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APPROXIMATION OF TWO GENERAL
FUNCTIONAL EQUATIONS IN 2-BANACH SPACES
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(Communicated by J. Pecaric)

Abstract. In this paper, we study the Ulam stability and hyperstability of two general functional
equations in several variables in 2-Banach spaces. Multi-additive and multi-Jensen functions
are particular cases of these functional equations. We also improve the main results of Theorem
3 and Theorem 4 of [Cieplinski, K. Ulam stability of functional equations in 2-Banach spaces
via the fixed point method. J. Fixed Point Theory Appl. 23 (2021), no. 3, Paper No. 33, 14 pp.]
and their consequences.

1. Introduction and preliminaries

Assume that X is a linear space over the field F, and Y is a linear space over
the field K. Let ay,ai2,...,a,1,a € F, A1, jy s Ay n € F for ji,---,jn €
{—1,1} and A;,,;, € K for ij,...,i, € {1,2} be given scalars. The following quite
general functional equations were very recently introduced by Cieplinski [5, 6]:

flanxiy +axia, ..., au1 X1 + apXn2)
()
= zil,...,in6{172}Ai1,...,inf(xlil PR axnin)
and

el f@ujy ey (1 + J1x12) o iy ey (o1 + JinXn2))
(2)
=i ine {12} iy (X5 5 X, )
He studied the Ulam stability of the functional equations (1) and (2) in 2-Banach spaces

[6]. The functional equation (1) generalizes among others the known functional equa-
tions

fun+xn, X +x2) = D i, %ni,),
I]yeney in6{1,2}
X11+X12 Xnl + Xn2 1
f( 2 PR - 2 71>: 2 if(xlip"wxnin)
il,...,in6{1,2}
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These functional equations and other special cases of the functional equation (1) have
been investigated by some authors (see for example [1, 4, 13]). Let us also mention that
for the case n = 1, we obtain the linear functional equation

flox+By) =Af(x)+Bf(y)

which includes, among others, the Cauchy equation and the Jensen functional equation.
The well-known Jordan-von Neumann equation

Jx+y)+flx—y) =2f(x)+2f()
is a special case of (2) for n = 1. The following functional equation
Zitne{—1, 1y SO+ j1x12, - Xt + JuXn2)

= it sine{12) 2" (Xiys -+ Xni,)

is a particular case of Eq. (2) which characterizes the so-called n-quadratic functions
[9, 15]. Also, the functional equation

Y fut i+ jaxn) = Y, Aiif(xix;)
jr2e{=11} ije{1,.2}

is another particular case of Eq. (2) which was very recently investigated in [8].

In this note, we prove the Ulam stability and hyperstability of functional equations
(1) and (2) which improve Cieplifiski’s results [6, Theorems 3, 4] and their conse-
quences.

2. Preliminaries

First, let us recall some basic definitions and facts concerning 2-normed spaces
(see for instance [2, 11, 14]).

DEFINITION 1. Let & be an at least 2-dimensional real linear space. A function
...l : #? — R is called a 2-norm on %2 if it fulfils the following four conditions:

(i) |lx,y|| =0 if and only if x,y are linearly dependent;
(@) byl = [lyx:
(iii) - [lox,yl| = [edl]|x, ][

(@) lx+y.zll < llxzll + [y 2l

forany oo € R and x,y,z € # . The pair (#/,]|.,.]|) is called a 2-normed space.
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It follows from (i), (iii) and (iv) that the function ||.,.|| is non-negative.
We say that a sequence {x,}, of elements of a 2-normed space (% ,|.,.||) is
Cauchy sequence provided

lim [x, —x,,y[=0, ye#.

nk
The sequence {x,}, is called convergent if there is a y € % such that

nlimen—y,zH =0, ze¥.

In this case we say that y is the limit of {x,}, and it is denoted by

lim x, =y.

n—00

By a 2-Banach space we mean a 2-normed space such that each its Cauchy se-
quence is convergent.

In 2011, W. G. Park [12] introduces a basic property of linear 2-normed spaces as
follows:

LEMMA 1. Let (#,||.,.l|) be a 2-normed space.
(@) If x€ % and ||x,y| =0 forall y € %, then x = 0.

(b) For a convergent sequence {x,} in %,

, YEX.

lim [|x,,y| = H limxn,y’
n—oo N—so00

By Lemma 1 (@) and (iv), it is obvious that each convergent sequence has exactly
one limit and the standard properties of the limit of a sum and a scalar product hold
true.

LEMMA 2. Let (#,]|.,.|) be a 2-normed space and xy,---,x, € % \ {0}. Sup-
pose that @ : %" — % is a function such that ||@(x1,---,x,),y|| =0 forall y € % with
lxi,v|| # 0 for all 1 <i< n. Then @(x1,---,x,) =0.

Proof. We can choose linearly independent elements y,z € # such that
[xi,y[[ #0 and [lx,z]| #0, 1<i<n

Since ||@(x1,-++,x4),¥|| =0 and ||@(x1,---,x,),2|| = 0, there exist scalars A, such
that @(x1,---,x,) = Ay and @(x1,---,x,) = 4z. Then Ay — uz =0, and we conclude
that A = u = 0. Hence ¢(x1,--,x,) =0. O

Finally, it should be noted that more information on 2-normed spaces as well as
on some problems investigated in them can be found for example in [2, 3, 10, 11, 14].
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3. Main results

We recall that a pair (G,d) is said to be a generalized metric space provided G
is a nonempty set and d : G x G — [0, 40| is a function satisfying the standard metric
axioms.

We will use the following key theorem to prove our results.

THEOREM 1. [7] Let (G,d) be a complete generalized metric space and let J :
G — G be a strictly contractive mapping with Lipschitz constant 0 < L < 1. If there
exists a nonnegative integer k such that d(J*x,J*"1x) < oo for some x € X, then the
following are true.

(i) the sequence {J"x} converges to a fixed point x* of J;
(ii) x* is the unique fixed point of J in
G ={ycG:d(J*xy) <e};
(i) d(y,x*) < Td(y,Jy) forall y € G*.
For convenience, we set

Df(xi1,X12,+, Xn1,%02) ¢ = f@iixii +ai2x12, - .., 1 Xn1 + an2Xn2)

=it ine {123 A i (XL - 5 X, )-

The following theorem presents a more general result than Theorem 3 of [6].

THEOREM 2. Assume that % is a 2-normed space. Let ¢ : X*" — [0, 4-0) and
f: X" — % be functions such that

IDf(x11,X12, -, Xn1,%2), 2] < @(x11,X12, -, Xn1,Xn2) 3)
Sfor x11,X12, .-, Xn1, X2 €X and z € % . Then f fulfills equation (1).
Proof. Replacing z by kz in (3) and dividing the resultant inequality by k, we
obtain
[Df(x11,%12, 7+ Xt %m2), 2l | < @O(11,%12, 3 Xn1 Xn2) 4)
for x11,x12,. .., X1, €X, z€ % and k € N. Allowing k tending to infinity, we get
IDf(x11,%12, -+, Xn1,%02),2]| =0

for x11,x12,---,%n1,X2 € X and z € %' Hence by Lemma 1, f satisfies (1). [

COROLLARY 1. Assume that € >0 and % is a 2-normed space. If f: X" — %
is a function satisfying

IDf(x11,%12,*, Xn1,%02),2]| < € (3)

Sfor x11,X12, -, Xn1, X2 €X and z € %, then f fulfills equation (1) for x1,...,x, € X.
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Proof. The result follows from Theorem 2 by letting
P(x11,%12, 3 X1, Xn2) = €. 0

THEOREM 3. Assume that % is a 2-Banach space, g : X — % is a surjective
function and

A
il,...,in6{1,2}

Let @ :X — [0,400) and f: X" — % be a function satisfying

> 1. (6)

i]5eensln

||Df(xll7xl27"' 7xn17xn2)7g(Z)H < QD(Z) (7)

for x11,X12,- -, Xn1,Xn2, 2 € X. Then there is a unique function F : X" — % fulfilling
equation (1) and

< ?(2)
|2i1 i,1€{1,2}Ai17~-~7in‘ -1

£ ) = Flan, ), 8(2) ®)

for x1,...,xn, 7€ X.

Proof. Put

A=Y Ay a=aptap, i€{l,...n}.
i],.in€{1,2}

Let us first note that (7) with x;; =x; =z fori € {1,...,n} gives
If(@iz1,. .- anzn) = Af 1y zn), 8@ < 0(), (21,0 2) €XMTL(9)
Set 4:={T : X" — %} and define d : 4 x 4 — [0, +<] by
d(T,S) :=inf{C € [0,+o0] : |[(T —S)(x1,-+,%1),8(2)|| <C@(z), X1, ,Xn, ZE X }.
It can be shown that (¢,d) is a complete generalized metric space. Let us define
0:9—9Y, OT(xi, - ,x,) = %T(a1x17---7anxn).

We show that Q : ¢ — ¢ is a strictly contractive operator with the Lipschitz constant
ﬁ Let 7,5 € 4 with d(T,S) <« and € > 0. Then

(T = 8)(x1s--x), 8 ()| < (d(T,S) +€)9(2), X1, 500, 2EX.

Consequently
1
HQT(XI,"'7xn) —OS(x1,- -+ »xn)ag(Z)H = WH(T _S)(alxlv'"7anxn)vg(Z)H
1

< (T.S) +e)pd)
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for all xi,---,x,, z€ X. Therefore d(QT,0S8) < \AI( (T,S)+¢€). Since € >0 is
arbitrary, we get d(QT,0S) < T AI d(T,S), as claimed. On the other hand, (9) yields

1
07 1.+52) = o+ 5 0] = | ) o 5,802
<L (z), X1, X, 2E€X
~N ‘A‘(P -/ 1, 9Ny .

Thus d(QOf, f) < TAl A‘ Hence by Theorem 1 (i), we deduce that the sequence {Q" [},
is convergentin (¢,d) and F = lim,,_... Q™ f is a fixed point of Q. Thus

m
F('x17""Xn): lim me(xl’...7xn): lim M

Mm—oo Mm—soo Am ’

1
ZF(a1x1,~~~,anxn) =F (X1, ,Xn), X1, - ,X%n €X.

Since f € ¥*, Theorem 1 (iii) implies

1
d(Qf,f) <
l‘w JA[—1

d(f,F) <

which proves (8). Now, we show that the function F : X" — ¢ fulfilling equation (1).
Indeed, from (7), we get

HDfa xlhamj;” S Xl 5 a"x"Z),g(Z)H < ALm(P(Z)

for x11,X12,...,%u1,X%2, 2 € X. Letting m — oo, and applying the definition of F we
infer that

|DF (x11,%12, -, Xn1,%:2),8(2) | =0,  X11,X12, .+, Xn1,Xn2, 2 € X.

Since g is surjective, we deduce that F' fulfils equation (1) by Lemma 1 (a).
To prove the uniqueness of F, let H : X" — % be a solution of (1) satisfying (8).
Since H satisfies (1), we get

H(aixy,ax2,- -+ ,anXn) = AH(X1,X2,*+ ,Xp), X1,X2,-+, X5 € X.

Hence H is a fixed point of Q. On the other hand, (8) yields d(f,H) < T Hence
H € 9*, and consequently H = F by Theorem 1 (ii). O

In the following results, 2" is a normed linear space.

COROLLARY 2. Assume that €,0 >0 and % is an 2-Banach space. Let g :
X — % be a surjective function and

Z Ay i

i17...,in6{1,2}

> 1. (10)
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If f: 2" — % is a function satisfying
IDf(xX11,%12, -+ X1, %02), 8 (2) || < €4 6|2 (1D)

for x11,X12,- -, Xn1,Xn2, 2 € 2, then there is a unique function F : X" — % fulfilling
(1) and

1f(ers s xn) = F(x1s o oxn),8(2) | <

(12)
|2i1,..,.tn€{1 Z}Allm':in‘ -1

for x1,...,x,, 7€ X.

THEOREM 4. Assume that € >0 and % is an 2-normed space. Let {0},
{Bi}"_, and {ri}!_, be nonnegative real numbers with maxi<i<,r; < 1, and let f :
A" — % be a function such that

IDf(x11,%12, -+, Xn1,%02), 2| < €+ X7 [06]|xi1,2]|7 + Billxi2, z|F] (13)

Jor X11,X12,- -, Xnl, X2, 2 € & . Then f satisfies (1).

Proof. Replacing z by kz in (13) and dividing the resultant inequality by k, we
obtain

€ &, _ .
DS (x11,X12, -+ X1, Xm2), 2| < = + DK ewllxin, 2] + Billxiz, 2|1
i=1

k
Letting now k — oo, we get
IDf(x11,X125 -+, X1, %m2), 2]l =0, X11,..., X2, 2€ X

Hence by Lemma 1, f satisfies (1). U

THEOREM 5. Assume that € >0 and % is an 2-normed space. Let {0},
{Bi}"_ be nonnegative real numbers and {r;}?_, be real numbers with max<j<,ri <
1. Suppose f: %" — % satisfies (13) for xu,xlz, S Xnl, X2, Z € @\{O} with
|xij,z|| #0 for 1 <i<nand j=1,2. Then f satzsﬁes (1) for x11,X12, .., Xn1,Xm2 €

Z\{0}.

Proof. Let x11,X12,...,%n1,%m € %\ {0}. By the same argument as above, we
get

HDf(xn,xlz,"' Xn1,%n2),2|| =0

for all z € % with ||x;j,z|| # 0 for 1 <i<n, j=1,2. Thus the result follows from
Lemma?2. [

THEOREM 6. Assume that % is an 2-normed space. Let {0;}" |, {Bi}!_, and
{r,-}l:1 be nonnegative real numbers with minigj<,vi > 1, and f: %" — % be a
function such that

IDf(x11,%12, -+ Xn1,%02), 2]| < Xy [o]|xin, 2| + Billxi2, 2| ] (14)

Sfor x11,X12, ...\ Xn1,Xm2, 2E X . Then f satisfies (1).
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Proof. By replacing z by £ in (14) and applying a similar argument as in the proof
of Theorem 4, the result is achieved. [

4. Stability and hyperstability of the functional equation (2)
For convenience, we set

Af(X11,X125 -+ Xn1 , Xn2)
= > flary gy G+ jixn) 4 an g (G + JnXn2))

- 2 Ail:msinf(xlil""7'xnin)'

By an argument similar to the proof of Theorem 2, it can be shown that the following
result improves Theorem 4 of [6].

THEOREM 7. Assume that % is a 2-normed space. Let ¢ : X*" — [0,4-0) and
f: X" — % be functions such that

||Af(x11 3 X125y Xl 7-xn2)7ZH < (P(xll 3 X125y Xl 7xn2)
for x11,X12,- s Xnl, X2 € X and z € &'. Then f fulfills equation (2).

The proof of the following theorem is similar to the proof of Theorem 3. Hence,
we omit the proof.

THEOREM 8. Assume that % is a 2-Banach space, g: X — % is a surjective
function and

ilyoin€{1,2}
Let ¢ : X — [0,+00) and f : X" — % be a function such that f(xy,---,x,) =0 for any

(X1, +,x0) € X" with at least one component which is equal to zero, and satisfying

|Af(X11,%12, -+, Xn1,%02),8(2) | < @(2)

for x11,X12,- -, Xn1,Xn2, 2 € X. Then there is a unique function F : X" — % fulfilling
equation (2) and

< ?(2)
|2i1 ..... i,1€{1,2}Ai17~-~7in‘ -1

Ilf (xeryenexn) — Fx1, .00 0%0),8(2)

for x1,...,xn, 7€ X.

In the following results, 2 is a normed linear space.
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COROLLARY 3. Assume that €,0 >0 and % is an 2-Banach space. Let g :
X — % be a surjective function and

i enin€{1,2}

If [: 27" — % is a function such that f(x1,---,x,) =0 for any x1,---,x, in X with
at least one component which is equal to zero, and satisfying

IAf(xX11,%12, -+, Xn1,X02),8(2) || < €4 0|z| (15)

for x11,X12,- -, Xn1,Xn2, 2 € 2, then there is a unique function F : X" — % fulfilling
(2) and

e+ 0|z
|2i1,....1n€{1 2}All ----- ln‘ -1

1 F Oty xn) = F (X1, x0),8(2)|) <

for x1,...,xn, 7€ X.

The proof of the following theorems are similar to the proof of Theorems 4, 5 and
6. Hence, we omit the proofs.

THEOREM 9. Assume that € >0 and % is an 2-normed space. Let {0},
{Bi}_, and {ri}!_, be nonnegative real numbers with maxi<i<,r; < 1, and let f :
A" — % be a function such that

IAf(xX11,%12, -, Xn1X02), 2)| < €+ X0 [e]lxin, 2| + Billxi2, 2| 7] (16)

Jor x11,X12, ...\ Xn1,Xm2, 2E€ X . Then f satisfies (2).

THEOREM 10. Assume that € >0 and % is an 2-normed space. Let {0},
{Bi}"_, be nonnegative real numbers and {r;}}_, be real numbers with max<j<nri <
1. Suppose f: %" — % satisfies (16) for xi1,X12,...,Xn1,Xm2, 2 € ¥ \ {0} with
|xij,zl| #0 for 1 <i<nand j=1,2. Then f satisfies (2) for x11,X12,...,Xp1,Xp2 €
Z\{0}.

THEOREM 11. Assume that % is an 2-normed space. Let {o;}}_,{Bi}!_, and

{ri}}_, be nonnegative real numbers with min\<jc,r; > 1, and f: %" — % be a
function such that

[Af (11, X125+ X1, %02), 2] < 2y (o], 2| - Billxiz, 2| 7]
Jor X11,X12,- - Xnl, X2, 2 € & . Then f satisfies (2).
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