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HARNACK INEQUALITIES FOR FUNCTIONAL SDES DRIVEN
BY SUBORDINATE FRACTIONAL BROWNIAN MOTION

ZHI L1*, YARONG PENG AND LITAN YAN

(Communicated by X. Wang)

Abstract. Being base on coupling by change of measure and an approximation technique, the
Harnack inequalities for a class of stochastic functional differential equations driven by subordi-
nate fractional Brownian motion with Hurst parameter 0 < H < 1/2 are established. By using a
transformation formulas for fractional Brownian motion, the Harnack inequalities for stochastic
functional differential equations driven by subordinate fractional Brownian motion with Hurst
parameter 1/2 < H <1 are established.

1. Introduction

The dimension-free Harnack inequality with powers introduced in [35] and the
log-Harnack inequality introduced in [29] have attracted more and more attentions be-
cause of its extensive applications in stochastic analysis, such as strong Feller prop-
erty and contractivity properties (see [27, 28, 36]); heat kernel estimates (see [17,
32, 38, 40]); transportation-cost inequalities and properties of invariant measures (see
[4, 24, 39]). Up to now, the dimension-free Harnack inequality and log-Harnack in-
equality have been intensively investigated for various stochastic (partial) differential
equations driven by several different kinds of noise. For example, Bao et al, [2] and [3]
for functional SDEs and SPDEs driven by Brownian motion, respectively; Shao et al,
[33] for SDEs driven by Brownian motion with non-Lipschitz coefficients and Huang
and Zhang [ 18] for functional SDEs by Brownian motion with Dini drifts. In addition,
Bass and Levin [5] for the pure jump Markov processes; Wang and Wang [37] for SDEs
driven by Lévy noise; Zhang [46] for SDEs driven by o -stable processes and Wang and
Zhang [41] for SDEs driven by cylindrical o -stable processes.

The theory of subordinate Brownian motion recently received increasing attentions
since they may describe some mathematical models in finance. There also exists sev-
eral results on the Harnack inequality for subordinate Brownian and the time changed
Brownian motion. For example, Rao et al, [26] and Mimica and Kim [23] studied the
Harnack inequality for subordinate Brownian motion; Deng [14] established the Har-
nack inequalities for the inhomogeneous semigroup associated with a class of SDEs
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with Lévy noise containing a subordinate Brownian motion. Very recently, by using the
coupling argument, the Girsanov transformations and the an approximation argument,
Deng and Huang [12] established Harnack inequalities for the following stochastic dif-
ferential equation driven by subordinate Brownian motion

X(t)=¢ —|—/Otb(X(s))ds—f—/OtB(XS)ds—f—Ws(t), t>0,

where W = {W, },>¢ is a d-dimensional Brownian motion, S = {S(¢)},>¢ is a subordi-
nator and independent of W'.

It is a natural question whether one can still establish the Harnack inequality when
the driving noise is a more general, maybe non-Markovian process. As far as I know
that the fractional Brownian motion (in short fBm) becomes the standard Brownian mo-
tion when H = 1/2, and the fBm B neither is a semimartingale nor a Markov process
if H #1/2. However, the fBm B, H > 1/2 is along-memory process and presents an
aggregation behavior. The long-memory property make fBm as a potential candidate to
model noise in mathematical finance (see [8]); in biology (see [7, 10]); in communica-
tion networks (see, for instance [42]); the analysis of global temperature anomaly [30]
electricity markets [34] etc. There are several frontier works on the Harnack inequali-
ties for stochastic (partial) differential equations driven by fractional Brownian motion,
see [15, 16, 20, 21, 22, 43, 44, 45].

However, there is only a few result on the stochastic differential equations driven
by subordinat fBm and we can only find that Deng and Schilling [13] established
Harnack inequalities stochastic differential equations driven by subordinate fBm with
H € (0,1/2). The main aim of this work is to establish Harnack inequalities for func-
tional SDEs driven by subordinate fBm with Hurst parameter H € (0,1/2)U(1/2,1).
It turns out that our results cover the corresponding ones in the case without delay
derived by [13] when H € (0,1/2) and extend the corresponding ones in the case sub-
ordinate Brownian motion derived by [12] to subordinate fBm with Hurst parameter
H € (0,1/2)U(1/2,1). To this end, we consider the following stochastic differential
equation on RY

X(t)zé+/Otb(X(s))ds+/(:B(Xy)ds+WS’ft), >0, (L.1)

where b : [0,00) x RY = R4, B:[0,00) x . — R? are some appropriate functions; W#
is a d-dimensional fBm with Hurst parameter H € (0,1/2)U(1/2,1), S is a subor-
dinator and independent of W/ . We firstly establish the Harnack inequality for (1.1)
with H € (0,1/2) by using the coupling argument, the Girsanov transformations of
fBm with Hurst parameter H € (0,1/2) and the an approximation argument.

On the other hand, in virtue of irregularity of the operator K, it is very difficult
to obtain the Harnack inequality by using directly Girsanov transformations when the
Hurst parameter 1/2 < H < 1. To overcome this difficulty, motivating mainly by [19],
we will transform the fractional Brownian motion with Hurst parameter 1/2 < H < 1
into some integral with respect to the fractional Brownian motion with Hurst parameter
0 < H < 1/2 by using of the transformation formula for fractional Brownian motion.
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The rest of this paper is organized as follows. In Section 2, we introduce some
necessary notations and preliminaries. In Section 3, we devote ourselves to establish
the Harnack inequalities for SDEs driven subordinat fBm with H € (0,1/2). In Section
4, we consider the Harnack inequalities for SDEs driven subordinate fBm with H €

(1/2,1).
2. Preliminaries

In this section, we recall briefly some basic facts on fractional Brownian motion
(fBm) which will be used later on. Let W# = {W/ ¢ > 0} on R? be a fractional
Brownian motion with Hurst parameter H € (0,1) defined on the probability space
(Q,.7,P), i.e., W is a centered Gauss process with covariance function

; . 1 ..
Ry(t,s) =E(W," WSHJ):E(t2H+s2H—|t—s\2H)5,-j7 t,s>0, 1<i,j<d,

where §; ; denotes Kronecker’s delta. In particular, if H = %, WH is a Brownian mo-
tion. It is well known that if H # %, WH does not have independent increments and
has o -order Holder continuous path for all o € (0,H). For more details of fBm and
proofs we refer the readers, for instance, to [6, 11].

On the other hand, from [11], we know the covariance kernel Ry (f,s) can be
written as

tAS
Re(t,5) = /0 Ke (t,)Kn (s,r)dr,

where Ky is a square integrable kernel given by
I\-! 11 1 t
Kult, :F(H —) _ ’7F<H—— _H.H —,1——),
1 (1:9) t3) =) 22 tlTy

in which F(-,-,-,-) is the Gauss hypergeometric function and T'(-) denotes the Euler
Gamma function. Moreover, according to [1], fractional Brownian motion has the fol-
lowing integral representation with respect to the usual d-dimensional standard Brow-

nian motion W = (W, );>
t
_ / Ki (1, 5)dW,
0

1
By [11], the operator Ky : L*([0,T];R?) — Igjz (L?[0,T];R?) associated with the
square integrable kernel Ky (-,-) is defined as follows

(Kuf)(t /KH 1,5)f(s)ds, f € L2([0, T;R%),

1
where Ié{ ++2 is the H + %—Order left fractional Riemann-Liouville operator on [0,77],

one can see [31]. It is an isomorphism and for each f € L2([0, T};Rd),

1_
Kuf)(s)=PHsz—Hp M3 p <
0+ 0+

)

N —



1432 Z.L1, Y. PENG AND L. YAN
| 1 L1y 1
(K f)(s) = s 0230, b

1
As a consequence, for every h € Ié{ Jj 2(L*[0,T];RY), the inverse operator K, is of the
following form

_1 1

(Kg"'h)(s) = 5" 2DQ 252 M, H > =,
1 _ A-Hp3H H-Lon 1
(Ky h)(s)=s2""Dg, s" 2Dy h, H< X

11
where DOH+ *(Dg.,. H) is H— 1(} — H)-order left-sided Riemann-Liouville derivative,
one can see [31]. In particular, if / is absolutely continuous, we have

L 1
(Ki'h)(s) = s~ 218 3 MK, H < > 2.1)

Fix a constant » > 0. Denote by .£ the family of all right continuous functions
f:[-r,0] — R? with left limits equipped with the norm || - ||

0
I1718:= [ 17(s)Pds-+17(0)

For f:[~r,e0) —R?, we will denote f; € .Z, t >0, the corresponding segment process
by
fils) == f(t+s), se[-r0].
Let S = {S(t)};>0 be a subordinator (without killing), i.e. a nondecreasing Lévy

process in [0, o) starting at S(0) = 0. Due to the independent and stationary increments
property, it is uniquely determined by the Laplace transform

Ee—uS(t) _ e—t¢(”)7 u>0,1>0,

where the characteristic (Laplace) exponent ¢ : (0,00) — (0,00) is a Bernstein function
with ¢(0+4) := limg_ = 0, i.e. a C”-function such that (—1)""'¢() > 0 for all
n € N. Every such ¢ has a unique Lévy-Khintchine representation

& (u) = Ku+ o )(1— e Yv(dx), u>0, (2.2)

where K > 0 is the drift parameter and v is a Lévy measure on (0,eo) satisfying
/( (1 Ax)v(dx) <
)

It is clear that ¢ := ¢(u) — xu is the Bernstein function of the subordinator S(¢) =
S(t) — kt having zero drift and Lévy measure v.

Throughout this paper we assume that the coefficients » and B satisfy the follow-
ing Hypothesis:
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(H) There exist constants K € R and K; > 0 such that
<x_y7b(x) _b(y)> < K|x_y|27 X,y € Rd?

and
IB(§) —B(M)| <Ki[|E—nll2, &neZ.

REMARK 2.1. The Hypothesis (H) ensures the existence, uniqueness and non-
explosion of the solution to (1.1). Indeed, letting L(z) = W;t), b(t,x) = b(x+ L(r))
and B(t,&) = B(E +L,), one has

(x—y,b(t,x) = b(t,y)) <K]x—y*, x,yeR¥ >0,

and
‘B(t7€) _é(tan)| gKl”é _nH2a €7n 69‘2, t> 0.
Then the following ordinary functional differential equation

dX (t) = b(t,X (t))dt + B(t,X,)dt

has a unique solution which does not explode in finite time; setting X (1) := X (t) +L(t),
we know that (1.1) has a unique non-explosive solution.

3. Harnack inequality for (1.1) with H € (0,1/2)
For & € .2, let X,‘g be the solution to (1.1) with Xo = & . Let P, be the semigroup
associated to th ,l.e.
RfE)=Ef(X7), 120, f€B)(L), 3.1
where %),(.Z) denotes the set of all bounded measurable functions on £ .

THEOREM 3.1. Let H € (0,1/2), T > r, the Hypothesis (H) holds and S be a
subordinator with Bernstein function of ¢ of the form (2.2). Then,

(i) forany E,n € % and f € Bp( L) with f > 1,
Prlog f(n)
<logPrf(€) + (C1 (K H.R)IE ~ nl3+ ColK.K1. H. T 0)|E(O) - n(O)F)
Bz(%_Hv%_H)Tzsz.
4—4H :
(ii) forany p>1, &,n € £ and non-negative f € B,(L),

(Prf(n))p
<Brf7(E)exp |5 P (LKL HLR)IE =0l + K Ky H T )l (0) = n(O)F)

Bz(%_H7%_H)T272H}
4 —4H ’
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where K 2 9
k0 = (grg) e
G (K,K1,H,T,r,x) = (F(lK_l H)>2(62K(1T(_,; -1 —|—2]E</OT7re_2thS(t)> 72>,
2

and B(-,-) and T'(-) are the standard Beta and Gamma functions.

REMARK 3.1. If B =0, then we can choose r =0 and K; = 0, and thus the
assertions in the Theorem 2.1 reduce to the ones derived in [13] for the case without
delay.

For a measurable space (E, %), let Z(E) denote the family of all probability
measures on (E,.%). For u,v € #(E), the entropy Ent(v|u) is defined by

flnj—fldv, V< U,

oo, otherwise.

Ent(v|u) := {
The total variation distance ||{t — V||var is defined by
[t = Vllvar := sup |[u(A) = v(A)].
AcF
By Pinsker’s inequality (see [9]),

1
I = VIR < SEnt(vin), p,v e P(E).

For £ € Z, let Pr(&,-) be the distribution of X; The following corollary is a
direct consequence of Theorem 3.1, see [37] for the proof.

COROLLARY 3.1. Let the assumptions in Theorem 3.1 hold. Then the following
assertions hold.

(i) Forany &,n € % and Pr(&,-) is equivalent to Pr(n,-) and
Ent(Pr(&,-)|Pr(n,-))
<(Cu(&r H )1 =013 +Co(KKi, H, T, ) |E(0) = n(0) )
B*(5-H,3 _H)Tz—zH
4—4H ’
which together with Pinsker’s inequality implies that
2||PT(€7 ) _PT(TL )H%ur
<(Cu(&r H )1 =013 +Ca(K Ky, H, T ) |E(0) = n(0) )
B*(5-H,3 _H)Tzsz
4—4H '
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(ii) Forany p>1,&éne?
{25y

)4
<E{exp |30y
“PLap-1y
32(% _H%_H)Tzsz}}
4—4H '

(CL(Ki H, ) = i3+ ColK K H, T K)E(0) ~ n (0) )

Let £:[0,00) — [0,°0) be a sample path of S, which is a non-decreasing and cadlag
function with ¢(0) = 0. By (H) and the same explanation as in Remark 2.1, for any
& € .2, the following functional SDE has a unique non-explosive solution with Xé =¢&:

dx"(t) = b(X"(1))dt + B(X/)d1 +dW{],. (3.2)

We denote the solution by Xf’é . Let
PLF(E) =Bf(X'%), 120, [ €By(2). (33)

PROPOSITION 3.1. Let H € (0,1/2), T > r and the Hypothesis (H) hold. Then,

(i) forany £, € L and f € Bp( L) with f > 1,

Prlog f(n)
<logPLf(&) + (C1(Ki, H,K)|E = nl3+Cs(K Ky, H. T, K)|E(0) ~n (0)?)
B(-Hi-H)

T2_2H;
4—4H

(ii) forany p>1, &,n € £ and non-negative f € B,( L),

(Prrm)”
<PLI7(E)exp |50 (G (K1 HLR) = 3+ G (KoK, H T )16 (0) = m(O)F)
Bz(%_H’%_H) 2—-2H
d—an ! ]
where
K 2 ,2K(T=r) _ 1 T—r )
Cg(K,K17H7T,r7K):<F(%_1H)> (e - +2</0 e_Zthf(t)> )

and B(-,-) and T'(+) are the standard Beta and Gamma functions.
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For € € (0,1), consider the following regularization of ¢:
1 1+€ !
(5= E/ 0(s)ds + et :/ Ues+1)ds+et, 1>0.
t 0

It is clear that for each € € (0,1), the function ¢¢ is a absolutely continuous, strictly
increasing and satisfies for any ¢t > 0

E(r) | £ ase 0. (3.4)

For £ € Z, let Xt/’ys’g be the solution to the following functional SDE with initial value
&:
dX"5 () = b(X" % () dt + B(X" % )dt + AWl ) e o). (3.5)

The associated semigroup is denoted by Pfs. Note that this SDE is indeed driven by
fBm and thus the method of coupling and Girsanov’s transformation can be used to
establish the dimension-free Harnack inequalities for Pfs .

PROPOSITION 3.2. Let H € (0,1/2), T > r and the Hypothesis (H) hold. Then
(i) forany £, € L and f € Bp( L) with f > 1,
Pr log f(n)
<logPf£(&) + (CulKs.H.R)|& ~ 3+ ClK.K1LH.T.r k. £) £(0) - n(O)F)
Bz(%_Hv%_H)Tzsz.
4—4H :
(ii) forany p>1, &,n € £ and non-negative f € By(L),

e P
(P r(m)
B PP )exp |55 (G (K H 0l -+ CalK K, H. T x,£) E0)-n O )
Bz(%_H7%_H)T272H}
4—4H ’
where
K 2, o2K(T—r) —1 T—r -2
C4(KaKlaHaT7ra K7£) = <1—‘(l _IH)> <e KK'2 +2</(; 672K[d££([)> ),
2

and B(-,-) and T'(-) are the standard Beta and Gamma functions.

Proof. First of all, we will construct coupling as follows. Let ¥; solve the equation

X“E(0) - ¥ (1)

dy (t) = b(Y (1))t + B )t + A () I 1) (1) XL () = %)i

£(0) = n(0)]de=(z)

+dWE ) e (o)
(3.6)
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with Yy = 1, where

e—Kt

Alt);=—————, 120,
( ) fOTfrefszdég(s)

and
T:=TAinf{r > 0; XS (1) =Y (1)}

is the coupling time. It is clear that (X% (¢),Y (¢)) is well defined for # < 7. By (H),
we have

dIX"E (1) =Y ()] < KIX"E(0) = Y (1)|di — 2 (1) €(0) = m(0)]d£* (1), 1 € [0, 7).

Thus, for 7 € [0, 7T),

XS0 -] < ME0) - O] (1= [ e B2 ()

e](, ftT—ref2st€8(s)
fOT_refzK“'deg (S)
=:7(1)1€(0) = n(0)].

If 7(@) > T — r for some ® € Q, we can take = T — r in the above inequality to get

£(0) —7(0)] 3-7)

0 < x5 (1)(w) ~ Y(1)(@)] <O,

which is absurd. Therefore, T < T —r. Letting ¥ (1) = X5 (¢) for t € [1,T], Y (r)

solves (3.6) for ¢ € [t,T]. In particular, st’é = Yr. Moreover, by (3.7)and 1< T —r,
we have

X0~ Y0P <1§0) = nOPr0) For—n(0), €07 (8

Denote by ¢ : [¢¢(0),00) — [0,00) the inverse function of ¢¢. Then ¢¢({%(¢)) = for
t > (5(0), §8(¢5(r)) =1 for t >0, and r — {*(¢) is absolutely continuous and strictly
increasing. Let

W(u) := Do £ (u+£5(0)),

where

1 X5 () — Y (u)

®(u) == [B(X} )~ B(Y,)] @) + A(“)ﬂo,r)(u)m

1£(0) =n(0)].

A simple calculation shows f(fg(T)J’g(O) ¥ (u)|?du < oo. Then, by using H € (0,1/2)
we have [;®(u)du € 16,/ (12([0,¢2(T) — ¢£(0)];R?)). Therefore, the following
stochastic integral defines a martingale

1
M, ;:—/ (X(s),dW,), 130,
0
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where Y(s) := K};' (fd‘i’(r)dr) (s), s =0 and W = {W;},>0 is a d-dimensional stan-
dard Brownian motion. Because of (2.1), we have

: 1_
Ki'( / W(r)dr) (s) = g S E ),
0
and this yields for any s € [0,¢5(T) — ¢¢(0)],

1 S
‘ : _st%/ u%*H(s_u)*H’%d)(u)du’.
I'(;—H) 0

By the definition of @ and the Hypothesis (H) we have

[ sy (7”)(55,‘(5;’ 2 201(0)-n(0)])al.

Recalling that ¢ is an sample path of the subordinator S with drift parameter x > 0,

one have
Lt+e)—L(t)

K
Y(s)| < —st2
I(;—-H)

() (1) =

+e>K,

and therefore

K
X(s)| < =53
I(;—-H)

o1 go1/1 e
|t sy 3 (XS Y, o 2 )€ (0) - (0)] )
0 K
On the other hand, by view of the definition of || - ||, we have forall # >0
e 0 e
1%/ = %5 = [ XS +9) ¥t +9)Pds + [E0) - n(O)F
4 €
= [ IX*4(5) =¥ (9)Pds+|E0) ~nO)F
0 2 ! (¢ 2 2
< [ Ie@=n(s)Pds+ [ X4 =¥ (9)Pds+ E©) ~n (0)
t €
=g =nl3+ [ "“E() ¥ (s) s,
Then, by (3.8) we have forall # > 0

e T—r
1%~ %I3 <1E -3+ 150 -nOF [ y(sPds

2K(T—7) (3.9)

—1
)= ()P,

e
<& —nlz+

where in the last inequality we have used y(s) < eX* for s € [0,7 —r]. By the definition
of A(t), itis easy to see that for all # >0

()] < ( /0 T_re_zK’dﬁs(t)>_l. (3.10)
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Thus, by (3.9) and (3.10) the compensator of the martingale M, satisfies for all # > 0,
t
), = [ )Pds < (€Ki H.0)|E = i3+ ColK. K H. T ) €(0) ~m(0) )

~/IS2H71’/SuﬁfH(s—u)fo%du‘zds

0 0

= (€Ki H. 01 = nIB+Co(K, K1, H. T, 7., ) £ (0) — m(0) )
~Bz<%—H,%—H> /Otsl_szs

< (€Ki, H, )1 =03+ CalK Ky, H, T, 7, ,£)[E(0) ~ 0 (0))
.Bz(%_H%_H)Tzsz.

2—-2H
(3.11)

Let !
R:= exp M(EE(T)) — E<M>€S(T)—€S(O) .

By Novikov’s criterion, we have ER = 1. According to Girsanov’s theorem, W, =
Jo (w)du+W; is a d-dimensional Brownian motion and W/ := ¥ (u)du+ W isa d-
dimensional fractional Brownian with H € (0,1/2) under the new probability measure
RP. Rewrite (3.6) as

dyY (1) = b(Y (1))di + B(V:)dt +dWf e (q)-

Thus, the distribution of {¥; }o<<7 under RP coincides with that of {Xt/‘yg’”} under P;
in particular, it holds that for any f € %,(.%),

Ef(X; ") = Exef(¥r) = EIRf(¥r)] = ERF(X ©)]. (3.12)
By (3.12) and the Young inequality, and the observation that

(5 (T)—(£(0) 1 E(T)-£5(0) 5
logR = — / (X(s).aW,) - 3 X(s)ds
0 0

L8(T)—€#(0) - 1
= —/0 (Y(s),dWs) + §<M>€E(T)—€E(o)7

we get that, for any f € B,(.Z) with f > 1,
P log f(n) = Elog f(X; ")
= E[Rlog f(X; ©)]
<logEf(Xt °) +E[RlogR]
—logP; f(§)+EgplogR

. 1
=logPr £(&)+ 5Ere (M) e(r)-e2(0)-
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Combining this with (3.11), we obtain the desired log-Harnack inequality.
Next, we prove the second assertion of the proposition. For any non-negative
f € By(L) we can obtain from (3.12) and the Holder’s inequality
€ (€,
(P )P (n) = Ef (X))
= (E[RF(X; <)) (3.13)
<P 7(6)- RV,

Furthermore, by (3.11) we get

14
Mes(r)-20) = 575713 (M) e(r)—2e(0)
2

P P P
=exp {W <M>€S(T)—€S(O)} -exp [FMKS(T)—KS(O) TAp-1R <M>€5(T)—€5(O)]
(

% (Cl(KhH:K)”g - 77||%+C4(K7K1’HaT7”a K78)‘€(0) _TI(O)|2>

53— H) 5 P P’
2 2—2H
— T } -exp {p—_ [Mee(r)-ee0) — -1 <M>€S(T)—€5(O)} ;

. 2 .
and noting the fact that exp [#M/js(;*),ge(o) - 2(17’:1)2 <M>ge(T),/js(0):| ,0<t<Tisa
martingale with mean 1 due to Novikov’s criterion. Then, we have

E {RP/(IFI)}
<exp |55 (G Hoo) 1€ = i3+ CaK K HL T, 2)[6(0) = m(0) )
3 1
Bz(i —H,5-H) T272Hi|
2—-2H '
Inserting this estimate into (3.13), we get the power-Harnack inequality. [

Proof of Proposition 3.1. Fix T > r. By a standard approximation argument, we
may assume that f € Cp(Z).
Step 1: First, we assume that b is globally Lipschitzian: there exists a constant
C > 0 such that
[b(x) =b(y)| < Clx—y], x,y eR™.
By the Lipschitz continuity of b and B, and noting that [X** () — X% (u)| < || X (u)
— X" (u)||2, we have for t > 0

0 [ £ [ )E 0
X5 () — X5 (1) SC/O X! ’5(M)—Xé’g(u)\du+1ﬁ/0 1%, — X% |2du
+ Wi ) —ge0) = Wi |

4 €
(C+K) [ 128 ) = X8 )+ W ey = WE |
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By the Holder’s inequality we have for 7 € [0, 7]

3 ] 4 € ,
X7 0) =X (O <2AC+ K [ 1208 ) = XS0 B+ 2WE e~ W P

4 £
<2(C+K1)T/O X8 (1) = X% () |3+ 20 WHE ) e () — Wity |-

Applying the Lemma 3.3 of [12] with g( (t) = [X"(t) — X“4(¢)| and A (r) =

2|W/g(t)7eg(0 |2, we conclude that XT o8 —>XT§ in £ as € | 0, and so

—w,
liFngf= Pif, f€CHL).
€

Since £ is of bounded variation, it is easy to get from (3.4) that

T—r

T—r
fim [ e 2Kqee () = / 2K q0(1).
el0 Jo 0

Letting € | O in the Proposition 3.2, we obtain the desired results.

Step 2: For the general case, we shall make use of the approximation argument
proposed in [37]. Let

b(x) := b(x) — Kx, x€R?
Then b satisfies the dissipative condition:
(b(x) = b(y),x—y) <0, xy€eR’,

and it is easy to see that the mapping id — &b Rd~—> R¢ is injective for any £ > 0. For
£ >0, let b©) be the Yoshida approximation of b, i.e.

b (x) = é[(id—sb)il(x) —x}, xeRY,

Then 5

is dissipative and globally Lipschitzian, |5(¢)| < || and limgb(®) = b. Let
b& (x) := b

(x) + Kx. Then 5(®) is also Lipschitzian and
(=20 (0) = b () <Klx =y, xyeR”

Let X,‘ﬂ”(g)"5 solve the SDE (1.1) with b replaced by b€ and Xy 4(e) =& e.Z. Denote
by P;[’(g) the associated semigroup. Due to the first step of the proof, the statements of
the Proposition 3.1 hold with Pf’ replaced by I’,é’(‘g). If

lingi’(”f —PLf, [EC(2), (3.14)
£
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we complete the proof by applying the Proposition 3.1 with Pf replaced by Pf’(g) and
letting € | 0. Indeed, noticing that

dx" S () - xS0

=2(X (1) = X8 (1), 6@ (XS (1)) - b (x4 (1))t
20X 8 (1) - X5 (1), 01 (X4 (1)) — <x“<t>>>dt
+ 22X (1) — X" (1), B (X, %) — BO (X)) de

)
<K+ DX (1) = x5 (1) Pdt + [b© (X (1)) — b(X“ (1)) Pt
12K | X6 — x5 Rdr
<Q2IK|+ 2K+ 1)[X7° =X 3dr + [6©) (X4 (1)) — (X4 (1)) [Pelr,

one has for 7 € [0, 7]

X)X 5 ()

t i t
<IK|+2K0+1) 1278 < X[ Bds + [ b (XE(5)) — b(x"E(5) s

t " t ‘ N
— @IK|+ 2K+ 1) [ %€= X0E s+ [ B (04 (5)) ~ B () P
0 0

Applying the Lemma 3.3 of [12] with gl&)(r) = \X”é( 1) — X% (¢)| and h®)(r) =
Jo16E (X548 (s)) — b(X“(s))|?ds, we know that X e ;5 in £ as €] 0, and
thus (3.14) follows. [

Proof of Theorem 3.1. Since the processes S and W are independent, we have
Prf() =E[PLACIC=S].f € By(2). (3.15)
By the first assertion of the Proposition 3.1, for all f € %,(¥) with f > 1,

Prlogf(n)
—E|Pflog f(n)]¢ = 5]
<E[Pflog (&)l =S| + (Ci(Ki,H, )| = I3+ Ca(K, K, H, T, ¥)|E(0) ~ n(0))
BZ(% _Hv% _H)Tzsz
4—4H ’

which, together with the Jensen’s inequality and (3.15), implies the log-Harnack in-
equality. Analogously, by the second assertion of Proposition 3.1, for all non-negative
f €% (Z)
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Prf(m) =E|PLf(n)|L =S|

<E[(PR/7(&)) 7exp |

s (CKLH.R) =l

B3 —H,1—H)

T2—2HH .
4—4H

+160) = n(O)PC(K K H )| )

It remains to use the Holder inequality and (3.15) to derive the power-Harnack inequal-
ity. O

4. Harnack inequality for (1.1) with H € (1/2,1)
In this section, we consider the Harnack inequality for (1.1) with H € (1/2,1).

THEOREM 4.1. Let H € (1/2,1), T > r, the Hypothesis (H) holds and S be a
subordinator with Bernstein function of ¢ of the form (2.2). Then for any ¢ > 1 such
that max{0,2H — 3} < L <H- 3 we have

(i) forany E,n € % and f € Bp( L) with f > 1,
1
PTlng(n)<IOgPTf(é)""EE[p(K7K17H7K7rvT7Gv§vn)};

(ii) forany p> 1, &,n € £ and non-negative f € B,(ZL),

p

<Prf(77)>p < PTfp((g)(EeXP {WP([(,K,H’K,F,T,G,(S’n)D,

where
P(K»KI»H»K7”»T7G»§»77)
(T)2—2H

2 2
:C(K»KI,H,K7I’,T7G)[ - +2S(T)2_2HB(2H— ~3—4H+ EH’
G

C(K7 K17H’ K? r’ T7 G)
C(K,K,,.H T 2o-1) so(H -1 o(—2+H
( K1, 1, K, 7, ) 5_23( )< ( 2) ( 5 )+1>7

o

T2(H—)o(1—2H) +1)5 " o—1 o1
c _<2—H>%
H=\TeHrG-2m8))
K, -2 )
CK7K7H7Ka7T =\ =7 < C K,H,K' —
(& Ko D) =(r s ) GELH RIS =
Kl \2, )
(g ) GEKLHTAOEO 1O,



1444 Z.L1, Y. PENG AND L. YAN

2K(T—r) _ 1

cg(K,Kl,H,T,r,K):<r(;f_1H)>2<e — +2</0T—re—2thS(t)>—2>

and B(-,-) and T'(+) are the standard Beta and Gamma functions.

COROLLARY 4.1. Let the assumptions in Theorem 4.1 hold. Then the following
assertions hold.

(i) Forany &,m € % and Pr(&,-) is equivalent to Pr(n,-) and

Ent(Pr (&, )Pr(1,) < 5Elp (K, K Hon T,0.6,m),

which together with Pinsker’s inequality implies that
1
201Pr(&,) = Pr(n, )7 < SElp(K.K\ H,x,r,T,0,8.1)].

(ii) Forany p>1, & ne

PT{ <%)1/@”}(€)

PROPOSITION 4.1. Let H € (1/2,1), T > r and the Hypothesis (H) holds. Then
forany ¢ > 1 such that max{0,2H — 3} < L < H — 1 we have

gE{exp{

(i) forany £, € L and f € Bp( L) with f > 1,
) 1
(ii) forany p>1, &,n € £ and non-negative f € B,(ZL),

(hrm)" < b @rese [ o i it T L0 )]

where
P(K»KI»H»K7”»T7£»G7§777)

o(T)>2H 2 2
=C(K,K{,H,x,r,T,{,0) [()71 +212(T)2—2HB(2H— Z3—4H+ —)}
-3 o (o2

C(K,K\,H,x,nT,(,0)

C(K7K17H7K7F7T7£) ,,_232(0'*1)(6(1'1_%) G(_%+H)+l>
é G , 7
r2(H - Yjo(1—2m)+1)7 " o1 o1
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(Famra—m)

-2
) k. HR)lE -]

CH =

CK,K\,H,x,r,T, ()= ———
(K, K1, H, K, >(r(%_H)

-2
+(7 C3(K,K1,H,T,}’,K)|§(O)—n(O)F,
r(3- H)>
and B(-,-) and T'(+) are the standard Beta and Gamma functions.
PROPOSITION 4.2. Let H € (1/2,1), T > r and the Hypothesis (H) holds. Then

forany ¢ > 1 such that max{0,2H — 3} < L < H — 1 we have
(i) forany E,n € % and f € Bp( L) with f > 1,

€ )E 1
(ii) forany p > 1, £,n € £ and non-negative f € B,( L),

()" < #7 17 Jexp o7, B (K Koo T 0,6 )

where
P(K»KI»H»KJ’»RS»@&J”

T 2—-2H 2 2>:|

€
= C(K.K1,H,K,1,T,€,0) [% +2££(T)2_2HB<2H— S 3 4H+ =
H—L - -

C(K7K17H?K7r?T78’G)
K. K\, H,x,r,T 20-1) yo(H—1 o(—3+H
o C( s A 7Kar7 ’8) 25;12BT< ( 2)+ ( 2 )+1>’
I2(H—4)|o(1-2H)+ 1|5 o-1

3 2 7
= (r(zH)rg —2H)> ’
K

-2 2
ﬁ> Ci(Ky,H, k)| €=

C(K.KiH.x,1.T,€) = (
Kl -2 2
+(7 C4(K,K1,H,T,V,K,8)|§(O)—n(o)‘ )
o)
and B(-,-) and T(-) are the standard Beta and Gamma functions.

Proof. First of all, we will construct coupling as follows. Let ¥; solve the equation

X5 () —Y(1)

dY (1) =b(Y(r))dt + B(sté )dt + A (t) Fo,5)(t) m

£(0) = n(0)]de=(z)

+dWE ) e (o)
(4.1)
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with Yy = 1, where

e—Kt

AMt)=————— 120,
) fOTfrefzK“‘dég(s)

and .
T:=TAinf{t > 0;X 5 (1) =Y (1)}

is the coupling time. It is clear that (X' (r),Y (r)) is well defined for ¢ < 7. By (H),
we have

X5 () =Y (0)| KX (1) = Y (0)|dr = A(1)]& (0) = (0)|de=(z), 1 € [0, 7).
Thus, for ¢ € [0,7),

|Xée7g () —Y(1) < eK[\é(O) —n(0)] <1 _ /Ot e*KS)L(s)dES(SD
e]([ ftTfref2st€8(s)

fOTfre—zKSdfg (s)

=:y(t)|£(0) —n(0)].

If 7(@) > T — r for some ® € Q, we can take = T — r in the above inequality to get

£(0) —7(0)] 4.2)

0< x5 (1)(w) - Y (1)(@)| <O,

which is absurd. Therefore, T < T —r. Letting Y (1) = X% (¢) for 1 € [7,T], Y ()

solves (3.6) for ¢ € [t,T]. In particular, st’é = Yr. Moreover,by (3.7)and 1< T —r,
we have

X0 =Y ()P < [E0) = nOPr0) For-n(), r€0.T). (@3

Denote by ¢ : [¢¢(0),c0) — [0,00) the inverse function of ¢¢. Then ¢¢({%(¢)) = for
t > (5(0), §8(¢5(r)) =1 for t >0, and t — {*(¢) is absolutely continuous and strictly
increasing. Let

W (u) =@ o £ (u+15(0)),
where

1 X6 (1) =Y (u)

D(u) = [B(X; ) = B(Y,)] GION A(u)Fo,z)(w)

Then, we have

(1)
/0 (05(T) = v) " 2H(v)dv
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where 3
D) = r(5 —H) (E5(T) —v)EHo(v).

Recalling that ¢ is an sample path of the subordinator S with drift parameter Kk >
0, one have for all 7 € [0,¢5(T)]

Lt+e)—L(1) sk
€

() (1) =
by view of the definition of || - ||, we have for all 7 > 0
‘g 0 .
15 =¥il3 = [ XSt +5) =Y (e +5)Pds+|E(0) = n(0)
t €
= | IXTH) ~Y () Pds+ |5(0) ~n(0)
0 2 ! (EE 2 2
< [ 1) =n)Pds+ [ x5 (s) ¥ (s) Pds-+[£(0) = n(0)
t €
— g =3+ [ X“E(s) ¥ (s) s,

Then, by (4.2) we have forall # > 0

0
XS v <~ nB+ 1) - nO)P [ sy

2K(T r)

2K

(4.4)

<e-nl3+= —LE -,

where in the last inequality we have used y(s) < eX* for s € [0, T — r]. By the definition
of A(z), it is easy to see that for all # >0

()] < ( /0 Tﬁrﬂ'ﬂdee(z))*l. 4.5)

Thus, combining (4.4) and (4.5) we have for all ¢ € [0,£5(T)]

K

ok H 2
ﬁ) 1(K1,H,x)[|1E —nll3

() <

+ <ﬁ)2C4(K,K1,H,T,r, K, €)|E(0) — 1(0)? (4.6)

2
=:C(K,Ki,H,x,r,T,e).

Since 1 —2H > —1 and ®(v) is bound on [0, ¢¢(T)], we know ®(v) € L*([0,¢¢(T)];R?).

3
Thus we have that [; &' (¢5(T) —v)! 2Hd(v)dv € I, 7 (L2([0,¢5(T)];R)). Note that
by means of the integral representation of fractional Brownian motion, the definition
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of the operator Ky and transformation formulas for fractional Brownian motion (see
[19]), we get for any 0 < £4(r) < (5(T),
- () "
Wfs([) = 0 q)(v)dv+ Wfs([)
(2 (1) CE(1)
— [ oWdv+en / (€5(¢) — )21 qw)-H @.7)
0 0

()
_ /O & (£ (1) — )2V (62 1) — v) =2 (v)dy + aw, 1),
For any 0 < v < (4(), let

Wit = [ e () — ) 2 (s)ds + Wi

l
S—

0
= /)Vfﬁl(gg(t) _S)l—qu)(s)dv—|—/VKI,H(\@S)dWs

_ /0 VKI,H(V,S)[(K;jH /O N 1) — )2 (e)dz ) (5)ds +

1
N 20 ?
where ¢y = (m) )

Now, let

Ry =esp[ - [ (1t [[ a0 r) -2 ocae) iy

_ % Oé(T) (Kl_—lH /0' 5;11 (¢5(T) — Z>1_2H(D(Z)dg> 2 (v)dv} |

Using Corollary 5.2 of [19], we immediately know that ( i ))0<[<(s( 7) is an ﬁgzt) -
fractional Brownian motion with Hurst parameter H € (57 ) under the new probability
Q(dw) =R(¢4(T))P(dw) if (Wélg@[f)og,gee(m is an ﬁg&f -fractional Brownian mo-
tion with Hurst parameter 1 — H under the new probability Q(dw) = R(¢*(T))P(dw).

Next we want to show (VT/tl_H Jo<i<ee(r) is an Z, ﬁl(;;l -fractional Brownian motion

with Hurst parameter H € (4,1) under the new probability Q(dw) = R(¢(T))P(dw).
Due to [25], it suffices to show that EFR(¢¢(T)) = 1. Since [, ¢ (¢5(T)—z)' 21 d(z)dz
is absolutely continuous, we have by (2.1) that

(Kt [ (€6(1) =) 0e)az) () = v #1057 =) a(y),
€[0,¢5(T)).
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Hence, by the Holder’s inequality and (4.6) we have further that for v € [0,£5(T)],
(&t [ et @) =2 oaz) )

:‘éé—;lv——H/ ZH—— CE(T) = 2)' 25 (2) (v _Z)—%+Hdz‘

T(H-1)

1/2 v o o-1

<C (KaKhH;lKar7Ta8)5;11v%—H{/ (ZH_%(V_Z)_%J,_H) G—Idz} G
I'(H - 3) 0

{ /O RGE) —z)"“‘z’%rz}é Y

1 3
_CV2U KL H K RToe) et (G(H—z) o(=3+H) +1)

L,
T(H-3) -1 —1
gS(T)172H+é + (KE(T) _ v)172H+é VH—%—é
lo(1—2H)+ 1[5 '

Then, we can further obtain that for the fixed T > 0,

/OMT) ‘(K:H/O G (05(T) — 2) M )dz> (V)rdv

5(T) 2
<C(1<,K1,H,K,r,r,s,o)/ VLG 02 ()12 1 (05(T) =)' 215 | ay
0

2—-2H
< C(K,K\,H.x,r,T,e,0) [% + ZEE(T)2‘2H3(2H _ 23 ams 3)]
H-1 - -
=:p(K,K,H,x,r,T,e,0,&,1).
(4.9)
As a consequence, we get
1 pem, 2
Bop[5 [ (a'Kily [ (1) =2 10()dz) (]

0 (4.10)

1
<CXP[EP(K7K17H7K,I}T,:ﬂ(f,é,n)}.

Using the well-known Novikov criterion, one can have EFR(¢(T)) = 1. Then we can
rewrite (4.1) as

dy () = b(Y (1))dt + B(Y,)dt + AWy e (o)
Thus, the distribution of {X,ﬁn to<i<r under P coincides with the law of {¥; }o</<r

under R((%(T))P. Therefore, we conclude from the definition of P/ that for all
bounded Borel functions f: R¢ — &

P F(n) =EQf(vr(n) = EQF(Xy © (&) = E'R(E(T)) f(Xy *(§)).  (&.1D)
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By the Jensen’s inequality, we obtain for any random variable F > 1,

E {R(KS(T))log m} — Epgee(ryp [log %}

< IOgER([e(T))]p [%} = IOgE[F]
Then we have
E [R(W(T))logd < logE[F] + E[R(¢¢(T))log R(¢*(T))).

Let n(s) = <K1 Y Joent (65(T) —z)l_zHCD(z)dz) (s). By the definition of R(¢4(T)),
combining with (4.10), we have

5(T) C5(T)
logR(*()) = - [ T<n<>dw> L[ s

58() & (T)
_ 2
= /0 2/ ds

¢E(T) -
g_/ <n(s)7dW\'>+EP(K7K17H7Kar7Ta87Ga§an)'
0
Thus, for all bounded Borel functions f > 1 on ., we have

Pf log f(n) =Ellog (X} (n))] = E[R(¢%(T)) log f (X1 (&))]
<logE[f(Xy (&) +E[R(¢(T)) logR(¢*(T))]
=logP} f(&)+Egye(rypllogR(E(T))]
<logPy f(&€)+ %p(K7K17H7 x,r,T,e,6,E,1).

The proof of the log-Harnack inequality is complete.
For all bounded Borel functions f > 1 on £, by (4.11) and the Holder’s inequal-
ity, we can obtain

(P £(n))" = (Bf(XE S ()P = (BRF(XE ()P < (PE £7(E))(BR7T <68<T>>4>P—1.
(4.12)
Let M, := — [3(n(s),dW;), t > 0. By using (4.10) we get

R%w( 7))

=e { ﬁ<M>€5(T)}
e {2 ] exp [ M - %wmm}
<ex {2 2pKK17H1<rT£G§n)]

P
X exp {FMKS(T) — W<M>[S(T)i| .
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Notice that exp [p%lMge(T) - ﬁ<M>gs(T):| is a martingale with mean 1. Then,

using Novikov’s criterion we get

p

WP(K,KI,H,K,V,T,S,G,&,T]) .

E[RT(¢°(T))] <exp|

Thus, we get the power-Harnack inequality by plugging the above expression into
(4.12). The proof is complete. [

According to the Proposition 4.2, we can easily prove the Proposition 4.1 and the
Theorem 4.1 by using the same way as H € (0,1/2). Thus, we omit them.
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