = ——= i@"zn (zeD),

which is called the reproducing kernel function. Clearly, K, € H? for each @ € D, and
if f€ H?, then (f,Ky) = f(®). It is not hard to see that ||Ky|| = —=L >. Suppose

ol

that j is a positive integer. We define Kc[g] which is in H? by

yl,, d'K(oz)
Ko (2) Prol
and (f,KZ) = fU)(w), where f)(w) is the j* derivative of f at .

For each self-map ¢ of D and positive integer n, we write @ := @ and @, :=
@o@,. If @ is an analytic self-map of D that is not an elliptic automorphism, then
there is a unique point w in the closed disk D such that for all z € D, @,(z) — w as
n — oo, this limit point will be referred to as the Denjoy-Wolff point of ¢. We have

1) (w) =w and |@'(w)] <1 when |w| < 1.

2) o(w)=w and 0 < @'(w) <1 when |w|=1.

The set of all bounded operators and the set of all compact operators from H? into
itself are denoted by B(H?) and Bo(H?), respectively. In this paper, we use co(A) for
the convex hull of a set A which is the intersection of all convex sets that contain A.

The numerical range of a bounded linear operator 7 on Hilbert space H is denoted
by W(T) and is equal to

W(T) ={(Tf.f):f€H,|fl =1}

Bourdon and Shapiro in [3] and [4] discussed the numerical ranges of C, induced by
holomorphic self-maps ¢. They investigated in [4] the shape of the numerical range
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for composition operators when ¢ is a conformal automorphism. They guessed the nu-
merical range of a finite order elliptic automorphism is not a disk. Gunatillake, Jovovic
and Smith in [21] studied numerical ranges of some classes of weighted composition
operators on the Hardy space of the unit disk when ¢ is a rotation of the unit disk. They
classified the numerical ranges of isometric weighted composition operators. In [18],
Fatehi investigated the numerical ranges of some other weighted composition opera-
tors. The spectrum and the essential spectrum have been recently studied for weighted
composition operators on H?.

Let o(T) and 6,(T) denote for the spectrum of T and the essential spectrum of T
foreach T € B(Hz) . For the Hardy space H?, Caughran [5], Cowen [8], Deddens [11],
Kamowitz [24] and Nordgren [26] discussed the spectrum of composition operators
whose symbols ¢ are linear fractional self-maps of ID. Gunatillake [20] characterized
the spectrum of weighted compact composition operators Cy, o, on H 2, when ¢ has a
fixed point in D. Cowen and Ko [9] discovered the spectrum of self-adjoint weighted
composition operator Cy,o on H 2. The spectrum of some normal weighted compo-
sition operators Cy, o, were obtained by Bourdon and Narayan (see[2]). Moreover in
[14], Fatehi and Haji Shaabani investigated normal, cohyponormal and hyponormal
weighted composition operators Cy,,. Gunatillake in [19] found invertible weighted
composition operators and investigated their spectrum. The extension of this work has
been shown in [23], when ¢ is an automorphism, but Cy, ¢ is not necessarily invertible.
Recently, other papers have been published about composition operators and weighted
composition operators; for instance, we can refer to [12, 13, 14, 15, 16, 17].

In this paper, we put some conditions under ¢; and ¢, to study when zero lies
in the interior of the numerical range of Cy, ¢, + Cy, ¢, . First, in Proposition 2.2, for
analytic self-maps ¢; and ¢, which are not identity, we prove that zero belongs to
the clouser of W(Cy, ¢, + Cy,.,p,). In Theorems 2.3 and 2.4, for analytic self-maps
¢; and @, that ¢, has a fixed point { € JD and ¢; makes contact with dID, but
¢1(£) # ¢, we find a subset of the numerical range of Cy, ¢, + Cy,.p, and state that
zero is an interior point of W (Cy, o, +Cy;.¢,) . In Theorem 2.5, when ¢; does not make
contact with dID and ¢, not being a positive parabolic, has a fixed point in JID, we
show that zero is an interior point of W (Cy, ¢, +Cys.¢,). In Theorem 2.9, for ¢; and
@ which are parabolic non-automorphisms and not positive parabolic, we investigate
W(Cy,.¢, + Cys,p,). In Proposition 2.12, we suppose that ¢; and ¢,, which are not
automorphisms, are analytic self maps with the same fixed pointin D and we find some
elements in the numerical range of Cy, ¢, +Cy, ¢, -

2. Non-automorphism composition map

First, we state the well-known lemma which will be used frequently in this paper.

LEMMA 2.1. Suppose that ¢ is an analytic self-map of D and y € H”. If Cy o
is bounded on H?, then Cy.o(Kw) = W(W)Ky() for weD.

Proof. Foreach f € H> we have

(f:CypKn) = (Cypf K) = w(W) [ (@(W)) = (f, W(W)Kgy))-



1402 M. H. SHAABANI AND N. VAFAEI
Since f is arbitrary, we get the desired result. [J

Bourdon et al. in [3] proved that if ¢ is a holomorphic self-map of D that is not
the identity map, then O belongs to the closure of W(Cy). By using the same method
which was stated in [3, Theorem 3.1], we show that O is an element of the closure of
W(Cyy,0, +Cyn.p,), When yi,y» € H” and @1, ¢, are analytic self-maps of ) which
are not the identity maps.

PROPOSITION 2.2. Suppose that @1 and @, are analytic self-maps of D which
are not identities and vy, W, € H”. Then 0 belongs to the closure of W(Cy, ¢, +

CWz#Pz)-

Proof. Let w € D. We know that ((Cy,.¢, + Cyy.,)" HQEH’ H?M) belongs to
W((Cyy.0; +Cyr.p,)*). By Lemma 2.1,

Ky Y
(CWMPl +C14/27<P2)*m = (1— |W|2)%(W1(W)K‘P1(W) + WZ(W)K(PZ(W))
1 w2 1—Iwl2)2
B R o L Ky o Ll L i (1)
—o1(w)z 1—p(w)z
Then
. K, K, s L o 1 [wf?
<( V1,01 + l[/27(p2) HKWH’ KW||> Wl(w) 1 _—(Pl(w)w Z(W) 1 —(pz(w)w ( )

Since @; and ¢, are not the identity maps, {& : ¢({) =} and {{: ¢,({) = &} are
the sets of zero measure. Hence there exists a point §y € dD such that ¢;(§y) # & and

0 (&o) # & . Then by Equation (2), we have

K K
lim ((C Cyon) T T ) =
Wling« V1,91 + ll’zJPz) HKWH’ ||Kw||>

It shows that 0 belongs to the closure of W((Cy, ¢, +Cy,.9,)*) and so O lies in the
closure of W(Cy, ¢, +Cyp.p,). O

Note that for each linear fractional self-map of D, ¢, which is not automorphism
of D, {&: ¢({) € ID}NID has at most one element. We use this observation and the
result of Theorem 2.8 achieved by Bourdon in [1] to prove the following theorem.

THEOREM 2.3. Suppose that ¢, and @, are two linear fractional self-maps of
D that are not automorphisms of D and @, is not parabolic. Assume that there are

€1, &, m € ID such that @1(81) =n1 and Q2(&) = &, when & # &, G # M1 If
V1, ¥ € H” and vy is continuous at & and \, is continuous at &, then

{e:1dl < LY Wiy, g0+ Conge)
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in particular, if y»(8;) # 0, then zero is an interior point of W (Cy, .o, +Cys.g,)-
Proof. By [25, Corolary 2.2],

Oe(Cyy.p; + Cygy) = Ce(W1(81)Cop +v2(82)Cpy) -

It is not hard to see that the closure of @;(¢,(ID)) and the closure of @, (¢@;(ID)) are the
subsets of D, so by [10, page 129] Cy,0¢, and Cyp,oq, are compact. By [1, Proposition
3.3], we have

e (W1(81)Co; + ¥2(82)Co, ) \ {0} = (0e (w1 (81)Copy ) U e (¥2(62)Cpy ) \ {0}

Since (&) = & and ¢, is not parabolic, we consider two cases (see [1, Theorem
2.8]).

a) Suppose that the Denjoy-Wolff point of ¢, lies in the open unit disk. By [1,
Theorem 2.8(ii)], we get

o e
e (¥2(82)C) = {Z' I < 92 (E2) }

‘We can see that

{z: < %}\{0} C 0.(Cy 1+ Cynn) \ {01

By [22, Theorem 1.2-1], the spectrum of an operator is contained in the closure of its nu-

merical range, so {z 2] < %} \ {0} is the subset of the closure of W (Cy, ¢, +

Cyy.0,)- Since W(Cy, o, +Cyy,p,) is convex, it is easy to see that

{Z: 2] < %} < W(Cll/hq?l +C‘I/27‘P2)~

It shows that for y»({) # 0, zero is an interior point of W(Cy, ¢, + Cyy.0, ) -
b) Suppose that §; is the Denjoy-Wolff point of ¢,. By [I, Theorem 2.8(iii)], we
get

o e
0e(¥2(82)C) = {Z' I < 92(82) }

The conclusion follows from the similar idea which was stated in Part(a). [

Let @, be a linear fractional non-automorphism with fixed point §, € dD. The
map ¢, must satisfy one of the conditions of [1, Theorem 2.8]. Two cases were in-
vestigated in Theorem 2.3 and in the next theorem, we consider the parabolic case and
we find a subset of W(Cy, o, + Cys,¢,); We conclude that zero is an interior point of
W(Cyi.g, +Cypn)-
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THEOREM 2.4. Suppose that ¢, and @, are two linear fractional self-maps of
D that are not automorphisms of . Assume that there are {1,0, 1M € dD such
that @1(&1) =Ny and @2(&) = & when & # & and & # ny. Suppose that @, is
parabolic, but not positive parabolic. If W1,y € H” and v is continuous at §; and
v, is continuous at § and (&) # 0, then co ({ylz(cz)e_@"’ (&)B. B> }) is the
subset of the closure of W(Cy, ¢, +Cyn.,p, ) -

Proof. By [1, Teorem 2.8(iv)],

0o (y2(5)Cpy) = {yn(L)e 2% (@B . B > 0} U {0},

(note that since ¢ is not positive parabolic, o, (y2({2)Cyp,) is a logarithmic spiral).
By the similar idea stated in the proof of the proceeding theorem, we have

co ({WQ(CQ) ~&0 (& B > }) is the subset of the closure of W (Cy, ¢, +Cys.¢,)-
Thus, it is easy to see that 0 is an interior point of W(Cy, .o, +Cyp.,). O

In the following theorem, we show that zero is an interior point of W(Cy, ¢, +
Cy,.9,), Wwhen ¢ does not make contact with JID and ¢, has a fixed pointin JID.

THEOREM 2.5. Let Wi,y € H” and @1, @y be linear fractional non-automorp-
hisms. Suppose that Q| does not make contact with 0D and @, has a fixed point
$ € dD. Assume that vy, is continuous at &, w (&) # 0 and @, is not positive
parabolic. Then zero is an interior point of W(Cy, o, +Cyp.p ) -

Proof. By [10, p. 129], Cy, ¢, is compact. One can easily see that

0e(Cyy,0 + Cynpy) = 0e(Cypy,,) = W2(82)0e(Copy ).

We infer from [22, Teorem 1.2-1] that co(y»({>)0.(Cyp,)) is the subset of the closure
of W(Cy,,¢, +Cyy.0,). By [1, Theorem 2.8] and the fact that W(Cy, o, +Cy,.¢,) is
convex, the result follows. [J

Now we give examples for Theorems 2.3, 2.4 and 2.5.

EXAMPLE 2.6. (a) Let ¢;(z) = 55 and ¢s(z) = 13%. We have ¢i(—1) = —i

and @(1) = 1. It is obvious that ¢, is not parabolic. Put y;(z) = ;—24 and y»(z) =
(2z+1)e*. Obviously, y; is continuous at —1 and 5, is continuous at 1. By Theorem

2.3, we observe that {z: |z] < 3\/_6} CW(Cy,,0, +Cys.,)-

(b) Let ¢ (z) = 5= and @1(z) = WWehaveqol( 1)=1and ¢,(i) =

It is clear that ¢ is parabolic, but is not positive parabolic. Put y(z) = ¢ % and
V> (z) = iz>. By Theorem 2.4, co ({—ze (DB B > }) is the subset of the closure
of W(Cyy.g, +Cyrn)- _ _

(c) Let ¢1(z) = 14211, M, (z) = % and @3(z) = 5= be three linear frac-
tional non-automorphisms. Clearly, @, and ¢3 are not positive parabolic. Further-
more, we can see that ¢; does not make contant with dD and @ (1) = @3(1) = 1.




NUMERICAL RANGES OF SUM OF WEIGHTED COMPOSITION OPERATORS 1405

Put y(z) = 7 and y(z) =1+ % By Theorem 2.5, zero is an interior point of

W(Cyy.g, +Cyn.p,) and W(Cy g,
+ C‘I/2~,903 ) : .

For each z € C, we can write z = |z|e’® when —7 < 8 < . We denote arg(z) = 0
and we use it in the proof of the following proposition. In Proposition 2.7, we determine
the spectrum of linear combination of two composition operators which their composi-
tion maps are parabolic non-automorphism self-maps of D with the same fixed point.
In the proof of the next result, we utilize the idea used in [8, Theorem 6.1] and [8,
Corollary 6.2].

PROPOSITION 2.7. Let @1 and @, be two parabolic non-automorphism self-maps
of D and §{ € dD is a fixed point of @, and @,. Suppose that oy and 0y are two
arbitrary complex numbers and t| and ty are the translation numbers of ¢ and @,
respectively. Then

0(a1Cy, + Cop,) = O (01 Cy, + 02Cyp,) = {ale’ﬁ’l + ope P B >0}u{0}.

Proof. Define ¢1(z) = {(¢@1(8z)) and ¢2(z) = {(¢2(L2)). Itis easy to see that 1
is the fixed point of two parabolic functions ¢; and @,, because

() =C(@(0) =CC=1¢P=1

for i = 1,2. It shows that Cp = C¢,Cy,Cy,. Then Cy, is unitary equivalent to Cg,.
Hence without lose of generality, we can assume that 1 is the fixed point of two
parabolic non-automorphism self-maps ¢; and @, . Put 7(G) = {r : |arg(t)] < 5} and
¢ (z) =0 Y(o(z)+1), when o(z) = }—in and 7 € 7(G). As stated in the introduction,
¢ is parabolic non-automorphism. Let U be the norm closed algebra of operators gen-
erated by {Cy, : 1 € T(G)} U{I}. If X is the set of all nonzero multiplicative linear
functionals on U, then by the proof of [8, Theorem 6.1], for each ¢ € 7(G) and A € X,
we have A(Cyp,) =0 or A(Cy,) = e P for some B > 0. By [6, Theorem 8.6, P. 219],

0(0uCy, + rCyp,) € {A(o1Cyp, + 2Cy,) : A € X}
— {0 A(Cy, ) + A (Cyy) : A €T}
= {oye P + e P2 B> 01 U0}, 3)
By [8, Corolary 6.2], ¢ B’ is an eigenvalue corresponding to the eigenvector f(z) =
exp(—Bo(z)) for Cy, . Hence (01Cy, + 02Cpy)(f) = (01 P11 + 0pe™P2)(f). Thus
e P4 ope P e 0(0a1Cy, +Cy,). Since ¢; and @, are parabolic non-automorp-

hisms, Ret; > 0 and Rer, > 0. It is clear that O is a limit point of ale’ﬁ" + (xze’ﬁ’z.
Since spectrum is compact we have

{06167[511 + OCzeiﬁtz} U {O} - G(Otlc(pl + aQC@). 4)

From Equations (3) and (4), 6(04Cyp, + 02Cyp,) = {(xle’ﬁ’l +ope P B> 0}u{0}.
Since every point of o (aCy, + 02Cy,) is a boundary point of spectrum and none is
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isolated, we conclude that 6(0Cy, + 02Cy,) = 0c(01Cy, + 02Cy,) (see [7, Theorem
37.8]). O

Now we use Proposition 2.7 to find the numerical range of oy Cyp, + 0xCp, , when
¢ and @, are two parabolic non-automorphism self-maps of ID which are not positive.

PROPOSITION 2.8. Let @ and @, be two parabolic non-automorphisms which
are not positive parabolic, and § € dD be the fixed point of @1 and @,. Suppose that
oy and 0y are two arbitrary complex numbers with the same arguments. Assume that
ty =111 +it1p and ty = tr 1 + ity o are translation numbers of @1 and @, respectively.

a) If t1 o =125, then zero is an interior point of W (o1 Cy, + 0C, ).

b)If t1o # %(tlg —ty2) for each positive integer k, then zero is an interior point
OfW(OqC(pl + OCQC(PZ).

c)Iftip= %(tlg —1y2) for some positive odd integer k, then O belongs to W (0 Cy,
+ 00Cy,).

Proof. Foreach B >0, e Bt = ¢ Pruig=iBni2 and ¢ P2 = ¢=Brie—Bn2 Note
that since ¢; and ¢, are not positive parabolic, ¢; 2 # 0 and 1, # 0.
a)Let 11, =1, =1. We have

oe P ope P2 = (e Pt ape PRr)e P

Since o4 and o have same arguments, for each § >0, ale’ﬁ’l and ocze’ﬁ’2 have the
same arguments too. It is easy to see that by choosing appropriate 8 > 0, we can find
four points of the set {oe P + ope P2 : B > 0} in each quarter. By Proposition 2.7
and the fact that the spectrum of an operator is contained in the closure of its numerical
range, and the convexity of the numerical range, we find that the interior of polygonal
created by joining these four points is contained in the numerical range. Therefore, zero
is an interior piont of W (0;1Cyp, + 02Cy,).

b) Suppose that #; » # %(tlg — 1) for each positive integer k. Without loss of
generality, assume that #;, > tp5. Put y=1,5,—1, > 0. There is ffy > 0 such that
Boy=2m, so

Bot12 = Bo(y+122) =21+ Botz2-

It states that for each positive integer n, oe P and ae P have the same argu-
ments. We have ¢~ #Pon12 #1 and e P2 # —1 because @ and @, are not positive
parabolic and #1 » # %(tlg —ty2) for each positive integer k. Therefore, e~ P2 must
be either a primitive root of 1 with the order n > 2 or must not be a root of 1. First
suppose that e~honz js a primitive root of 1 with the order n > 2. We can see that
1, e2bo o=2in2bo - e=(1=Din2bo are the nth root of 1. Let P be the polyg-
onal region whose vertices are o + 0, oge Pt 4 ope=Po | oyem 1B
(xze_"(”_l)ﬁotz. Since n > 2, it is not hard to see that non of the sides of P con-
tains zero and so O belongs to the interior of the polygonal region P. Thus, O is
an interior point of W(0yCyp, + 02Cy,). Now suppose that e~ P2 js not a root of
1. Then {e ™2 : pisanon-negative integer} is dense in dID. One can easily
see that we can find ny,ny,n3,ns such that oge Pt 4 ge—mborz g ein2Bon 4
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ope P oy e=insPott 1 oy e—insPora gy e inabott 4 gpe—in4Bo2 i in the quadrants
LILIIL IV, respectively. It is not hard to see that O is contained in the interior of polyg-
onal region P whose vertices are oy e~ 1Pt  oppe=mbPora | gy e=im2Bott 4 gpye—im2Por2 |
oe Pt 4 grpe=im3Pona oy e~ imabont 4 gy e~m4Bo2 - Then 0 is an interior point of
W(a1C<P1 + (X2C(p2) .

c)Lett, = %(’172 —tp2) for some positive odd integer k. Without loss of gener-
ality, assume that #; 5 > 5. Put y=1 5 —1 5 > 0. Thereis fy > 0 such that Byy=2n
(note that in case that #, 5 > 7 2, we can find By > 0 such that Byy = —2x), so

Boti2 = Po(y+122) =21+ Pota .

Since k is a positive odd integer, we have ¢/P"12 = o7 — _1 and /P22 = i(Pon2—21) —
—1. Thus e Port 4 ge—Por2 = (ale’ﬁo’hl + opePor21 )e'™ . We know that e Por1 and
e~ P21 are positive real numbers; so, one can easily see that arg( oy e Pl + opePor) =
arg(oy e Pt 4 ope=Po2r) 4t = arg(oy + o) + . By Proposition 2.7, o + o and
aye P 1 ope—Pon belong to o(01Cyp, + 2Cyp,). Since numerical range is convex,
the closed line segment with endpoints aePort 4+ ope=Po2 and oy + o is contained
in the closure of W (ot Cy, + Cy,). Therefore, the open line segment with endpoints
aye P 1+ opePo2 and o + o is contained in W(aiCy, + 02Cyp,) and so zero be-
longs to the numerical range. [

Note that in Proposition 2.8, existing 0 in W (o Cy, + 02Cy,) was investigated for
all parabolic non-automorphisms ¢; and ¢, which are not positive except for the case
that 7, = %(tlg — 1) for some even integer k.

THEOREM 2.9. Let @1 and ¢ be two parabolic non-automorphisms which are
not positive parabolic, and { € dD be the fixed point of @1 and @,. Suppose that
v, ¥ € H* and i (§) and y,(&) have the same arguments . Assume that t; =
111 +it12 and ty =ty 1 + ity 5 are translation numbers of @\ and @, respectively.

a) If t1 o =125, then zero is an interior point of W(Cy, .o, + Cyy.0)-

b)If 15 # %(tlg —t22) for each positive integer k, then zero is an interior point
of W(Cy.0, + Cyng)-

c)Ifti o= %(tlg —1ty2) for some positive odd integer k, then 0 belongsto W (Cy, ¢,
+ CWzJPz) :

Proof. By [25, Corolary 2.2],

0e(Cyy.0 + Cyiy) = Oe(W1(8)Co, + ¥2(£)Cyp, ).
By Proposition 2.7, we have
G (Y1()Co, +¥2()Coy) = {1 (E)e Pt +yn(§)e P21 p = 0} {0}
Now by Proposition 2.8, the results follow. [
In the following example, three illustrations for Theorem 2.9 are given.

EXAMPLE 2.10. (a) Consider ¢(z) = % and @ (z) = % It is

obvious that i is the fixed point of ¢; and ¢,. We have ¢ (i) = @5(i) =1, so ¢; and
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(2 are parabolic. Now put T (z) = H£, so T-(z) = 17 We have T(p1(T7(2)) =
z+1+iand T(@a(T"'(z))) =z+2+i. We obtain that t; = 1+i and t, = 2+
are translation numbers of ¢@; and ¢, respectively. Put yi(z) = € and y»(z) =
€. We can see that y; (i) and y;(i) have the same arguments. Since the imaginary
part of #; and t, are equal, by Part (a) of Theorem 2.9, zero is an interior point of
W(Cyy.9, +Cyi.pr)-

(b) Let ¢1(z) = % and @ (z2) = % It is not hard to see

that 1 is the fixed point of @; and ¢,. Since @{(1) = @5(1) =1, ¢; and ¢, are

parabolic. Let T'(z) = ”Z ,s0 T l(z) = % We have T (¢ (T!(z))) =z+2+5i and

T(oa(T '(2))) =2+ 3 + 21 Therefore, 1; =2+ 5i and 1, = 3 + 2i are translation num-
bers of @ and @, , respectively. Put y;(z) = ¢t 3 and yn(z) = ¢=+31. Obviously,
wi(1) and y»(1) have the same arguments. Since 11, # & (11, —2) for each positive
integer k, by Part (b) of Theorem 2.9, zero is an interior point of W(Cy, ¢, +Cy,.0,) -

(c)Let ¢1(z) = % and ¢ (z) = % We can easily see that i is

the fixed point of ¢ and ¢,. We have (pl( i) =@,(i) =1,s0 ¢ and @, are parabolic.
Now put T'(z) = 22, s0 T7!(z) = %=L, We know that T (¢ (T ' (z))) =z+ 1+ 10
and T (@ (T71(2))) = z+2+6i. We have n=1 + 10i and #, = 2+ 6i are translation
numbers of @; and ¢, respectively. Put y;(z) = z> and 14/2 (z) = 322, thus (i) and
y» (i) have the same arguments. We have for k=5, 11, = (t172 —12), so by Part (c)

of Theorem 2.9, zero belongs to W (Cy, ¢, + Cys,.¢,) -
4
K—]) which will be

In the following lemma, we obtain that (Cy, ¢, +Cy,.,p,)* ( HKE" I

used to prove Proposition 2.12.

LEMMA 2.11. Let n be a positive integer. Then

K([)"] n—1 K([)J]
(Cyro +Cop)” | —f | = 2 01,j(0) +0n,;(0) =
1Ko j=0 "

[n]
0001+ y0) (950) 2

where for i =1,2, o; ;s are maps that contain various of products of derivatives of y;
and ;.

Proof. Let f be an arbitrary function on H>. Then

<fv (CW1~,§01 +CW27‘P2)*K([)n]>
= ((Cyy.01 +C‘I/2~,¢2)va([)n]>
= (yifo @+ vafo g Kl
(

= (y1f o @1+ yaf 0 )™ (0)
—1

n—1
=Y 1,;(0)£Y(0)+ (91 (0)" £ (0) w1 (0) + Y 02 (0) V(0
j=0

j=0

+(05(0))" 1" (0)y2(0)
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—Em,fﬂw<<»m@m@b

+Em, ). K§") + (05(0))" v (0) (£, Ky

<ﬁzm,+ﬂ”>wuwuw<»+wwwwwwv
Since f is arbitrary and HK([)H] | =n!, we get

K([)"] n—1 K([)J]
(Cyr00 tCpy) | — | = 2 a,;(0) + 0‘2,/'(0)7

V=
. - K[n]
+11(0)(91(0))" + y2(0)(93(0))" - [

‘We know that the numerical range of the compression of operator 7' is contained in
W (T). This fact is used in following proposition to find some elements of W (Cy, ¢, +
Cyy.0,), Where @ and ¢, are two non-automorphism self-maps of D with the same
fixed point in .

PROPOSITION 2.12. Suppose that @1 and @, are two self-maps of D that are not
automorphisms and Y1, W, € H”. Let p € D be the fixed point of ¢ and @,. Then for
each non-negative integer n,

vi(p)(91(P))" + v2(P)(@5(P))" € W(Cyy.91 + Cypr)-

Proof. Let ¢i(p) = ¢2(p) = p. Suppose that y,, := ngH and oy, (z) := =

-
. .
[2, Theorem 6], Cy,.a, is unitary, that is, Cu/p,apcvfpﬂp C,,,,,,QPCW = I.Let 0,g8,h
g . . * x % l
be the Cowen auxiliary functions for . Since T;'T,, = (Ty,n)" = K> @ = 0p and

* _ *
Cap = TgCa,, 1,7, we have

Clj/,,ﬁt,, (CWI 01 + Clllz %)C‘I/pﬂp
- C:;/I%ap CWI [} CWP7aI’ + C:;/p op CW27(P2CWI’%QI’
C;p T* TWI Cq)l TWI’ Cal’ + C;;p Tl;p TWZ Cq)Z TWI’ Cal’

1

= i, e T Con T Con + e s Con T Con T Ca
1 1

||K || — T, TlI/IOapTWpO(PlOapCaPC(Pl Cap HK H —T, TWZO(XPTWpO(PZOapCapC(PZCaP
1 1

= mTg,qjloa,,,lypo(ploapcapmplooc,, + HK—pHTg'WZOO‘P'W[’OQ’)ZO&PCO‘PO(PZOO‘P'
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We put i = mg.uﬁ 0 0l Yp O P10 Oy, Py = 0y © P OO, Yy = mg‘VZOO‘p'WPO
Q00 Pr = tpoPro 0y, so we have @1 (0) = ¢2(0) =0. Let Q =span{ej,e,}, where

(]

K,

el = Hllg_gH and e; = HK[ I for some n > 1. From Lemma 2.1, we obtain that
0

(Cyi + Cogn) " (1) = ¥1(0) + ¥2(0).
By Lemma 2.11,

N
(Cyigi +Co)” (%) =2 <a1,1(0)+0627j(0)>1i,
K711/ =0 n

1]

+ (HO@G O+ OG0 ) -

Considering the compression of (Cy, 4, +Cy,.4)" to Q, its matrix representation is as

follow ) 100
0 W1(0)(1(0))" + 4 (0)(95(0))" :

We have ¥1(0) = yi(p), ¥2(0) = ya(p) and ¢{(0) = ¢i(p), ¢5(0) = ¢3(p). There-
fore, the numerical range of the compression of (Cy, g, + Cy,.¢,)" is the ellipse with

foci at w1 (p) + v2(p) and yi(p)(9{(p))" + vw2(p)(@3(p))" and minor axis

w0+ "0)

n!

and major axis

‘V’l 0)+ " ()2.

n!

\/)(wmp)w(p)) (Wi () (@ (P)" + V(P (@5(P)"

Thus for each n, y1(p)(@1(p))" +v2(p)(@5(p))" € W(Cyy ., +Cypripy). O

Following example gives two illustrations of Proposition 2.12 in which O belongs
to the interior of the numerical range.

EXAMPLE 2.13. (a)Let 01(2) = 575 ¢2(2) = =35 . wi(z) = ¢ and ()
3z%. It is easy to see that 5 is the fixed point of ¢; and ¢,. Moreover, qol( )=—
and (pé(%) = 1 . By Propos1t10n2 12, l//l( )+l//2( ) and l[/l( )I0) ( )—l—l[/z(%) (%
belong to W(Cwmol + Cyy,p,). It says that 4} = et +3 7 and A = —gei — 3 lie in
W(Cy,.9, +Cys.p,)- Since by the proof of Proposition 2.12, W(Cy, ¢, + Cl,,M,Z) con-
tains the ellips with foci A; and A, and the length of minor axis is positive, it is easy to

see that 0 belongs to the interior of W(Cyy.0; +Cyrp) -

2 .
(b) Suppose that ¢ (z) = 40—48z and @(z) = %. It is easy to see that

1 is the fixed point of ¢; and ¢,. Furthermore, ¢{(}) = % and @(3) = —J. Let

~— W=
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yi(z) = % and y»(z) = 36z%. Again by Proposition2.12, A; =y (3)+ya(3) = & +4
and A = y1 (1)@} (3) + va(3)9h(3) = —1+ 35 belong to W(Cy, ., + Cyy.g,)- Since
again by the proof of Proposition 2.12, W(Cy, ¢, + Cy,,p,) contains the ellipse with
foci A; and A, and the length of minor axis is positive, it is easy to see that 0 belongs
to the interior W(Cy, o, +Cys.0,) -
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