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SHARPED JORDAN’S TYPE INEQUALITIES
WITH EXPONENTIAL APPROXIMATIONS

NACHI KASUGA, MAI NAKASUJI, YUSUKE NISHIZAWA * AND TAKUMA SEKINE

(Communicated by A. Witkowski)

Abstract. In this paper, we establish two exponential double inequalities generalized Jordan’s
inequality.

1. Introduction

Jordan’s inequality [12] in pp. 33 is known as that

2 sinx
—-<—x<1
T X
for 0 < x < % and many mathematicians showed various extension, refinement and
application of Jordan’s inequality [1], [4]-[11], [13]-[25], Especially, Zhu [24] showed
the following inequality: for 0 < x < Z, we have
i 2 m-—2
% < —+—3(ﬂ:2—4)€2)7
X T T

where the constant ”ﬂ—f = (.0368181 is the best possible. Based on the above Zhu’s
generalized Jordan’s inequality, the author [13] proved Theorems 1, 2 and 3.

THEOREM 1. For 0 <x < %, we have

%] . )
(E‘F?(TC —4x )) <T<<E+F(TE —4}C) s

where the constants 0 =1 and % = 0 are the best possible.

THEOREM 2. For 0 <x < %, we have
0 . v
2 mw-2 sinx 2 m-2
St ead)) < (24 SR -4
T T X T T
3 .
where the constants 0 = m 2 1.13169 and ¥ =1 are the best possible.
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THEOREM 3. For 0 <x < %, we have

. B (x)
2 1
%<<—+—3( 2—4)62)) R
X T T

where

4x2

In [13], the author stated the following problem which is Problem 3.1 of [13]

PROBLEM 4. For 0 <x < J, we have

i 2 m-2 0
(ST a)
X T

3
where

3 _ 31,3
0(x) = T (48 —24n+m°)x

24(m—2) 3(m—2)m3

Problem 4 has been solved by Malesevic [11] et al. In this paper, we use Theorem
5 to give a different proof from their proof.

THEOREM 5. For 0 <x < %, we have
. 2 10(x) - sinx - 2
where

o(x) 2416t 2

=3 T g

Bagul and Chesneau [2], [3] proved the results like Theorem 5 involving exponen-
tials functions and *2*: for 0 <x < 7, we have

.2 sinx 2
e for < —<e 6o,
X
where
2
k_—lnE
=—-
(2)

The double inequality of Theorem 5 has equal left, middle and right sides for x =
7. However, their above result does not hold that. The right-hand side of the double

inequality in Theorem 6 is a new relational expression, which is different from Jordan
type inequalities known.
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THEOREM 6. For 0 <x < %, we have

0(x) . B (x)

2 -2 2 -2

(— + 2 —4x2)> <o (— + 5 (w2 —4x2)> 7
T T T

w3 x
where
3 48 — 241+ 1)x®
0(x) = T (48 T+ 7)x
24(m—2) 3(m—2)m3
and
S(x) = (48 -24m+m)x

24(m—2) 12(r—2)m3
2. Preliminaries
In this section, we show Lemma | needed to prove Theorems 5 and 6.

LEMMA 1. For 0 <x < %, we have

(32(71:—2)(371:—2) . 64ln%>x6

w8 o

i (2 N (m— 2)(722 — 4x2)> N 4(m— 2)x2(7t36—4x2 +27x?)
n n n

pad r’

_ (64(n—2)(3n—2) . 128ln%>x7.

Proof. First, we will show that

i) = (32<”‘2’<3”‘2> v 6‘““%>xs_m (2. 2 —e)

w8 7o

4(m —2)o% (1 — 4x? + 27x?
A(m )x(n?n6 x+7tx)<0.

The derivative of fj(x) is

() = 64(m—2) (8% — 147 + 11704 — 48x% + 9671x” — 367°x%) N 384In2
Sl =x 78 (73 + 8x2 — 47x2) o
= f3(x). 2.1
Since the derivative of f(x) is
1024( —2)*x
76 (703 + 8x2 — 4ma2)’

f(x) =

>0,
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f2(x) is strictly increasing for 0 < x < 7. From

64(m —2) (872 — 147 + 117%) N 3841In2

lim f2( )

x—0+0 7'L'11 7'[6
64 64
=0 ( 16+ 361 — 367> +ll7t +67r In— ) oy x 1.15077 < 0
and
32(r—2) (—4n%+ 1073 +27%) 384In2
lim fZ( ) ( )( 10 ) + 6 =
x—>7—0 T T

64 2 64

=— (4— 12n+3n2+n3+6n21n—> >~ — x0.174322> 0,

T T T

there exists uniquely a number xo such that f>(x) <0 for 0 < x <xp and f>(x) >0
for xo < x < 5. Therefore, fi(x) is strictly decreasing for 0 < x < xo and strictly
increasing for xo < x < Z. See (2.1) for the relationship between f{(x) and f>(x).
From lim,_.4¢ f1(x) =0 and lim,_z /i (x) =0, wecanget fi(x) <O for0<x<Z.
Next, we will show that

ity = (0T ) o, (2, ()

P ’ 3

_ A(m—2) (7 — 4+ 2m0%)

>0.
76

The derivative of g;(x) is

gi(x) =

6<64(n— 2) (873 — 87t + 277 — 14m3x + 217w — 11207 + 22472 — 847%x°)
* 7 (13 + 8x% — 4mx?) x

8961n 2
+—= ) =x5g:(x). 2.2)
The derivative of g(x) is
128(m—2)* (77 +24x7 — 1270x%)
7Ox2 (73 + 8x% — 471')62)2 .
3
Since we have 73 +24x> — 127tx%> > 0 for 0 < x < % 2 1.50445 and 73 4 24x% —

3

3
1272 < 0 for \/% <x< %, ga(x) is strictly decreasing for 0 < x < 7—1 and
3

g(x) = —

2n—24

strictly increasing for \/% <x < 5. From lim, 910 g2(x) = 4o and

64(n —2) (61> +137* +21°)  896In2
Xh_m_ogz( *) = ( mi2 )+ r’ §

_ 64 64
= (12 32m+ 91 + 21 + 1477 In —) = ——5 % 0.0891691 <0,
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there exists uniquely a number x; such that g>(x) > 0 for 0 < x < x; and gz2(x) <0
for x; <x < §. Therefore, g|(x) is strictly increasing for 0 < x < x; and strictly
decreasing for x; < x < Z. See (2.2) for the relationship between g} (x) and g(x).
From lim,_,910g1(x) =0 and limx_%_ogl(x) =0, we can get g(x) >0 for 0 <x <
Z . This completes the proof of Lemma 1. [J

3. Proof of Theorem 5

Proof of Theorem 5. First, we will show that

2 2 i 2 4 320In2
fl(x)z—%—k;xe(x)—lnslxﬂ:—%+%+T”—lnsinx+lnx>0.
The derivative of fj(x) is
1 x 2o 1 2
Loxqp 200 L 160In2
f(x):x“( 3 xf ans 4 3 ”>zx4f2(x). (3.1)

3 5 7 2 4 6 8
H X X X X X X X Vg
From sinx > x — ©t 10— 5010 and cosx < 1 — 5+ 37— 735 1 10930 for0<x< 5>

we have

A 5 n 4cosx 1 1
X)=——+——+—
2 X0 xSsinx  x* xAsin’x
4 1 X2 X4 xﬁ x8
- 5+ ( _7+ﬂ_m+40320>+1+ 1
T 46 3 5 7 “ 2
)

B 3.2
2x2(5040 — 840x2 + 42x* — x6)2” (3.2)

where f3(x) = —1128960 + 483840x> — 52920x* + 2856x° — 80x® +x'°. Here we have
f3(x) = —1128960 + 483840x” — 52920x* + 2856x° 4 (—80 + x%)x*
6
< 1128960 + 483840.> — 52920x* 1 2856 (g)

357x°

= — 1128960 + +483840x% — 52920x* = fy(x). (3.3)

Since the derivative of f4(x) is
2 T2
£1(x) = x(967680 — 211680x%) > x (967680 211680 (5) ) >0

for 0 <x < %, fa4(x) is strictly increasing for 0 <x < 7. From

66151* 357n°

=~ 214411 <0
8

f) < f (g) — — 1128960 + 1209607 —
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for 0 <x < 7, we have f3(x) <0 for 0 <x < 7 and f(x) is strictly decreasing for
0 <x < %. See (3.2) and (3.3) for the relationship between f;(x), f3(x) and f4(x).

3 5
From tanx>x+%+2li5 for 0 <x < %, we have

X

- 3 20 2
. . P S o 20 1601n
lim f(x) > lim NN IR —— T
;HOJrofz( ) x—0+0 X3 33 wd

15

= 4o

o 1—2x7 L 20 1601n 2
0t \ 3x(15 1522 | 3

and

32 4 160lnZ 4 2 4
i = ot ———F = — (8477 +40In= ) = —— x0.193704 < 0.
x—}gl—ofz(x) 7r5+7t3+ = 77:5< + 4+ nﬂ) nsx <

Thus, there exists uniquely a number xy such that f>(x) > 0 for 0 <x < xg and f>(x) <
0 for xo < x < Z. Therefore, fi(x) is strictly increasing for 0 < x < xo and strictly
decreasing for xo <x < Z. See (3.1) for the relationship between f](x) and f>(x).
From lim, .0 f1(x) =0 and lim_z /i (x) =0, we can get fi(x) >0 for 0 <x <
% . Next, we will show that

2 : 2 4 4
2 16 2
gi(x) = —%—k@(x)—lnmxﬂ = —%+3—;2+n—fln;—ln5inx+lnx<0.

1 X 8x° 1 2
s+ 642
gi(x)=x ( 2 Sr ) =xg(x). (3.4)

3 5 2 4 6
s X X X X X T
From sinx <x— % + 155 and cosx > 1 — 5 + 57 — 50 for 0 <x < 5, we have

L) = 4+ 2 3cosx 1
BT TS T3 T Fsiny | dsinx

2 4 6
s 2 3(1-3+5-4n) I
BT 2.3 3 5
Tt rm) (v em)
~ x(20—x?)(14 —x?)
~6(120 —20x2 + x4)2

>_

>0
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for 0 <x < 7. Therefore, g>(x) is strictly increasing for 0 < x < 7. Since we have

1 -% s g 64)p2
li = 1 3 sinx 2 b
xig}rogz xig}ro< +3n2 nt )
2 4 6
1**+3‘74*m
ESFRE SR 8 641n =
< 1 R 10 o
010 x* 312 4
x)(4+x) 8 641n2
x—>0+0 6( 120 20x2+x4) rt
1 L8 8 641n—
45 ' 372 4

=5 (1207: +7 +28801nn)

1

x 18.7966 < 0

1
4574
and
i 16 4 64InZ
Jm e ) =gt gt

2
=34 (12+7‘C +481n—>

4
~ — x0.193635 >0,
34
there exists uniquely a number x; such that g>(x) <0 for 0 <x < x; and g,(x) >0
for x; <x < %. Therefore, g(x) is strictly decreasing for 0 < x < x; and strictly
increasing for x; < x < Z. See (3.4) for the relationship between g} (x) and g»(x).

From lim,_10g1(x) =0 and lim,_z g1 (x (x) =0, we can get g;(x) <0 for 0 <x <
Z. This completes the proof of Theorem 5. 0

4. Proof of Theorem 6

Proof of Theorem 6. First, we will show that

fi(x) =In %—ﬁ( )In <2+—2(7t —4x)) <0.

X
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By Theorem 5 and Lemma 1, we have

Al < x2+2x 2x* n 16x41n2
1 6 m\3n2 n =&
2
s ( (32(7: - 2)8(371: -2) 641161 2 ) o Mm@ - 432 + 2722) )
T T T
¥4 (m—2x)x%(m+ 2x)(m* — 96x + 487x — 27m3x) (7 — 4x? + 67x?)
==+t
6 3r3 6m°
8(m — 2x)x° (241 — 127> + 48x — 247x + 7x) In 2
3(r—2)x’
=8(m — 2x)x° (247 — 127% + 48x — 247x + %) fo (x) (4.1)

for 0 <x < 7, where

1
- 2479x2(24m — 1272 + 48x — 247x + 7x)

(%)

x (- 487% + 247 — 117 — 967 x + 487 x — 210 x — mOx + 1927x% — 384 77K

+ 14477 + 384x° — 7687x° +28871°%° + 87X — 127t4x3> - 3(7”

Since we have
241 — 127 + 48x — 247mx + mwx = 247w — 1277 + (48 — 247w+ %) x
<24m— 1207 4 (48— 24n+ 1) (5 ) = —37.3695 < 0

for 0 <x < 7, it suffices to show that f>(x) > 0. See (4.1) for the relationship between
Sf1(x) and f>(x). The derivative of f>(x) is

/ 3 (x)
= 4.2
(%) 2476x3 (241 — 1272 + 48x — 247x + m3x)?’ 42)

where

f3(x) =2304n% — 23047° 4+ 5767* 4 487> — 247° +92167Tx — 92167°x
+ 235273 x + 288m4x — 1567°x + 371 x + 9216x% — 92167x> 4 2496 7°x°
+19273x% — 14475 4+ 475x% + 2702 .
The derivative of f3(x) is
fi(x) =9216m — 92167 +23527° +2887* — 1567° + 37
+4(4— 1) (24 — 6 — w?) (48 — 247+ m)x.
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By 24— 61— % <0 and 48 — 247+ 7> > 0, f}(x) is strictly decreasing for 0 <x < Z.
Here, we have

Ak > f (g) = 184327 — 1843272 + 4848 7% + 4807 — 3007° + 47 + 517
2205.198 >0

for 0 < x < % . Therefore, f3(x) is strictly increasing for 0 < x < 7. From

£ < f3 (g) = 92167% — 92167 + 23767* + 2407° — 13875 + 7 + 27
>~ 581201 <0

for 0 <x < %, fa(x) is strictly decreasing for 0 < x < Z. See (4.2) for the relationship
between f;(x) and f3(x). From

i fz(x):32—967r+407r2—7r4_ In2
I 72(96 — 487+ 13) 3(r—2)x’
3(m—2)(32— 96w +407> — 1*) — 1%(96 — 487+ 7¥) In 2
3(mr—2)n%(96 — 487+ m3)
—10.8836
3(mr—2)n%(96 — 487+ 13)

>0,

we can get f>(x) >0 for 0 <x < 7. Next, we will show that

i 2 -2
g1(x) :1n¥ —0(x)In <E+ ”n3 (71:2—4x2)) >0.

By Theorem 5 and Lemma 1, we have

(x) > x2+2x4+16x41 2
E1% 6 3 Tt 'n;

o ((64(;:-2)(37:_2) . 1281n%>x7 420 _4x2+2m2)>

vl n’ pnd
2t (m— 20003 (m0 — 384 + 1927 — 87)
6 3m? 6m!2
x (0 + 2y — 4n%x° + 6m°x% — 8mx® + 127°x° — 16x* 4 24mx*t)
16(7 — 2x)x* (7% + 27x + 4x2) (=673 + 3% — 48x3 + 247x* — 3% ) In
+
3(m—2)mlo
=(m—2x0)x* (7% 4+ 27x 4+ 4x?) (—67° 4+ 31* — 48x° + 247x — 1x)ga(x) (4.3)

2
T
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for 0 <x < 7, where

1
3m12(n2 + 2mx + 4x2) (—673 4 314 — 48x3 + 24 7% — m3x3)

g(x) =

x ( — 278 4+ 3717 — 1927°x 4+ 96 7% — 47 x + 278x — 3847 % + 1927752

— 872 + 4% + 76871 — 153673 + 576n4x3 +167mx° — 247153
+15367x* — 307273 + 115275 + 322" — 487+ +3072%°

— 61447 + 230471 + 6413%0 — 967t4x5> +

Since we have

—6m3 +3n* —48x° +24mx® — 33 = —61° +31* — (48 — 24+ 1)
1 3
8"

for 0 <x < 7, it suffices to show that g>(x) > 0. See (4.3) for the relationship between
g1(x) and g>(x). The derivative of g»(x) is

3
> —6n" +3n° — (48— 24+ 7)) (5 ) = o (~96 -+ 487~ 7) >0

(48 —24m+ 1) g3(x)

/ =
) = 3 2 T AR (—6m0 1 31 — 480 1 2And — )

(4.4)

where
g3(x) =24n7 — 1278 + 967°x — 4877 x — 2887*x% + 576m°x* — 2167°x* — 677 x*
+ 9182 — 11521 + 19207%x° — 67277:5x3 —2475%° + 281" x3
—3456m%x* 4 537613 x* — 1824x** — 72m7x* 4+ 76m0x* — 4608 7x°
+46087%° — 11521°x° — 967*x° +487°x° — 4608x° + 4608 7x°
— 115278 — 9673x 4 487*x0
The derivatives of g3(x) are
g5 (x) =487°(2 — ) — 67*(2 — 37) (48 — 24m+ 7)x
—127%(6 — Tm) (48 — 247w+ 1%)x* — 16m%(18 — 197) (48 — 247+ 1)
—240(2 — )7 (48 — 247+ 1 )x* — 288(2 — 1) (48 — 2471+ 1)
and
g4(x) =6(48 — 247+ 1) (7 (37 — 2) + 4 (Tm — 6)x + 87197 — 182
+ 1607 (7 — 2)x3 +240( — 2)x4>
>6m*(48 —24n+ 1Y) (3n—2) >0
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for 0 <x < Z. Thus, g5(x) is strictly increasing for 0 < x < Z. From lim,_g0&5 (x) =
487%(2 — ) < 0 and

lim g5 (x) =47 (—~1296 + 17767 — 564n° — 277 + 237*) = 147197 > 0,

x—=5-0

there exists uniquely a number xq such that g5(x) < 0 for 0 <x < xp and g(x) >0
for xo < x < %. Therefore, g3(x) is strictly decreasing for 0 < x < xo and strictly
increasing for xo < x < 7. Hence, we have g3(x) < max{g3(0),g3(%)} for 0 <x < 7.
By lim, ,0,0g3 (x) =24’ —127% < 0 and

3
lim g3(x) = Z:r6(—864+ 13447 — 4567% — 187° 4 171%) = —32012.5 < 0,

x—5-0

we obtain g3(x) <0 for 0 <x < 7 and g(x) is strictly decreasing for 0 <x < 7. See
(4.4) for the relationship between g(x) and g3(x). From

im g () _32(-72+1927 787 + 1) N 16In 2
x—Z-0 9m12(96 — 487 + 73) 3(m—2)rm!to
16 (2(m —2)(—=72+ 192 — 787> + 1t*) + 37%(96 — 487w+ 73) In 2)
9(r—2)m12(96 — 487+ 3)
—16 x 4.36971
(=06 —a8x 1 73 ~

~

we can get g>(x) > 0 for 0 <x < J. This completes the proof of Theorem 6. [
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