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SOME DOMINATION INEQUALITIES FOR SPECTRAL
ZETA KERNELS ON CLOSED RIEMANNIAN MANIFOLDS
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(Communicated by M. Krni¢)

Abstract. We first prove Kato’s inequalities for the Laplacian and a Schrédinger-type operator
on smooth functions on closed Riemannian manifolds. We then apply the result to establish
some new domination inequalities for spectral zeta functions and their related spectral zeta ker-
nels on n-dimensional unit spheres using Kato’s inequalities and majorisation techniques. Our
results are the generalisations of Kato’s comparison inequalities for Riemannian surfaces to n-
dimensional closed Riemannian manifolds.

1. Introduction and Preliminaries

Consider the Riemann zeta function {z defined by {g: {s € C: R(s) > 1} - C
with

iy |
Cr(s) = —: R(s) > L. (1)
ok
From (1), we deduce that
i }is| = i snl(s)
fa s -k

Hence, the series on the right-hand-side converges absolutely if and only if R(s) >
1. Consequently, the Riemann zeta function defined by (1) above is holomorphic in
the region R(s) > 1. It, however, admits a meromorphic continuation to the whole s-
complex plane with only simple pole at s = 1 and has residue 1. For details, see [20].
A generalization of the Riemann zeta function is the Hurwitz zeta function, (see e.g.
[9]), defined by

& 1
Cu(s,a)= Y ——; s€C, 0<a<l, R(s)>1.
W)= 3 o )

Mathematics subject classification (2020): Primary 35A23, 57N16; Secondary 58J90.
Keywords and phrases: Riemannian manifold, Kato’s inequality, majorisation, Laplacian,

Schrodinger-type operator, spectral zeta kernel.
* Corresponding author.

© deav., Zagreb 1525

Paper JIMI-16-99


http://dx.doi.org/10.7153/jmi-2022-16-99

1526 L. OMENYI AND M. OMABA

We denote the Laplace-Beltrami operator simply called the Laplacian in many
literature acting on smooth functions on n-dimensional Riemannian manifold (M, g)
by A, where locally,

Ag = — div(grad) =

\/— > g (V' 35) @

with g/ being the components of the dual metric on the cotangent bundle 7;'M. The
operator A, extends to a self-adjoint operator on L?(M) > H*(M) — L*(M) with com-
pact resolvent. This implies that there exists an orthonormal basis y; € L*(M) consist-
ing of eigenfunctions such that

AgWik = MW 3)
where the eigenvalues are listed with multiplicities; for details, one may see for exam-
ple [14, 17, 10, 7, 18] and [21] among many literature. Consequently, we define the
spectral zeta function which is another generalisation of the Riemann zeta function of
the Laplacian on smooth functions on closed Riemannian manifolds by

| n
Gels) =2 553 R >3 )
a0 2

Kato in [16] in effort to prove essential self-adjointness for Schrodinger operators
under very mild restrictions on the potential term introduced Kato’s inequality and the
Kato class of potentials. These were combined to give new insight in analysis and ge-
ometry of Riemannian manifolds. It computed explicit majorisation Kato’s inequalities
for the trace of the heat operator and the semigroup generated by Bochner Laplacian on
forms.

A characterisation of the generators of positive semigroups were done in [1]. It
showed that the semigroup consists of positive operators if and only if it satisfies the
abstract version of the kato’s inequality. It also characterised the domination of semi-
groups by an inequality for their generators. In continuation of the characterisation,
Hess, et al [12] constructed Kato’s inequalities for several Laplacians on tangent bun-
dles of some Riemannian manifolds and studied their semigroups dominations.

In a similar study, Bér [5] used Kato’s comparison principle for heat semi-groups
to derive estimates for trace of the heat operator on surfaces with variable curvature.
These estimates are from above for positively curved surfaces of genus 0 and from
below for genus greater or equal to 2. It was shown that the estimates are asymptot-
ically sharp for small time and for large time in the case of positive curvature. As a
consequence, it estimated the corresponding spectral zeta function by the Riemann zeta
function for the surfaces. Specifically, Bir [5] derived bounds of the Laplace spec-
trum on closed oriented surfaces. This line of research has continued to develop, for
instance, [6] had demonstrated Kato’s inequality on different Riemannian geometries.
Most recently, [2] discussed some interesting consequences of Kato’s inequality on
some differential operators.

In this paper, we extend these results by constructing Kato’s bounds for the spec-
tral zeta kernel of a perturbed Laplacian of the Schrodinger-type in comparison with
spectral zeta kernel of the Laplacian on (M,g). We have the following results.
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1
loc

THEOREM 1. Let vy € L
Ay €L} (M). Then

(M) and suppose that the distributional Laplacian

Ayl > R (sgn(w)Acy) )

in the sense of distribution.
THEOREM 2. The semigroup T satisfies Kato’s inequality, that is,

(sen(W)Ay.9) < (lv|,A%¢)
Sfor y € domain(A), ¢ € domain(A*) where T* is the adjoint of A.

THEOREM 3. Forall y € C*(M), H|y| > EK(sgn(w)Vw).

THEOREM 4. Let Zg (s,p,) be the spectral zeta kernel of the Schrodinger-type
operator, H = A+ ¢, on smooth functions of the n-dimensional unit sphere, S", where

-1
c is the potential operator that multiplies by p, = nT Then

ZS”(srxay) = CS"(S,)C,y)- (6)

Our results show that the trace, Tr(exp(—tH)), of the operator exp(—tH) where

H = A, +V for smooth potential V' is majorised by Tr(exp(—A,)) on (M,g). We used

Kato’s inequality to prove that the spectral zeta kernel of H is majorised by that of A,

on the n-dimensional unit sphere. The domination of the traces of the semi-group e "/
by e "¢ is shown to be

Tre ™ <nTre ™, t>0. (7)

This result is in tandem with those of [11] and references therein. This leads to the
comparison of the spectra of the generators H and A, on M. The inequality (7) of
course yields inequalities for the associated Riemann zeta as well as the spectral zeta
functions and the associated spectral zeta kernel on manifolds of certain dimensions.

2. Majorisation and the Kato’s inequalities

Majorisation techniques in conjunction with Kato’s inequalities are used to com-
pare heat operators, the spectral zeta functions and the zeta kernels. Majorisation is a
pre-order of sequences of real numbers. We make the following formal definitions on
majorisation and specify its connotation as it is used here.

DEFINITION 1. Let x,y € R” and let x' and y' be vectors with the same com-

ponents as x and y respectively. We say that x weakly majorises y and write this as
x >y y if and only if

k k
x>y for k=12, ,n—1. (8)
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That is, if x = (x1,x2,--+,x,) and y= (y1,y2,--,yu) € R" then x >, y if and only if

X1 2 Y1,
xX1+x2 = y1+y2,

Xi+x2+- A+ xp Zy1+ya+-o e

Equivalently, if y weakly majorises x we write x <, y or y >, X.
n n
If in addition to (8), we get that ) x =y then we say that x majorises y and

J=1 J=1
write this as x > y.

DEFINITION 2. Let Q C R” and let y : Q — R. We call the function y: Q — R
Schur convex if x = y implies that y(x) > y(y) Vx € Q; see e.g. [26, 24, 25].

DEFINITION 3. We say x dominates y and write x > y whenever (8) is satisfied
and call y: Q — R Schur convex if y”(x) >0 Vx € Q CR" and y(x) = y(y).

We will also use the fact that if x =y then x~! < y~!. We make the next definitions
following [13] and [1].

DEFINITION 4. Let y € C*(M) be any function. Define the sign function sgn(y)
by

senty)) = { V20 ®

For any y,¢ € C*(M), the following properties are satisfied:

sgn(y)y = %ﬂx) =yl
sgn(y)o =0, if y L ¢.
sen(w)o = it v Lo.
[sgn(y)o| < [9].
(sgn(v)Ty,9) < (|ly[.T"9)

where T a generator of a strongly continuous semigroup such as the heat operator on
the manifold and T* is the adjoint of T'; see e.g [1].
For any € > 0, we also define a regularised absolute value of y by

Ve(x) ==/ |w(x)> 4 €2. (10)
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So, ling) Ve (x) = |w(x)| point-wise. Thus, the regularised sign function is
E—

—1.
wly[™ s on supp(y), (11

SgRe Y 1= s
gney { € ; otherwise.

for v € C*(TM).
We now give the Kato’s inequality for the case of the Laplacian.

LEMMA 1. Let Ag be the Laplacian defined by (2) and let w € C*(M). Then,

Aglw] > R (sgn(w)Aey ) (12)
except where || is not differentiable.
Proof of Lemma 1. Observe from (10) that y, > |w|. Differentiating
v = |y*+€ gives

VeVeWe = R(yV,y). (13)
Squaring (13) and using that vy, > |y| gives

Vewel < ve ' |wl[Vewl < [Veul. (14)
Now take the divergence of (13) to obtain
Vowe? + velgye = [Vowl* + R(wAy).
By (14), this is equivalent to
VelAgWe = R(VAY). (15)
So, using that sgne ¥ = y|y,|~! by (11), equation (15) becomes
Agve >R (sgng(l[/)Agl[/>. (16)

Now, since AgWe — Ag|y| point-wise and sgne () — sgn(y) point-wise, take limit in
(16) as € — 0 to conclude that

Agly| > EK(sgn(w)Agw).
except where || is not differentiable. [J
Our goal is to extend the Kato’s inequality (12) to a more general class of func-

tions which would prove our first main result given as Theorem 1. We make one more
definition.
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DEFINITION 5. (Approximate identity) Let 0 € C*(R") ® >0, and / o(x)dx = 1.
For € > 0, we define

Then,

/%mm_

Ly :=wexy a7

We define a map I by

whenever the right-hand-side of (17) exists and where

(fxg)lx /fx y)g

is the convolution of f and g. The map I, is called an approximation of the identity,
or simply, an approximate identity.

The approximate identity Iz has the following properties.

(1) If y € L}, (R") then Ly € C(R").
L . d oy
(2.) If y is differentiable then e —(Ly) =1 — 3 ; that is, the approximate identity
X;

I commutes with the differentiation operator —.

8)6,‘
(3.) The map I : LP(R") — LP(R") is bounded; and ||l¢|| < 1

(4.) Forany y € LP(R"), éil‘%HIs‘I/_ vl =0.

(5.) Forany y € L'(R"), I,y — y as & — 0 in the sense of distribution;

see e.g. [10], [13] and [15] for details.

Proof of Theorem 1. Let y € L}, (M). From the properties of I we see that Iy
is smooth for any € > 0. So, inserting Iz in the theorem in place of y, we obtain for
any € > 0 that

Bolley)e > R (sgne(ley)Aclew) ). as)

To remove the approximate identity in equation (18), we use the fact that since
sgne (I W)Ag (I ) is a sequence in L} (M), there exists a subsequence of
sgne(Iew)Ag (Ie w) which converges to sgne (W)A, () except possibly on a set of mea-
sure zero (almost everywhere)

Besides, since A,y € L} (M), it follows from the properties of I that the limit
of Ag(Iey) as € — 0+ is Agy € L} .(M). Also by the boundedness of sgne(I:y) we
have that

SIL%L sgne(ley) (Ag(ls V) — AgW) =
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in the sense of distribution.

It is now left to prove that there is a subsequence such that sgng(ley)A, (e )
converges to sgne (WA, y). But Lebesgue dominated convergence theorem ensures this.
Hence, taking this subsequential limit in (18) gives

Aglyle 2R <(sgng l//)Agl//> .

Therefore, liII(l) (Ag\y/|g > E)T((sgn,S y/)Agw>> gives Ag|y| > EK(sgn(y/)quo in the
E—
sense of distribution as required. [J

COROLLARY 1. Suppose y and Ay € L*(M). Then,
Aly| > EK(W"AW).

Proof of Corollary 1. Since y and Ay € L?>(M) then there exists a sequence
{y;} € 2 which converges in & such that in L>-norm Vy; — Vy and Ay, — Ay.
Moreover,

IVII? = (Vy. V), = —(w.ap), < [lyll2[|Ay]]2.

By the continuity of these estimates, it follows that A|y| > R <sgn(u/)Ay/> Yy € L2(M).

We can extend this concept to semigroups. Let T be a strongly continuous semi-
group with differential operator generator A defined by

1
Ax =i —(Tt—'d
X tlf(I)lt (1) z)x

for x € M. Thatis T satisfies
1. T(0) = id that is an identity operator on M.
2. Forall 0<r,seM, T(t+s)=T(1)T(s).

3. Forall xo € M, ||T(t)xo—xo|| — 0 as ¢ | 0. That is the strong operator topology.
See e.g. [10] and [22].

Proof of Theorem 2. Let y € domain(A) and ¢ € domain(A*) then
(sen(W)AW.0) = Tim ~(sgn(w)(T )y~ v).0)
= lim - (sen(WT Oy, 0)
< lim (7]~ vl.9)

< lim (W (T (09— 0)) = (].T°0). ©
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Of course, in the case that A is self-adjoint, the the Kato’s inequality for the semi-
group is
(sgn(W)Ay, ¢) < (|w|,A9).

Now consider a Schrodinger type operator H =A+V on C*(M) where V is a
nonnegative multiplication potential. We now prove the result tagged Theorem (3):

Proof of Theorem 3. By definition of I we have
Hle|y| = Ale|y|+ VIe|y| = Ie(Aly|+ V]y]) > 0 (19)

since A|y|+V|y| > 0. But,

(ALl |, I |w])e = —|IV (I w)][5 < 0. (20)

Since by (19)) the left side of (20) is nonnegative then V(I |y|) = 0 in L?-sense.
Therefore I.|y| = V|y| = ¢ > 0 with ¢ a constant. Since |y € L*>(M)| and |I¢|y| —
|y| in the L?-sense, we conclude that ¢ = 0 and so I|y| =0, |y| =0 and so y = 0.

Hence, H|y| > Aly| > m(sgn(w)w) > iR(sgn(ul)Vl[l). O

We obtain corollaries of this result by considering more general operators on a
Hilbert space. Let X and Y be operators on Hilbert space of functions 7. We as-

sume that X and Y are well defined generators of the heat semigroups e ¥ and e™"¥
satisfying
P} _
(5 X)e gf_o} 1)
lime-
fime™f =1
and similarly
(£+Y)e ™ f= 0}
Jt
e (22)
fie "' =1

for some f € J#. In the lemma that follows, we denote e X f just by e ~'X.

From here on, we suppress the subscript g in {g(s) and A,. We simply write {(s)
and A for {,(s) and A, respectively, unless for purpose of emphasis.

LEMMA 2. The Laplacian A in (2) satisfies Ae ™2 = e 2A.

Proof of Lemma 2. A direct computation shows this. That is,

Ae ™2 f(x) /Ktxy y)dV (y ))

Il
\
's
e
~
~<
=
=

| |
\
=
><
'\<
Q.
5\
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and by symmetry of K(7,x,y) in x and y we have
e AAf() = [ K558, S0V ()
= | AKCxF6)VE)
= 0 [ Klx3)/(0)av()

which proves the lemma. [

We note that the heat semigroup e "X *+¥) satisfies the Duhamel’s formula
T
e—t(X+Y) — e—tX _ / e—(t—s)(X+Y)Ye—Sde (23)
0

where X and Y are Laplacian-like operators. This is proved as a Theorem in [23] and
[8].

We now highlight the generalisation of the Riemann zeta function, namely, the
spectral zeta function, which is the function of interest in this paper. The spectral zeta
function is explicitly defined through the operator A,* and its integral kernel Cols,x,y),
also called the zeta kernel. The operator A,* is uniquely defined by the following
properties (see e.g [20]):

(1.) itis linear on L?(M) with 1-dimensional null space consisting of constant func-
tions. This ensures that the smallest eigenvalue of A,* is 0 of multiplicity 1 with

corresponding eigenfunction ﬁ where V is the volume of M;

(2.) the image of A,” is contained in the orthogonal complement of constant func-
tions in L*(M) i.e.

/M A wdV, =0 Vye L*(M) constant; and

(3) A wir(x) = A yi(x) for all yy; k> 0 an orthonormal basis of eigenfunction
of A,.

So, for R(s) > 5, we see by property (3.) that A,* is trace class, with trace given by
the spectral zeta function, namely

(24)

[NSRIN]

- N |
(o) = X 77 =T ) = | Gxnav: s >

Let {y}7, be an orthonormal eigenbasis for A, corresponding to the eigen-
values {A}7 , listed with multiplicities. It is proved in [20] that the zeta kernel,

Ce(s,x,y), equals

G ) = 5 WO, ) > 25)
=1

[N
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A relationship between the zeta kernel and the heat kernel enables one to define
the spectral zeta kernel explicitly. The heat kernel, K(7,x,y) : (0,00) x M x M — R, isa
continuous function on (0,e0) x M x M. It is the so-called fundamental solution to the
heat equation, i.e, it is the unique solution to the following system of equations:

(9 +A)K(t,x,y) =0

. 26
tim [ K(,2 )y O0)d%, = () 2o
—0JM

for t > 0; x,y € M and A, is the Laplacian acting on any y € L?(M), where the limit
in the second equation of (26) is uniform for every y € C*(M).

The heat operator e " : L>(M) — L*(M) is the operator defined by the integral
kernel K(z,x,y) as

e By /Ktxy x)dVy

for y € L?(M). The heat kernel is symmetric in the space variables, that is K(z,x,y) =
K(t,y,x) ¥V x,y € M. Thus the heat operator is self-adjoint, that is, for vy, y, € L*(M)
we have

(e” W17W2L2 /{/Ktxylm (v)dVy }yr, (x)

= [ ] Keyopmav v oy, = <wl,e*waQ>Lz(M).

Now returning to the heat kernel, let {y; }7_, with / Vi (x) W (x)dVg(x) = 8y be
M

orthonormal basis of eigenfunctions of A with corresponding eigenvalues {A;} listed
with multiplicities. Then {y;};7, are also eigenfunctions of the heat operator with
corresponding eigenvalues {e_lkt }. In terms of these eigenfunctions, Mercer’s theo-
rem, (see e.g. [7]), implies that e~ is trace-class for all 7 > 0. Thus, one can write the
heat kernel as

K(t,x,y) = Ze My (X)W ().

The convergence for all 7 > 0 is uniform on M x M. In particular, the trace of the heat
operator

Tr(e %) = Z e M [y (x) Z e M —/ K(t,x,x)dV,(x) < oo. 27

The zeta kernel and the heat kernel are related by

1

—s)/oth(K(z,x,y)—%)dt; R(s) >

Glsey) = g

NS

To see this, we observe that for any x > 0 and R(s) > 0,

1 0o
-5 _ —xtts—ldt
TG /0 ¢
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since a change of variable from, say, x¢ to T gives x~* and since I'(s) is holomorphic
for R(s) > 0. Consequently,

o=l [Cenia
k 0

I'(s)
Thus,
_ < o L w s—le—lkt . s n
o) = 3 WO s [t 90> 5
Therefore,
Gyls,x,y) = % | (Zelﬂw)m)) #lar.
Thus, . “ : )
Lol(s.xy) = W/o £ K (xy) — ) R(s) > 2.

We have another result as the corollary that follows.

COROLLARY 2. The Schrodinger-like operator H = A+V, where V € lem, and
V >0, is essentially self-adjoint on C (M).

Proof of Corollary 2. Since the domain D(H*) C L*(M), it suffices to show that
ker(H* 4+ 1) = {0}. This implies that if

(A+V+1)y=0, for yeL*(M) (28)
then y = 0. We prove (28) by Kato’s inequality. Since y € L*>(M) and V € L? (M)

loc
it follows by Cauchy-Schwarz inequality that Vy € L} (M) following the inclusion
L*C L}, CL}, from the estimate

loc
[ 1w ave <vey/ [ worav,
M M

where V, is the volume of M. This implies that y € L] _(M).
Using the Kato’s inequality, we have

Al = R ((sgny)Aw) > R((sgnw)(V+ 1)w) = [yl(V+1) > 0.
Hence, the function A|y| > 0 and so,
Alely| =IAly| > 0. (29)
On the other hand, I¢|w| € D(A) and therefore

(ALl wl), Te|w])) = =]V Il w])|]* < 0. (30)

But by equation (29) the left side of (30) is nonnegative and so V(I¢|y|) =0 in the
L?-sense and therefore I¢|y| = ¢ > 0. But |y| € L? and I|y| — || in L?-sense; and
so ¢c=0. Hence I|y|=0=|y|=0and y=0. O
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3. Bounds for spectral kernels on the n-sphere

Finally, we are set to prove another main result, namely Theorem (4), of this work.
Consider the Laplacian on the unit n-dimensional sphere S" = {x € R"" : ||x|| = 1}
defined in polar coordinates as

1 d d 1
An: o t4—— A, 1
o le&e{sm 686}+sin26 ! Gb

where A,_ is the Laplacian on st
The harmonic homogeneous polynomials restricted to the n-sphere are the eigen-
functions of the Laplacian on §". A detailed treatment of these functions can be found
in [19, 4] and [3]. The restriction of the harmonic polynomials to S are called spherical
harmonic polynomials of degree k. Let .7Z; denote the space of the spherical harmonic
polynomials on S". They are the eigenfunctions of A, with eigenvalues k(k+n—1).
The dimension di(n) of the space of harmonic polynomial /% is given by the

formula
k+n k+n—-2 (2k+n—1)(k+n—2)!
di(n) = — =
n n k'(n — 1)1

where k € Ny and n > 1 is the dimension of the manifold $”. For proof, one may see
[19,20] and [18].

We now consider the Schrodinger operator Ag + ¢ where ¢ = % and n is the
dimension of the unit sphere S”. One expresses the associated spectral zeta function in
terms of the Hurwitz zeta function. Denote by {1} the spectrum of A, +c¢ on S :

W=k(k+n—1)+c (33)

(32)

with the same eigenfunctions and multiplicities, di(n) as for A,.
We define the regularized zeta function as

= di(n

an (S) =
k=1 “k

Z k+” 1 = 9t(s)>g. (34)

The regularized zeta function (34) of the operator A, +c on §" can then be expressed in
terms of the Riemann zeta function see e.g. Elizalde, et al [9]. We prove that Zg: (s,¢) <
Cen(s) which is Theorem 4 of this work.

Proof of Theorem 4. Let {yy j: 1< j <di(n)} be an orthonormal basis of the
space of n-dimensional spherical harmonics .77 (S"). By Kato’s inequality of Theorem
(2) it suffices to use

(sgn(Wi ) JH Wk j i) < (Wi j|, AWi)-
So,

(sgn(Wi ))H Wi js Wiet) = (sgn( Wi j) (Ax +€) Wi j, Y1)
= (sgn(Wi ;) AW j> Wia) + (sgn( Wi ;) Wi j, Vi)
= M (sgn (Wi j) Wi j» Wier) + P (58 (Wi j) Wi j» Vi)
= (A + pn) (580 ( Wi j) Wi js Vi) -
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Hence,

o A sgn (Vi JH Ve W) dVy = /S AT (At pa) (581 (i ) Wi s Wi )dVy.
Since A™* is trace class with trace given by (24) we have

[ ety v vy
(A’k + pn)s o Sgn Wk,] Wk,]? Wk,l y
& 1 _
Dot po)® /s" Vi j Vi dVy

However, for |z| < 1 the following binomial expansion holds

_ < [(2s+m)
1— 2s _ m.
(1=2) ,,ZO mi(2s) <
So for R(2s) > 1, we have
1 - 1 1
25,pn) = —- S —
CH( Spn) P3S+k§1 k2s (1+p7")2‘Y
1 g T(2s+m) /pa\™
_ _ _1 m_\7" "~ (T
p2s +1§1 k* mg‘o( ) m!T(2s) < k )
1 & T'(2s+m) |
_ _ym =2 T N m
2 +m§0( ) T as) P ,{; Kt
which gives the expansion
1 & L (2s+m)
Zsi (s,pn) = P_,?+,Z’O(_l) an Cr(2s+m)

provided 0 < p, < 1 and where (g is the Riemann zeta function.
Thus, since
d(m) | dy(n) |
moo R
and summation operator is Schur convex (see e.g. [26]), it follows that

ZS" (S,x,y) g Cg(saxu)))'

Therefore,
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4. Conclusion

We have constructed Kato’s bounds for the spectral zeta kernel of a Schrodinger-
type operator in terms of the spectral zeta kernel of the Laplacian and Riemann zeta
function on closed Riemannian manifolds. We proved that Trexp(—¢H) < Trexp(—tA)
for H = A, +V on smooth functions on (M,g). Several illustrations were done on the
n-dimensional unit sphere. A similar study can be done on other Riemannian manifolds
of higher genus and with boundary.
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