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THE SHARPER VERSION FOR GENERALIZED POWER
MEAN INEQUALITIES WITH NEGATIVE EXPONENT

RAMAZAN TINAZTEPE, GULTEKIN TINAZTEPE*, ZEYNEP EKEN, SEVDA SEZER,
SERAP KEMALI, [LKNUR YESILCE ISIK AND SINEM SEZER EVCAN

(Communicated by G. Sinnamon)

Abstract. In this study, the generalized power mean inequalities with a negative parameter are
refined using an optimality theorem on the generator function. The optimality theorem requires
the study of different cases for the exponents and yields a refinement of the inequality in a
neighbourhood of the vectors for which the equality occurs. Then, these local inequalities are
generalized to all positive vectors by an appropriate selection of parameters. Also, some of the
results are exemplified by numerical calculations.

1. Introduction

The mean inequalities have an important place in the realm of inequalities. The
well-known means such as the arithmetic, quadratic, geometric and harmonic means
are the special cases of the generalized power mean function

1
T

Mt(a,x) = Z(Xl.xi
i=1

where 1 € R, a = (ay,,...,0,) with i o;=1, 0;>0 and x = (x1x2 ..., %),
x; > 0. -

Note that M_; (a;x), M;(o;x) and My (o;x) give weighted harmonic, arithmetic
and quadratic means, respectively.

My(ot;x), M_oo(0t;x) and Mo (0t;x) are defined as the limit of M; (et;x) as 1 — 0,
t — —oo and t — oo, respectively. They correspond to the following functions:

n
Mo(a;x) =[x/, M—w(o;:x) = min x;, Mo(0x)= max x;.
i=1 ;

i€{l,..n} ie{l,..,n}
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The inequalities between these means are based on the fact in [17] that M, (a;x)
is an increasing function with respect to ¢, i.e., if p,q € R with p < g then

Mp(0;x) < My(ox). (D)

Equality occurs if and only if x; =xp =--- =x,.

There are numerous refinements or sharper versions of the mean inequalities. [3,
15,19,4,6, 8, 18, 5, 2, 7] can be referred as instances for further reading.

One way to obtain new or refined inequalities is to use the notions from abstract
convexity and its applications in optimization. Rubinov in [12] proposed the utiliza-
tion of the optimality properties of the abstract convex functions to sharpen inequali-
ties with an example on the arithmetic-geometric mean. Then Adilov and Tinaztepe
in [1] applied the results to geometric-harmonic, aritmethic-quadratic mean inequal-
ities. Same approach is used to sharpen the classical inequalities such as Holder,
Aczel, Bergstrom and Brunn-Minkowski inequalities [21, 22, 23, 20]. We refer to
[24, 25, 26, 9, 16, 13, 14] for other types of convexities and their applications to in-
equalities.

In this paper, the generalized power mean inequality (1) involving a negative ex-
ponent is sharpened by means of the results that are based on abstract convexity.

The paper is outlined as follows: In the second section, some definitions and the-
orems related to abstract convexity given in [12] are presented. In the third section,
sharper version of generalized power mean inequality is derived and some numerical
examples are given.

2. Preliminaries

The sharpening of an inequality or sharper version of an inequality can be de-
scribed as follows: Let f: R" — R, . If one can find u(x) > 0 such that f(x) > u(x),
then f(x) > u(x) is sharper than the inequality f(x) > 0.

Let H be the class of functions on Q C R”. If there exists a function # € H such
that 2 > f then f:Q — RU{—c} is majorized by H.

In[11], A. M. Rubinov gives the definition of abstract concave function as follows:
Let H be the set of functions i : Q — RU{—e}. A function f:Q — RU{—eo} is
called abstract concave with respect to H (or H -concave) if there exists a set U C H
such that f(x) = }125 h(x) forall x € Q.

Let X be a Banach space and H be the set of all quadratic functions % in the form
of

h(x) =allx|)* + (I,x) +¢, xeX 2)

where a >0, [ € X and ¢ € R. Let Q C X. Then a function f:Q — RU{—oo} is
abstract concave with respect to H if and only if f is majorized by H and f is upper
semicontinuous (see [11]).

The following theorem asserts that the function f satisfying certain conditions can
be abstract concave with respect to the functions in the form of (2).
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THEOREM 1. [12] Let Q C X be a convex set and let f be a differentiable func-
tion defined on an open set containing Q. Assume that the mapping x — Vf(x) is
continuous on L with the Lipschitz constant L, i.e., L is the least real number satisfy-
ing

IVf(x) = VIO < Lix—y

for x,y € Q. Let a > L. For each t € Q, consider the function
fi(x) = f(0)+ (Vf(x),x—1) +alx—1]>, xeX.
Then f(x) =min f;(x), x € Q.
1eQ

The optimality conditions for a function f that can be represented as the infimum
of the family of the functions (f;),.q over a convex set are elaborated in [12]. In
this context, for a function f : X — R satisfying ||V f(x) — Vf(y)|| < aljx—y| for all
x,y € X, the following result is obtained in [12]:

If x* is a global minimum point of f over X, then

VAP < /00 1) G

forall x € X.
The following theorem which suggests the general case of the inequality (3) is
proved in [12].

THEOREM 2. [12] Let ||.|| be Euclidean norm and ||.||, be any norm on R". Let
Q C R" have nonempty interior and let [ be differentiable on Q and let Vf(x) be
continuous with Lipschitz constant L on Q. Suppose [ has a global minimum at x* €
int Q over Q. Accept that

Bo(x*,r) = {x: |lx—x"||, < r} CintQ

and
T =max{||Vf(x)||, :x € Bs(x",r)}.

T
Consider s > 0 such that Bo(x*,r+s) C Q and let a > max (L, 2—) . Then
s

41—a IV < £(0) = F(x7), x € Bo(x",r).

3. Main results

Using Theorem 2, we obtain a sharper version of (1) for p <0 and for any g € R.
In doing this, we analyze the cases p <0 and p =0 for any g € R separately. While
all cases are managed using the same sharpening scheme, there are some different
technical details in the proofs. Therefore, we provide separate theorems for three
cases p <0 and g #0, p<0 and ¢ =0, and p = 0. Before stating the theorems,
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we introduce some notations for ease of use. In the statements of the theorems and
the proofs, we will use the following notations: R ={(x1,x2,...,%,) € R" :x; > 0},
R, = {(x1,x2,...,%,) €R":x; >0}, 1 =(1,...,1) € R", |-, denotes maximum
norm for R", the indices for all },’s are from 1 to n unless stated otherwise.

First we state the theorem for p < 0 and g # 0.

THEOREM 3. Let A >r >0, p <0, g € R\{0} with p < q and a € R, such
_ _ut ;
that %Oci = 1. Define Z,, = 7= for u,v € R with u # v and suppose

_ - C
c:[z”’ Zlq]a . B= mi Ad),
i Pl B i ma A 2
where A(d) is defined for the following cases of q:
Case 1: For g <1 and q # 0,

2

Za (1—206,-—#;0(,?)] :

2(1 1 2p
A_

Ald) =

Case 2: For 1 < g <2,

12
[Z_aiz{(l—a,) (=07 +0-p)7), 2”} +k§.a§[(q—1)zi"d2+(1 Pzl ZPTH
Ald) = 1—d :

Case 3: For 2 < q

1

22
A(d):#{( -1z, 2’1 24 (1-p) i”d 1] Z(af—Zocf)—i—(zaiz) .

A—d -
Then for x € R, satisfying ||x— A1|., < r, the following inequality holds:

M,(a;x) > Mpy(0x) + —Zak [ ,(0x)! ‘f—x{’lMp(a;x)l‘Pr. 4)

Proof. Let us consider the function f: R, — R defined by

f(x) =My(a:x) — Mp(a:x).
It is known that f(x) attains its minimum value 0 on any point x such that x| = x; =
-+ =xp. Let us denote such minimum point by A1. We will apply Theorem 2 to f(x).
Let || ||, in Theorem 2 be maximum norm on R’ | . For ease of use we define

daf

pilx) i= - = o "M, (a;x) 79— o M, (e x) P
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In this case ||V f(x)||* = X p? (x).
First, we will show the Lipschitz continuity of ||V f]| on the set
Via:={xeR":||x-A1], <d} (5)

where A >d > 0. Itis clear that V; ; C R’ ,. Let us estimate ||Vp;(x)| for x €V} ;4 to
show the Lipschitz continuity of Vf to ensure the conditions of Theorem 2. We have

%) - m{( o e (S

k#i

—(p— ) "Mp(a;x)' 2P (20%’%)}
k#i

(x) = 050y { (1= q) (xx))? ' My (@) 24

—(1 = p)wix))" ' Mp(0s)' 2P}, (i # ).

Ipi
8)6]'

The estimates for (x)‘ and ‘% (x)' on V, ,; using (5) depend on the powers of x;,
y :

thus requires the 1nvest1gation of different cases of ¢.

Case 1. g <1 and g # 0. We will prove it in three parts:

)g<0,ii) 0<g< 3 andiii) 1 <g<1.

Proof of i). For a better tracking of the calculations, we present the following
auxiliary inequalities, which follows from (5):

(A+d) 2 <x? < (A—d)i?,

(A—d)' 720 < My(a;x)' =20 < (A +d)' 2,

O (1—o)A+d)< ¥ o < (1— o)A — ), ©
ki

(A+d)?12 < (xixj)q—1 <A —a)¥ 2

One can replace g with p in (6) since p < 0. Using the inequalities in (6), triangle
inequality and

(1-9)2, /"< (1=p)Z, /", )
we have
P| < MR [0 az 0
Rl aﬁ: PZig" ®)
o) < 2 [0- 0z - p2 ) (1)
- 2a,(xj(1_ ) }ldzp

A—d
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SO
1

204(1 ?
IVpi(x)]| < % (1 —2a,+2ak> Z 9)

Let x,z € V3 4. By means of Cauchy-Schwarz inequality and the mean value theorem, it
can be deduced that there exist numbers 6; € (0,1), i=1,...,n such that x+ 6;(z—x) €
Vy q forall i

pi(x) — pi(z) = Vpi(x+ 6;(z—x)) (x — 2).

Using the inequality (9)

L
2

19509 = V)1 = | 3 Vpie+ 0~ x))(x—z)}zl

L
2

éV”"“@f(z—x»H ez

1
21-p)2; /" [& o ’
- k

i

we conclude that
[VFx) = V@I <Ad)]x—zll, x,2€ Va4

where

2

_ 1 2p
oy XA

Za (1—20{,-—#%0(,?)

Hence Vf is continuous on V), ; with the Lipschitz constant L < A(d) for ¢ < 0.
Now, let us determine the number 7 to apply Theorem 2 to the set Q =V, ;. Let
€ (0,d). For the case i), T = max {||Vf(x)||,:x €V, ,} can be estimated by the
triangle inequality, (5) and (6) as follows:

7= mx (19791} = max { max (lp o)

1<i<

—1 - —1 -
glrglag(n{a, ) r+2) " (A = )P (rH A) P
_ l—q l—p
- s e 214 2.

Let us define
C = max {a,}[ z q—l—Zl_rp}.

1<i<n

and
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C

Due to the fact that A and d — pTP) are continuous on (r,A) and dliI)ILl* B(d) =

dlim+ B(d) =4-oo, B(d) attains its minimum on the interval (r,A). Let B= 1‘1(11in/l B(d).
—r r<d<

Applying Theorem 2 we conclude that
2
M,(06:x) > My(ot:x) + —Zoc { (o)1~ —xf‘lMp(a;x)“P} (10)

for x € V.. Thus the proof is completed for the part i).

Proof of ii) and iii). In both parts, (6¢) transforms into

(1— o)A —d)? < iakxg <(1—a)(A+d).
ki

In iii) (6b) changes into
(A +d)1’2’1 < Mq(a;x)l’z‘f <A - d)l’z‘f

while the others remain unchanged. Also the following additional inequalities are used
instead of (7) in both ii) and iii), respectively,

722 1-2
(1=q)Z; < (1=p)Z; /7 and Z] , <7, /7.

Consequently, A(d) for the part i) is found to be the same A(d) as for ii) and iii).

On the other hand, the determination of 7 follows exactly the same path as the
case i). So (10) is obtained. Thus the proof has been completed for Case 1.

Case 2: 1 < g < 2. The proof proceeds the same as the proof of Case 1 except
for a different A(d). The inequalities (6b), (6¢) and (6d) transform into the following
corresponding inequalities

(A+d)' 2 < My(ox)' 2 < (A —d)' %,

(1 o)A —d)f < Y agad < (1— ) (A + ).
ki
(A —d)* 2 < ()T < (A +d)¥?

which leads to the A(d) for Case 2.

Case 3: 2 < q. The proof proceeds the same as the proof of Case 1 except for a
different A(d). The inequalities (6a), (6b), (6¢), (6d) change into the following corre-
sponding inequalities

A—d)T2 <X < (A +d)72
(A +d)1’2’1 <M, (a'x)l’z‘f <(A—d)'~2,
(1—a)(A <Y opx! < (1— o) (A +d),
ki
(A —d)?172 < (xix;) T < (A +d)%2
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which leads to the A(d) for Case 2.
The determination of 7' for Case 2 and Case 3 follows exactly the same path as
Case 1 and necessary computations yield to the same T value in Case 1. [

REMARK 1. Although Theorem 3 appears to give a local refinement of the power
mean inequality, it is possible to extend it to any x € R”, | by taking A = max{x} and
r =max{x} —min{x} . Note that by this choice of 1 and r, |lx—A1||. < ris satisfied
for any x € R’, | and this applies to the other theorems.

REMARK 2. Inthe inequality (10), we note that A(d) — e as d — A and ﬁ —
oo as d — r implying that B < A(dy) for some dj very close to A and B < 2(TC4) for
some d; very close to r. Note that one can choose d; — r = ¢ sufficiently small and

replace B with %

In the light of Remark 1, we present a sharper version of arithmetic-harmonic
mean (for p = —1 and ¢ = 1) as an example.

COROLLARY 1. The inequality

(i) 2o 1) e () (3)]

(A+d)*  (A+r)>+A—r _
2Ty o } A =

holds for any x € R',, where B = Z min max{2 n—
r<d<A

max{x} and r = max{x} — min{x}.
We provide a numerical illustration of Theorem 3
EXAMPLE 1. Let p=—-2,9=—1,n=5,x=(6,7,8,9,10), ¢ = (0 2,0.1,0.15,

0.3,0.25), A =10 and r =4. Then M,(0;x) ~ 7.870, M,(a;x) ~ 8.019 and the
rightmost term in (4 ) equals to 9 x 107> approximately.

In the following theorem, we give the inequality for p = 0. Note that the same
proof scheme as Theorem 3 is applied . However, some details in the proof differ from
the proof of Theorem 3. Hence, we present it as a separate theorem.

THEOREM 4. Let ¢ >0, A >r >0, a € RY such that ¥, o; = 1. Define Z,,, =

i=1
Z%xfor u,v € R with u#v and

C
C=2|a|..z,, and B—rinlglmax{A(d),z(d_r)}

where A(d) is given with respect to q in the following cases:
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;a?{<1—2a,-+§a,§> Hé

2
A(d):% zi:af(l—a,-)z[(q—l)Z,17d+l]2+4 —;a;‘+<;a3> ,

Case 1: For 0 <g <1,

2(A+d)

MO=0=a2

Case 2: For 1 < g <2,

=

Case 3: For 2 < q,

D=

2
20 +4d) | & _ 2
A(d)= G—dp Zaiz(l —a)? [(q— 1)25{414' 1] +q° —ZOQM‘ (Zaf)
Then for all x € R", _ satisfying ||x — A1||,, < r, the following inequality holds:

My(0t;x) = My(a;x +—Zak [ 7= 1Mq(a;x)l_q—xk_lMo(a;x)r. (11)

Proof. Since the proof follows the same path as the proof of Theorem 2, we will
give the important highlights of the proof. First we define

f(x) = My(@;x) = Mo(@t;.x).

Then we define

d _ -
pi(x) :== % = opx? ™ M, (0;x) 79— oux; Mo (0t;.x).

Next we show the Lipschitz continuity of Vf ontheset V; ;= {x€R": [x - A1]|,

< d} where A >d > 0. To do this, we find the estimates for 3—5;@)‘ and ’g—fj'f(x)‘ on

V.4 » Which depends on the cases q.
We analyze Case 1, 0 < g < 1, by dividing it into two cases:
)0<g<3 and ii) F <g <.
For i) and ii), we derive the auxiliary equations similar to (6) and get the following

estimation 1

P A+d
. . P 2
(IVp:i(x)] <204 (1 204+ Ek ak> G_ar (12)

By using a similar mean value argument in the previous theorem and using (12), we get

Za (1—2a,-+§a,3>r||x—z||

V09~ V1@)] < 7
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for x,z €V, 4, which yields

1
2

iaﬁ (1 —2ai+ia,3>] . (13)
i k

for both subcases. Hence V£ is continuous on V), ; with a Lipschitz constant less than
A(d).
Theorem 2 is applied for the set Q =V, ;. For r € (0,d) we obtain

2(A+d)

MO o=ap

A+r
x{_

max {[VA )]} < 2 max {0}

then let us denote

+r

" and p(d) = max{A(d), ZL}

C= 2max{oz,}7L e

1<i<n A—

Using the same argument in the proof of the previous theorem, we deduce the existence
of the minimum of min f(d). We let B= min f(d) and conclude that
r<d<A r<d<aA

2
My(0;x) > Mo(o;x —l——Zak { - qu(a;x)l‘q—x,leo(a;x)}

for x e Vj ;.

For Case 2 and Case 3, new auxiliary inequalities are derived and some additional
inqualities are used to obtain A(d). Then A(d) is obtained as indicated in the state-
ment of theorem. The existence of B is similarly seen. So the indicated result in the
expression of theorem is obtained. [J

We present a numerical illlustration of Theorem 4

EXAMPLE 2. Let p=0,¢9=2,n=5,x=(3,5,8,11,14), a = (0.15,0.2,0.25,
0.1,0.30), A =14 and r = 8. Then M,(0t;x) =~ 7.676, M,(0t;x) ~ 9.657 and the
rightmost term in (11) equals to 0.005 approximately.

Now we deal with the case p < 0 and ¢ = 0. Note that ¢ = 0 yields My(a;x)
which corresponds to the generalized geometric mean.

THEOREM 5. Let p <0, A >r >0, a € R} suchthat ¥, o; =1 and
i=1

A c
C=2|a Atr and B= min max{A(d)72(7}

H"<’7L—r r<d<2 d—r)

where 1

_ 1-2p 2
A(@ZH(%) l;a3<1_zai+§ag>].
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Then for all x € R satisfying ||x — A1|| < r, the following inequality holds

. . L 2. —1 P la—pr . 2
Mo(a,x)>Mp(a,x)+4BZ(xk X Mo(osx) —xp My P(osx)| . (14)
k

Proof. The sketch of the proof is same as Theorem 2 and 3. However, different
auxiliary inequalities are derived and used in the intermediate steps. [J

COROLLARY 2. Let A >r >0 and p < q. Define A;(d) and C; for A(d) and
C foreach case i (i € {1,2,3}) in Theorem 3 respectively. Let Amin(d) = min A;(d)

1<i<3

for r <d < A and Cpax = max C;.
1<i<3

. Cmax
B= Amin(d .
r?}z‘famax{ min{ )’Z(d—r)}

Then for x € R, | satisfying ||x — A1||, < r, the following inequality holds:

2
My (a;x) > My(a;x) + —Zak [ M) () —xf{”lM;‘P(a;x)}
n
where Y, o; =1 and o € R'}..
i=1
In the light of Remark 1, we present the following two examples for p = 0, which

establish the sharper versions of arithmetic-geometric mean inequality and geometric-
harmonic mean inequality.

COROLLARY 3. The inequality

1 1 1 1 2
My —x)2>2Mo| —; — 1—x, "My | =
() 2 () a1 ()

holds for any x € R"._ where B = 1 nglllglmax {\/n — )f”;z, ﬁ} A =max{x}

and r = max{x} —min{x}.

COROLLARY 4. The inequality

o 30) 230 ()4 ;z[ix-woe@—nx:zM-«z;xﬂ

holds for any x € R, where B =} min max{ vn—1 Mrd Mrr) ;}L_r } A=
Myrcd<) A=r)*(d=r)

2

max{x} and r = max{x} —min{x}.
We give a numerical example for Theorem 5.

EXAMPLE 3. Let p=—-2,¢=0, n=5, x=(13,15,18,10,14), & = (0.32,0.23,
0.13,0.2,0.12), A = 18 and r = 8. Then M,(a;x) ~ 12.987, M,(et;x) ~ 13.418 and
the rightmost term in (14) equals to 0.0003 approximately.
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