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THE MOLECULAR DECOMPOSITION OF ANISOTROPIC
MIXED-NORM HARDY SPACES AND THEIR APPLICATION

KANG HU AND QINGDONG GUO*

(Communicated by Y. Sawano)

Abstract. Let p € (0,)", A be an expansive dilation on R", and Hf (R™) be the anisotropic
mixed-norm Hardy space defined via the non-tangential grand maximal function. In this paper,
the authors establish its molecular decomposition. As an application, the authors obtain the

boundedness of a class of singular integral operators from H/’z (R") to H/’z (R™). These results
are still new even in the classical isotropic setting (in the case A := 2, ).

1. Introduction

As is well known, Hardy space H” (R") is a good substitute for the Lebesgue space
LP(R") when p € (0,1], and it plays an important role in various fields of analysis and
partial differential equation; see, for examples, [4, 5, 6, 7, 14, 16, 15, 17]. On the other
hand, the mixed-norm Lebesgue space L”(R"), with the exponent vector 5 € (0, «]",
is a natural generalization of the classical Lebesgue space LP(R"), via replacing the
constant exponent p by an exponent vector p. The study of mixed-norm Lebesgue
spaces originated from Benedek and Panzone [2].

Let p € (0, o|". Recently, Cleanthous et al. [3] introduced the anisotropic mixed-
norm Hardy space Hg (R™), via the non-tangential grand maximal function, and then
obtained its maximal function characterization. Not long afterward, Huang et al. [&]
further completed some real-variable thier characterization, such as the characteriza-
tion in terms of the atomic characterization and the Littlewood-Paley characterization.
Moreover, they obtained the boundedness of 0 -type Calderén-Zygmund operators from
HP(R") to LP(R") or from HP(R") to itself.

Very recently, Huang et al. [9] also introduced the new anisotropic mixed-norm
Hardy space Hf (R™) associated with a general expansive matrix A, via the non-tan-
gential grand maximal function, and then established its various real-variable character-
izations of H /’z , respectively, in terms of the atomic characterization and the Littlewood-

Paley characterization. Nevertheless, the molecular decompositions of H, f (R™) has not
been established until now. Once its molecular decomposition is established, it can
be conveniently used to prove the boundedness of many important operators on the
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space H/’z (R™), for example, one of the most famous operator in harmonic analysis,
Calder6n-Zygmund operator. To complete the theory of the new anisotropic mixed-
norm Hardy space Hf (R™), in this article, we establish the molecular decomposition
of Hf (R™). Then, as application, we further obtain the boundedness of anisotropic
Calder6n-Zygmund operators from H /’z (R") to H f (R™).

Precisely, this article is organized as follows.

In Section 2, we first recall some notation and definitions concerning expansive
dilations, the mixed-norm Lebesgue space L”(R") and the anisotropic mixed-norm
Hardy space H f (R™), via the non-tangential grand maximal function. Then, motivated
by Liu et al. [10, 11] and Huang et al. [9], we introduce the anisotropic mixed-norm
molecular Hardy space H fglgle (R™) and establish its equivalence with H f (R™) in The-
orem 2.11. When it comes back to the isotropic setting, i.e., A := 2I,,,, this result is
still new, see Remark 2.12 for more details.

Section 3 is devoted to the proof of Theorem 2.11 via the atomic characteriza-
tion of Hf (R") established in [9, Theorem 4.7] (see also Lemma 3.3 below). It is
worth pointing out that some of the proof methods of the molecular characterization
of HY(R") = HP"P(R") ([11, Theorem 3.9]) don’t work anymore in the present set-
ting. For example, we search out some estimates related to L?(R") norms for some
series of functions which can be reduced into dealing with the L9(R") norms of the
corresponding functions (see Lemma 3.4 below). Then, by using this key lemma and
the Fefferman-Stein vector-valued inequality of the Hardy-Littlewood maximal opera-
tor My on LP(R") (see Lemma 3.5 below), we prove their equivalences with H /’z (R™)

and HD @ 5¢(R").
In Section 4, we first recall the definition of anisotropic Calderén-Zygmund opera-
tor of Bownik [1]. Then, as an application of the molecular characterization of H /’; (R™),

we obtain the boundedness of anisotropic Calderén-Zygmund operator from H f to H f
(see Theorem 4.5 below). Particularly, when A := 21, ., this result is also new.

Finally, we make some conventions on notation. Let N:={1,2,...} and Z; :=
{0}UN. Forany o := (ou,...,0) € Z := (Z4 )", let |o] := 0y + ...+ ¢, and

a (25 a Op
a._ [ Y v
om (2)(2)

Throughout the whole paper, we denote by C a positive constant which is independent
of the main parameters, but it may vary from line to line. For any g € [, |, we
denote by ¢ its conjugate index, namely, 1/g+1/¢'=1. Forany a € R, |a] denotes
the maximal integer not larger than a. The symbol D < F means that D < CF. If
D < F and F < D, we then write D ~ F. If E is a subset of R", we denote by yg
its characteristic function. If there are no special instructions, any space 2 (R") is
denoted simply by .2". For instance, L>(IR") is simply denoted by L?. Denote by .7
the space of all Schwartz functions and . its dual space (namely, the space of all
tempered distributions).
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2. Molecular decomposition of H /’z

In this section, we first recall the notion of anisotropic mixed-norm Hardy space
H /’z , via the non-tangential grand maximal function My (f), and then given its molecu-
lar decomposition.

We begin with recalling the notion of expansive dilations on R"; see [1, p.5]. A
real n X n matrix A is called an expansive dilation, shortly a dilation, if minycqa)|A| >
1, where 6(A) denotes the set of all eigenvalues of A. Let A_ and A be two positive
numbers such that

1 <A <min{|A]: A € 0(A)} <max{|A]: A €o(A)} <A,

It was proved in [1, p.5, Lemma 2.2] that, for a given dilation A, there exist a
number 7 € (1,e0) andaset A:={x € R": |Px| < 1}, where P is some non-degenerate
n x n matrix, such that A C rA C AA, and one can additionally assume that |A] =1,
where |A| denotes the n-dimensional Lebesgue measure of the set A. Let By := AFA
for k € Z. Then By is open, By C By C By, and |Bi| = b*, here and hereafter, b :=
|detA]. An ellipsoid x+ By for some x € R" and k € Z is called a dilated ball. Denote
by B the set of all such dilated balls, namely,

B:={x+B: xcR" ke Z}. (2.1)

Throughout the whole paper, let ¢ be the smallest integer such that 2By C A° By and,
for any subset E of R", let EC.—R" \ E. Then, for all k, j € Z with k < j, it holds
true that
Bi+B; C Bjo, (2.2)
B+ (Biso)® (B, (2.3)

where E + F denotes the algebraic sum {x+y: x€ E,y € F} of sets E, F C R".

DEFINITION 2.1. A quasi-norm, associated with dilation A, is a Borel measur-
able mapping ps : R” — [0, 00), for simplicity, denoted by p satisfying

(i) p(x) >0 forall x € R"\ {0}, here and hereafter, 0 denotes the origin of R”;
(ii) p(Ax) = bp(x) for all x € R", where as above b := |detA|;

(iii) p(x+y) < H[p(x)+p(y)] for all x,y € R", where H € [1,0) is a constant
independent of x and y.

In the standard dyadic case A :=21,,x,, p(x) := |x|" for all x € R" is an example
of homogeneous quasi-norms associated with A, here and hereafter, 1,5, denotes the
n X n unit matrix, | - | always denotes the Euclidean norm in R".

It was proved, in [1, p. 6, Lemma 2.4], that all homogeneous quasi-norms associ-
ated with a given dilation A are equivalent. Therefore, for a given dilation A, in what
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follows, for simplicity, we always use the step homogeneous quasi-norm p defined by
setting, for all x € R",

plx) =Y bkaM\Bk(x) ifx#0, orelse p(0):=0.
k€Z

By (2.2), we know that, for all x,y € R",

p(x+y) <b? (max{p(x), p(y)}) <b°[p(x) +p(y)].

Now we recall the definition of mixed-norm Lebesgue space. Let p:= (p1,..., pn)
€ (0, o|". The mixed-norm Lebesgue space LP is defined to be the set of all measurable
functions f such that

If 15 = {/R...[/R|f(x1,...,xn)1"dx1} l...dxn} <oo

with the usual modifications made when p; = o for some i € {1,...,n}.
For any p:= (pi,..., pn) € (0,00]", let

p—:=min{py,...,p,} and pi:=max{pi,...,pu} (2.4)

LEMMA 2.2. [9, Lemma 3.4] Let p € (0,]". Then, for any r € (0, ) and
felL?,

LA s = 1 s -

In addition, for any u € C, y € [0,min{l, p_}| and f,g € L?,
and

flls = [l 1Al

Y Y Y
17+ 8l < 117, + sl
here and hereafter, for any oo € R, op := (apy,...,0py) and
p:=min{p_, 1} (2.5)
with p_ as in (2.4).

A C” function ¢ is said to belong to the Schwartz class . if for every integer
¢ € 7 and multi-index o, ||@]|q. = sup[p(x)]/|0%@(x)| < . The dual space of
xeR?

., namely, the space of all tempered distributions on R” equipped with the weak-x
topology, is denoted by .. Forany N € Z, let

n={9pe.? |plas<1, o] <N, L<N}.

In what follows, for ¢ €., k € Z and x € R", let @ (x) := b % (A‘kx) .
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DEFINITION 2.3. Let ¢ € .7 and f € .'. The non-tangential maximal function
My (f) with respect to ¢ is defined by setting, for any x € R",

My (f)(x) == sup |f*q(y)]-
yEX+By kEZ

Moreover, for any given N € N, the non-tangential grand maximal function My(f) of
f €. is defined by setting, for any x € R",

The following anisotropic mixed-norm Hardy space H /’z was introduced in [9, Def-
inition 2.5].

DEFINITION 2.4. Let p € (0, )", A beadilationand N € [|(1/p—1)Inb/InA_]

42, 00), where p is as in (2.5). The anisotropic mixed-norm Hardy space H f is defined
as

H/Iz;: {er’:MN(f) eLﬁ}
and for any f € H? , let ||fHH£ = 1M ()| 5 -

REMARK 2.5. Let p € (0,00)".

(1) The quasi-norm of H /’z in Definition 2.4 depends on N, however, by [9, Theorem

4.7], we know that the Hf is independent of the choice of N as long as N €
[([(1/p=1)Inb/InA_| +2, ).

(ii) When p:={p,...,p}, where p € (0, o), the space H/’z is reduced to the aniso-
tropic Hardy HY studied in [, Definition 3.11].

LEMMA 2.6. [9, Lemma4.6] Let j € (0, )" and N € NN (| (zrimy — Vg
+2,00) with p_ asin (2.4). Then HfﬂLﬁ/l’* is dense in H/’z.

LEMMA 2.7. [9, Proposotion 1] Let p € (0,)" and N € NN [[(

1)L | 42, c0) with p_ as in (2.4). Then H is complete.

1
min{T,p—}

Now we introduce the definition of anisotropic mixed-norm molecules as follows.

DEFINITION 2.8. Let j € (0,00)", g € (1, 9],

1 Inb

and € € (0, ). A measurable function 91 is called an anisotropic mixed-norm (p,q,s,€)-
molecule associated with a dilated ball xo + B; € B if
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b_Ie|B|'/a

(l) for each ] S Z+, ||mHLq(Uj(xO+Bi)) < m, where UO(XO+Bi) = X()+Bi

and for each j € N, U;(xo + B;) := xo + (A’B;) \ (A/"'B;),

(i) forall o € Z with |at| <, [ M(x)x%dx =0.

REMARK 2.9. Let p € (0, «)".

(i) When p:={p,...,p}, where p € (0, 1), the definition of the molecule in Defi-
nition 2.8 is reduced to the molecule in [11, Definition 3.7].

(ii) When it comes back to the isotropic setting, i.e., A := 2I,,x,, and p(x) := |x|" for
all x € R", the definition of the molecule in Definition 2.4 is also new.

In what follows, we call an anisotropic mixed-norm (j, g, s, €)-molecule sim-

ply by (P, ¢, s, €)-molecule. Via (p, g, s, €)-molecules, we introduce the following

Hﬁ’q,saS

anisotropic mixed-norm molecular Hardy space A mol -

DEFINITION 2.10. Let p € (0, )", g € (1, ], A be a dilation and let s be as in
(2.6). The anisotropic mixed-norm molecular Hardy space Hfjgl’sl’g is defined to be the
set of all distributions f € . satisfying that there exist {4;};,cny C C and a sequence
of (P, q, s, €)-molecules {IM;};cn associated, respectively, with {B(i)}ieN C B such
that

=Y in .

ieN
Moreover, for any f € H fjlzl’(fl"c’, let
1/p
. Ailxpo 17|
£l p.a.s.e = inf [
Hy o ,-EZN 12500 || 15 U;

where the infimum is taken over all the decompositions of f as above.

The following Theorem 2.11 shows the molecular characterization of Hf , whose
proof is given in the next section.

THEOREM 2.11. Let p € (0,1]" and q € (1, N (p, 0| with py asin (2.4), s
beasin (2.6), € € (max{l, (s+1)log,(A4)}, ) and Ne NN[|(1/p—1)Inb/InA_ | +
2, 0) with p as in (2.5). Then

P _ pgP.a.s,€
HA _HA,mol

with equivalent quasi-norm.
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REMARK 2.12. Let p € (0, 1]".

(1) Liu et al. [12] introduced the anisotropic Hardy-Lorentz space Hf”, where
p€(0,1] and g € (0,00]. When p:={p,...,p} with p € (0, 1], the molecular
characterization of H f in Theorem 2.11 is reduced to the molecular characteri-
zation of anisotropic Hardy spaces HY=HY"? in [11, Theorem 3.9].

(i) When it comes back to the isotropic setting, i.e., A := 21I,,x, , the molecular char-
acterization of H f: in Theorem 2.11 is still new.

3. Proof of Theorem 2.11

To show Theorem 2.11, we recall the following notion of anisotropic mixed-norm
(P, g, s)-atoms introduced in [9, Definition 4.1].

DEFINITION 3.1. Let p € (0,00)", g€ (1,00] and s € [|(1/p——1)Inb/InA_ |, o)
NZy with p_ asin (2.4). An anisotropic mixed-norm (P, q, s)-atom is a measurable
function a on R" satisfying

(i) suppa C B, where B €3 and B is asin (2.1);

.. |B|Y/4
@) llaller < 1773
(iii) fpna(x)x*dx =0 forany a € Z" with |o| <s.

Throughout this article, we call an anisotropic mixed-norm (p, ¢, s)-atom simply
by a (P, ¢, s)-atom. The following anisotropic mixed-norm atomic Hardy space was
introduced in [9, Definition 4.2]

DEFINITION 3.2. Let p € (0,%)", g € (1,0], A be a dilation and s be as in

(2.6). The anisotropic mixed-norm atomic Hardy space Hg’q’s is defined to be the set
of all distributions f € . satisfying that there exist {A;};ey C C and a sequence of
(B, g, s)-atoms {a;};en supported, respectively, on {B!)};cy € B such that

f=2 Aaj in 7.
ieN

Moreover, for any f € H f 4 et

1/p
. Ailxgo 12| 7
£l s = inf [— |
Hy % |l xg0) || 15 b

where the infimum is taken over all the decompositions of f as above.
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LEMMA 3.3. [9, Theorem 4.7] Let p € (0,1]", g € (max{py, 1}, | with py
as in 2.4), s € [|[(1/p— —DInb/InA_ |, e0) NZy with p_ as in (2.4) and N € NN
[L(1/p—1)Inb/InA_] +2,00). Then

P _ pgba.s
Hy = H,
with equivalent quasi-norms.

We also need the following useful technical lemma, whose proof is similar to [13,
Lemma 4.1] that the details being omitted.

LEMMA 3.4. Let p€ (0, 1)", 1 €(0, p] with p asin(2.5)and r € [1, ] N (p4, =
with py as in (2.4). Then there exists a positive constant C such that, for any se-
quence {BW Yoy C B of dilated balls, numbers { A }xen C C and measurable func-
tions {ay}ren satisfying that, for each k € N, suppay C B and ||ay||r < [BW|V/,

it holds true that
1/t 1/t
(2 xkak|t> <C (2 | Aex g }t> ~

keN keN
Ly Lr

We recall the definition of anisotropic Hardy-Littlewood maximal function My, (f).
Forany f € L! and x e R",

loc

Mus(f)(x) = sup ‘%‘ [1r@l (3.1)

x€BeB

where B is as in (2.1).

LEMMA 3.5. [9, Lemma4.4] Let p € (0, )" and u € (1, o|. Then there exists a
positive constant C such that, for any sequence { fi }ren of measurable functions,

1/u 1/u
{2 [MHL(fk)}u} <C (2 |fk">

keN keN o
P b

with the usual modification made when u = o, where My denotes the anistropic

Hardy-Littlewood maximal operator as in (3.1).

Proof of Theorem 2.11. By the definitions of (p, ¢, s)-atom and (p, g, s, €)-mo-
lecule, we find that a (3, e, 5) -atom is also a (P, g, s, €)-molecule, which implies that

Proo,s P,q,5,€
HA - HA7mol .
This combined with Lemma 3.3 further implies that to prove Theorem 2.11, it suffices

D:4q,5,€ p
to show HA7mol CH,.
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pqse
HAmol ’

To show this, forany f € by Definition 2.10, we deduce that there exists a

sequence of (P, g, s, €)-molecules, {9M;}icnv, associated with dilated balls {B")};cyy C
B where Bl) := X; + By, with x; € R" and /; € Z such that

fzzkiimi inY,
N
and
1/p
Ailxgo 12|
11 e ~ [— . (32)
HY ol % 1250 I )

Lr

To prove f € HY  itis easy to see that, for all N € NA[[(1/p—1)/InA_|+2, ),

p p
”MN( )||Lp = ||Mn (Z )Limi> Z |)Li|MN(9ﬁ,
icN L ieN )72
P L
g Z |A« |MN XAZO'B Z |A« |MN AZO'B())C
ieN L ieN 17
l/g P P
< {Z [|7LiMN(9ﬁi)xAzoB<i)]B} + |12 1AMy (90) g0 000
ieN . ieN 17
Ly
=:1; + 1,

where A2°B() is the A%® concentric expanse on B') thatis A>°B() := x; + A%9By, .
To estimate I;, for any g € ((max{p~, 1}, g), by the boundedness of My on L"
forall r € (1, e0) and Holder’s inequality, we have

1200 || 5 M (9%) X p20 00 HLa (3.3)
(M)l,a <
~ 2505 sup O (x)g (x) dx
Il =1 1/B"
Slsolls s 3 [ Wl

llgll, 7 =1z

.o
g5 B My | [ ]

lgll =1 &7, f

S xs0

where for all i € N, Up(B%)) := B\ and for any j € N,

U;j(BY) == x;+ (A'B;)\ (AT 'By,). (3.4)
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From (3.4) and Holder’s inequality, we have that, forany i € N and j € Z_ ,

1/q ' 1 1/q
I e A e L
U (1) |AJB[ | AJB;

X 1/d . ’ 1/’1,
<[aB, | inf M (15l ) )

14 ) 1 / q/d v
‘ {W AR dx}

From this the size condition of 9;, 1/¢' < 1 < € and the fact that My is bounded on
L’ forall r € (1, ), we conclude that for any ¢ € ((max{p4,1},q) and i € N,

L? N( i)xAZO'B(i) ||L‘i

Ny
5 sup bj(l/qlfg) |B(l)‘ /4
v .y X |l25

lell, ¢ =1jez, B || Lp

) {/xi+B[. [MHL <‘g|q,> (x)] " dx}

< |0

1*‘7

<’B(i) 1/q su {/ {M (‘ |q,> (X)V/qldx}lﬁ
- H&'HL;)ZI xi+B, HL | |18
SE Y [ |g(X)|’7dxr/q g ’1/4

Rn

el =1

By this Lemma 3.4, g € ((max{p4, 1}, ¢) and (3.2), we obtain

2 aksn
= I [ el

S Llgo ll s
P

< Z[ il r a ~IrIE
~ Apli s,€°
ieN ”%B(i) HLﬁ B U Hp e

To deal with I, forany i € N and x € (x;+A2°By,))C, by My(f)(x) ~ MY(f)(x)
[1, Proposition 3.10] and proceeding as in the proof of [1 1, (3.48)], we know that

My (90;)(x)

2 < goll M) 0]°, 3.5
M Lp _xl_)]e S X0 || (MEL(X R0 )(X)] .

where for any i € N, x; denotes the centre of the dilated ball BY) and

1 InA_
6::< nb +s +l>—n)L

1
o W p (3.6)
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From this Remark 2.2(i), Lemma 3.5 and (3.2), we deduce that

L

Ai
LY #[MHL(%BM}G

3.7
ieN HXB(i) ||LF

Lp

il 1/0||92
~ {2—‘[1‘4&%@)]9}

ieN HXB(I') HLﬁ

/0|92

¥ Al 20 N
ieN HXB(I') HLﬁ =
L97

1/p||2
SV [EE T~ e
~ ieN HXB(I')HLﬁ Lﬁ H/I;‘q.a‘s

This together with I and I, shows that

171z ~ WA () s S 1 e

L9P

)4
il xgo ||~

ieN HXB(I') HLﬁ

A

LP

This implies that f € H /’z and hence H f 310\18 CH /’z . This finishes the proof of Theorem
2.11. O

4. Applications

In this section, as an application of the molecular characterization of H f in Theo-
rem 2.11, we obtain the boundedness of anisotropic Calderén-Zygmund operators from
H/’z to itself. Particularly, when A := 2I;,«,, this result is still new. We recall that the
definition of anisotropic Calderén-Zygmund operators associated with dilation A.

DEFINITION 4.1. A locally integrable function K on Q := {(x,y) € R" x R":
x # y} is called an anisotropic Calderén-Zygmund kernel (with respect to a dilation A
and a quasi-norm p ) if there exist positive constants C and & such that

. c '
() [K(x,y)[ < 5r=y forall x7# y;

(i) if (x,y) € Q,x¥ € R" and p(x' —x) < b~ *9p(x—y), then

/ @ —x))°
K(,) = K(w)| < €l

(i) if (x,y) € Q,y€R" and p(y—y) < b 2%p(x—y), then

p(—y))°

‘K(X’y) _K(x’ _)7)‘ < C[P(X—y)]l"_é.
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We call that T is an anisotropic Calderdn-Zygmund operator if T is a continuous
linear operator mapping .# into .#” that extends to a bounded linear operator on L?
and there exists an anisotropic Calderén-Zygmund kernel K such that, for all f € C”

and x & supp(f),

Tf(x) = | KCxy)f)dy.
To obtain the boundedness of anisotropic Calderén-Zygmund operators on H/’z ,
we need to increase the smooth hypothesis on the kernel K. The following definition
was introduced by Bownik in [1, Definition 9.2].

DEFINITION 4.2. Let N € Z . We say that T is an anisotropic Calderon-Zygmund
operator of order N if T satisfies Definition 4.1 with the kernel K in the class CV as a
function of y. We also require that there exists a positive constant C such that for any
o € Z with |o] <N and (x,y) € Q,

o¢ [k (- a9)] (v a )| < clotr—n) T =, “.1)

where ¢ € Z is the unique integer such that p(x —y) = b* with the implicit equivalent
positive constants independent of x, y and ¢. More formally,

¢ —t
oy [k (%)) (wa™)
means (ayo‘k)(x7A_€y)7 where K(x, y) := K(x, Ay) forall (x,y) € R” and x # A'y.

REMARK 4.3. In Definition 4.2, when N € Z , A :=2I,,x, and p(x) := |x|" for
all x € R", then (4.1) becomes that for any o € Z/} with |ot| <N and (x,y) € Q,

0%K (x, y)| < Clx—y| "1, (4.2)

which is standard and well known. More examples of anisotropic Calderén-Zygmund
operator of order N as in Definition 4.1; see [1, p.61].

To obtain the boundedness of anisotropic Calderén-Zygmund operators from H f

to Hf , we need to prove that anisotropic Calderén-Zygmund operators T map atoms
into harmless constant multiples of molecules. Generally, we cannot expect this unless
we also assume that the considered operators preserve vanishing moments, which is
given in the following definition introduced by Bownik ([ 1, Definition 9.4]).

DEFINITION 4.4. We say that an anisotropic Calderén-Zygmund operator of or-
der N satisfies 7*(x”) =0 for all |y| <s, where s < NInA_/InA, if for any f € L4
with compact support, g € [1, 0| N (p4, o] with p; asin (2.4) and

/ x%f(x)dx = 0forall || <N,
Rn

we also have
/ T (f) (x)dx = 0 forall || < s.
Rn
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THEOREM 4.5. Let p € (0,1]". If N € N and T is an anisotropic Calderdn-
Zygmund operator of order N, then T can be extended to a bounded linear opera-
tor from Hf to H/Iz, provided that T*(x*) =0 for all a € Z"'. with |ot| < s, where
s€[(1/p= = DInb/InA_|, ) N Z+ with p_ as in (2.4) and s < NInA_/InA,.
Moreover, there exists a positive constant C such that for all f € HY ,

T lyp <CIfl @3

REMARK 4.6. (i) When p:={p,...,p} with p € (0, 1], the space H/’z is re-
duced to the anisotropic Hardy space H} and now and Theorem 4.5 coincides
with [1, Theorem 9.8] of Bownik.

(ii) When A :=2I,, and p(x) := |x|" for all x € R", the above result is still new.

To prove Theorem 4.5, we need some technical lemmas. The following conclusion
is from [9, Theorem 4.7] and its proof, which is needed in the proof of Theorem 4.5.

LEMMA 4.7. Let p € (0,00)" and s € [[(1/p— —1)Inb/InA_], )N Zy with p_
as in (2.4). Then for any f € H} NLP/P- | there exist {A;}ien C C, dilated balls {x; +
By, Yien C B and (P, o, s)-atoms {a;}ien such that

f=Y Ja;i in &,
ieN

where the series also converges almost everywhere.
LEMMA 4.8. [9, Lemma4.5] Let p € (0, )" and g € (1, o] N (p4, o] with p

as in (2.4). Assume that {Aitien € C, {BD}ieny € B and {a;}ien € LY satisfy for any
ieN, suppa; C B,

|B)|1/a
lallee < 57—
1250 I
and
- I/p
3 |2l X0 r B
ieN _”%B(i)HLﬁ =
Lr
Then

1/p

[2 |Aiai |
ieN

l/g
<clky {LXB“) r ,
. ieN HXB(i)HLﬁ =
7 P

LP

where p is as in (2.5) and C is a positive constant independent of {A;};cn, {BD}ieny
and {a;}ien.
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LEMMA 4.9. Let p € (0,1]", g € (1,00 and s € [|(1/p- —1)Inb/InA_], )N
Z with p— asin (2.4). Suppose that T is an anisotropic Calderon-Zygmund operator
of order N € N satisfying T*(x*) =0, for all |ot| < s with s < NInA_/InA;. Then
forany (P, q, s)-atom a supported on some xo+ Bj, with xo € R" and jo € Z, T(a) is
a harmless constant multiple of a (P, q, s, €) -molecule associated with xo+ B, where
€:=NlnA_/Inb+1/q.

Proof. Let abea (P, g, s)-atom with suppa C B}, jo € N. Then for the anisotro-
pic Calderén-Zygmund operator 7 of order N satisfying 7*(x*) =0 forall |ot| < s, by
Definition 4.4 and the vanishing moments of a, we obtain that 7 (a) has the vanishing
moments up to order s.

Let Uy := Bjy4+o and forany j € Z, Uj := Bj,4j+6+1 \ Bjy+j+o- To prove that
T(a) is a harmless constant multiple of a (7, g, s, €)-molecule, we only need to show
that

‘Bjo‘l/q
1T(a)| S (4.4)
HO = e, s
and for any j € N and x € U;,
b~I€|B;, |4
7@y S =t 4.5)
xBjO Lr

Indeed, for any x € Up, applying the fact that 7 is bounded on LY for all g €
(1,e0), suppa C Bj, and the size condition of @, we obtain that

1@ sy < s, ) < 220
a)llLawy) X AL, )X 7 1
() Bio) > s,y 1

and hence (4.4) holds true.

Forany (p, ¢, s)-atom a, j €N, x € Bj1j16+1 \Bjy+j+c and y € Bj,, by (2.2)
and (2.3), we have x —y € Bj,+j+20+1 \ Bjy+j and hence p(x—y) ~ b0/ From this
and (4.1), we deduce that for all o € Z'} with |ot| <N,

}aa [K (.,AJ'0+J'.)] (x7A_j0_jy)} < [p(x—y)}_l ~ o (4.6)

By the condition that suppa C Bj,, we have
T(a)(x) = / K(x, y)a(y)dy = / K (x, A7 Iy) a(y)dy, 4.7)
Bj Bj

where K(x,y) := K(x, A*/y) for all x,y € R" with x # AF/y. Now we expand
K(x,y) into the Taylor polynomial of degree N — 1 (only in y variable) at the point
(x, 0) that is

_ %K (x
K(x,3)= Y #@)%R}v@ (4.8)

|o|<N—1
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where y:=A"/0"/y with y € B, , and hence y € B_;. Then applying (4.8) for y€ B_;,
using (4.6), we have

IRy (Y)| < sup sup

Z€B_j |o|=N

IPK(x,2) ’mN < p=lio+]) sup |z (4.9)
ZEB

Notice that z € B_; and hence p(z) < b~/ < 1. From this and |z| < [p(2)]'%(*) (see
[1, p. 11, (3.3)]), we conclude that

sup |z} S sup [p(2)] et ) < pmMlenlt ),
z€B_; z€B_;

By this and (4.9), we obtain
IRv()| < p—lotj+jNlogy(2-)) (4.10)

From (4.7), (4.8), (4.10) and the Holder inequality, we deduce that
T@EI < [, Ry (47 )at)]a

< b*(jo+j+jN10gh(/L))/ la(y)|dy

< b—j[1+N10gb(7L)+jo/q]JaOLq(BJ_O)’

which together with the size condition of a and € := Nlog,(A_)+ 1/4’, implies that

1T (@)l oy < b~/ al g | B o[

< b—j(1+N10gb( bj/q ‘BJO|
I8, Tor
e B
| Xxo+8), 15

Thus for any j € N, (4.5) holds true. This completes the proof of Lemma 4.9. [

Proof of Theorem 4.5. First, we show that (4.3) holds true for any f € H f NLP/P-

with 7 € (1, o] N (p4, o). Forany f € HfﬂLﬁ/P* , by Lemma 4.7, we know that there
exist {A;};eny C C and a sequence of (5, g, s)-atoms, {a;};en, supported, respectively,
on {B"},cxy € B, where BU) := x; + By, with x; € R" and ¢; € Z, such that

f= Z)Liai in ./ and almost everywhere,
ieN

and

x50 Il 15

1/p
)Li i L -
1Ay ~ {Z[ﬁ] } : @.11)
A ieN .
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It is easy to see that, forall N € NN [[(1/p—1)/InA_] +2,e) and x € R",

r r
1M (T ()7 = ‘ My (T (Z Mlt)) < || X 1AMy (T (ar) (4.12)
ieN P ieN LP
r r
<|| 2 NIMN (T (@) tpoop |+ || 2 14ilMN (T (i) X p20 500
ieN P iEN LP
1/p 14 P
S {2[|/1i|MN(T(ai))XAch<i>]p} + || 2 1AlM (T (ai)) X g2 iy
ieN ~||ieN 1%
=:K; + Ky,

where A2°B(0) is the A2® concentric expanse on BU) that is A2°Bl) :=x; +A2%°B,, and

p asin (2.5).

~ For K, from the fact that My and T are bounded on L? for all g € (1,00), we

know that -
- |B)|1/a .

~ xpo lls

|MN (T (ai)) xp2o 500 || 1o S Natidpzo g o

From this Lemma 4.8 and (4.11), we further deduce that

1/p P
Ailxgo 12| )
s [7 A s
{zeEN ”XB(")”LF . HDT

For K,, forany i € N and x € (A20B0), by Lemma 4.9, for any (7, g, s)-atom
a;(x) supported on a ball BY), we see that T(a;) is a harmless constant multiple of a
(B, q, s, €)-molecule associated with B(), where € := Nlog,(A_)+1/¢'. From this
and an argument similar to that used in the proof of (3.5), we know that

0

My (T (a))() S g0l Mz (epo) )] (4.13)

where, for any i € N, x; denotes the centre of the dilated ball B and 6 as in (3.6).
By (4.13) and an argument same as that used in the proof of (3.7), we obtain

1/p||2
Ailxgo 12| ,
S i 1
([ L~y

Lp
Combining (4.12) and the estimates of K; and K, we further conclude that

I gp S WA lgs ~ 151

Next, we prove that (4.3) also holds true for any f € H f .Let feH b , by Lemma
2.6, we know that there exists a sequence {f;} ez, C HY NLP/P~ with p_ asin (2.4),
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such that f; — f as j— o in Hf. Therefore, {f;}jcz, is a Cauchy sequence in H/’z.
By this, we see that forany j, k€ Z,

ITC5) =Ty = IT(fs = Fll g S 1S5 = fell -

Notice that {T'(f;)} jez. is also a Cauchy sequence in H f . Applying Lemma 2.7, we
conclude that there exista g € Hf such that 7(f;) — g as j— o in Hf. LetT(f):=g.
We claim that T'(f) is well defined. Indeed, for any other sequence {4} ez, C HN
LP/P~ with p— asin (2.4) satisfying h; — f as j— e in Hf, by Remark 2.2(i), we
have

I7(0) = Ty T () =TI + 1) ~ 2l
S W= £+ 1T () el

S Nl —fH* +11f = Sill

S

P .
H[)+HT(fj) gHsz—)0aS]_>07

which is wished. B
From this, we see that, for any f € H?,

T = gl = i 1) S i 1~ 1

which implies that (4.3) also holds true for any f € H /’z and hence completes the proof
of Theorem 4.5. [
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