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Abstract. In this work, the concept of the Davis-Wielandt Berezin number is introduced. Some
upper and lower bounds for the Davis-Wielandt Berezin number are introduced. A connec-
tion between norm-parallelism to the identity operator and an equality condition for the Davis-
Wielandt Berezin number are also discussed. Some bounds for the Davis-Wielandt Berezin
number for n×n operator matrices are established.

1. Introduction

Let B (H ) be the Banach algebra of all bounded linear operators defined on a
complex Hilbert space (H ;〈·, ·〉) with the identity operator 1H in B (H ) . When
H = Cn , we identify B (H ) with the algebra Mn(C) of n -by-n complex matrices.

A functional Hilbert space is the Hilbert space of complex-valued functions on
some set Ω ⊂ C that the evaluation functionals ϕλ ( f ) = f (λ ) , λ ∈ Ω are continuous
on H . Then, by the Riesz representation theorem there is a unique element kλ ∈ H
such that f (λ ) = 〈 f ,kλ 〉 for all f ∈ H and every λ ∈ Ω . The function k on Ω×Ω
defined by k (z,λ ) = kλ (z) is called the reproducing kernel of H , see [7]. It was
shown that kλ (z) can be represented by

kλ (z) =
∞

∑
n=1

en (λ )en (z)

for any orthonormal basis {en}n�1 of H , see [52]. For example, for the Hardy-Hilbert
space H2 = H2 (D) over the unit disc D = {z ∈ C : |z| < 1} , {zn}n�1 is an orthonor-

mal basis, therefore the reproducing kernel of H2 is the function kλ (z) =
∞
∑

n=1
λnzn =(

1−λz
)−1

, λ ∈ D . Let k̂λ = kλ
‖kλ ‖ be the normalized reproducing kernel of the space
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H . For a given a bounded linear operator T on H , the Berezin symbol (or Berezin
transform) of T is the bounded function T̃ on Ω defined by

T̃ (λ ) =
〈
T k̂λ (z) , k̂λ (z)

〉
, λ ∈ Ω.

An important property of the Berezin symbol is that for all T,S ∈ B (H ) if T̃ (λ ) =
S̃(λ ) for all λ ∈ Ω, then T = S (at least when H consists from analytic functions,
see Zhu [57]). For more details, see [11, 15, 16, 23]–[33]. So, the map T → T̃ is
injective [18]. The Berezin set and the Berezin number of an operator T are defined,
respectively, by

Ber (T ) =
{

T̃ (λ ) : λ ∈ Ω
}

= Range
(
T̃
)

,

and

ber(T ) = sup{|γ| : γ ∈ Ber(T )} = sup
λ∈Ω

∣∣∣T̃ (λ )
∣∣∣ .

The Crawford Berezin number and the minimum Berezin modulus of the operator T
are defined by

CBer(T ) := inf{|T̃ (λ )| : λ ∈ Ω} and mBer(T ) := inf{‖Tk̂λ‖ : λ ∈ Ω}
respectively (see [24]).

The Berezin norm of an operator T ∈ B (H ) is defined by

‖T‖Ber := sup
λ∈Ω

∥∥∥T k̂λ

∥∥∥ .
Recall that the numerical range, the numerical radius and the Crawford number of

T ∈ B(H ) are defined respectively, by

W (T ) := {〈Tx,x〉 : x ∈ H and ‖x‖ = 1} ,

w(T ) := sup{|〈Tx,x〉| : 〈Tx,x〉 ∈W (T )} ,

and

C(T ) := inf{|〈Tx,x〉| : 〈Tx,x〉 ∈W (T )}.
It is well known that w( ·) defines a norm on B(H ) , which is equivalent to the usual
operator norm ‖ .‖ . In fact, for any T ∈ B(H ) , 1

2‖T‖ � w(T ) � ‖T‖ ; see [17].
Clearly, Ber(T )⊂W (T ) and ber(A) � w(T ) . For example, Karaev [33] showed

that if we consider T = 〈·,z〉z in H2 , simple calculation then gives that T̃ (λ ) =
|λ |2 (1−|λ |) . Moreover, we have Ber(T ) =

[
0, 1

4

] ⊂ [0,1] = W (T ) and ber(T ) =
1
4 < 1 = w(T ) . For other results concerning the Berezin symbol the reader may refer
to [14], [19], [20], [42]–[49] and the references therein.
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One of the most less common celebrated generalization of the numerical range and
the numerical radius is the Davis-Wielandt shell and its radius of T ∈ B(H ) , which
are defined as:

DW (T ) := {(〈Tx,x〉,〈Tx,Tx〉),x ∈ H ,‖x‖ = 1},
and

dw(T ) = sup
x∈H ,‖x‖=1

{
√
|〈Tx,x〉|2 +‖Tx‖4}. (1)

It is easy to see that the Davis-Wielandt radius is not a norm. It has many properties
that you can refer to reference [55]. The following inequality immediately comes from
(1):

max(w(T ),‖T‖2) � dw(T ) �
√

w2(T )+‖T‖4

for any T ∈ B (H ) . Clearly, the projection of the set DW (T ) on the first co-ordinate
is W (T ) . One can easily check that dw(T ) is unitarily invariant but it does not define
a norm on B (H ) .

The Davis-Wielandt shell and its radius were introduced and described firstly by
Davis in [12] and [13] and Wielandt [51]. In fact, the Davis-Wielandt shell DW (T )
gives more information about the operator T and W (T ) . For instance, in the finite
dimensional case, Li and Poon proved [37] (see also [38]) that the normal property
of Hilbert space operators can be completely determined by the geometrical shape of
their Davis-Wielandt shells, namely, T ∈ Mn (C) is normal if and only if DW (T )
is a polyhedron in C×R identified with R3 . Moreover, in finite dimensional case,
the spectrum of an operator T ; sp(T ) is finite and DW (T ) is always closed, cf [37,
Theorem 2.3]. These conditions are no longer equivalent for an infinite-dimensional
operator T , cf [37, Example 2.5].

In [41], Lins et al. proved that, if T ∈ Mn (C) is normal, then DW (T ) is the con-

vex hull of the points
(
Re (λ j) , Im(λ j) ,

∣∣λ j
∣∣2) ( j = 1, · · · ,n) , for λ j ∈ sp(T ) . More-

over, each point
(
Re(λ j) , Im(λ j) ,

∣∣λ j
∣∣2) is an extreme point of DW (T ) . In particular

case, if n = 2 i.e., T =
[

a b
c d

]
has eigenvalues λ1,λ2 , then DW (T ) degenerates to the

line segment joining the points
(

λ1, |λ1|2
)

and
(

λ2, |λ2|2
)

. So that dimDW (T ) � 1.

In fact, the condition dim(DW (T )) � 1 holds if and only if T is normal, with at
most two distinct eigenvalues. Otherwise, DW (T ) is an ellipsoid (without its interior)

centered at
(

λ1+λ2
2 , 1

2 tr
(
|T |2
))

. Also, it was proved that if dim(DW (T )) � 2, then

DW (T ) is always convex. A complete description of DW (T ) for a quadratic operator
T was given in [38]. For more details see also [3], [39], [40] and [41].

In [51], Wielandt showed that the Davis-Wielandt shell is a useful tool for charac-
terizing the eigenvalues of matrices in the set

{P∗TP+Q∗SQ : P,Q ∈ Mn(C) are unitary}
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for given S,T ∈ Mn(C) .
Now, we want to introduce the concepts of the Davis-Wielandt Berezin set and the

Davis-Wielandt Berezin number as follows:

Berdw(T ) = {(〈T k̂λ , k̂λ 〉,〈T k̂λ ,T k̂λ 〉),λ ∈ Ω},
and

berdw(T ) = sup
λ∈Ω

{
√
|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4}.

We can clearly see that berdw(T ) is an generalization of ber(T ) , moreover berdw(T ) �
dw(T ) . It is easy to see that the Davis-Wielandt Berezin number of T ∈ B(H (Ω))
satisfying the following inequality:

max
(
ber(T ),‖T‖2

Ber

)
� berdw(T ) �

√
ber2(T )+‖T‖4

Ber. (2)

In this work, the concept of the Davis-Wielandt Berezin number is introduced.
Some upper and lower bounds for the Davis-Wielandt Berezin number are introduced.
A connection between norm-parallelism to the identity operator and an equality condi-
tion for the Davis-Wielandt Berezin number are also discussed. Some bounds for the
Davis-Wielandt Berezin number for n×n operator matrices are established.

2. The Norm–parallelism and the Davis-Wielandt Berezin number

For T ∈B (H ) , let MT be the set of all unit vectors for which T attains its norm;
i.e.,

MT := {x ∈ H : ‖x‖ = 1,‖Tx‖ = ‖T‖} .

The concept of the norm–parallelism in B (H ) has been introduced by Saddik
[47] and recently discussed by Zamani and Moslehian in [54]–[56]. Let S,T ∈B (H ) ,
we say that T is norm-parallel to S (see [54]), in symbol T ‖ S , if there exists λ ∈
{α ∈ C : |α| = 1} such that

‖T + λS‖= ‖T‖+‖S‖ .

Such property is a useful tool in solving some problems in approximation theory, as
pointed out in [54]. Equivalently, it has been shown in [54] that, T ‖ S if and only if
there exists a sequence of unit vectors xn in H such that

lim
n→∞

|〈Txn,Sxn〉| = ‖T‖‖S‖ . (3)

From the norm properties of vectors in H , it can be shown that [53]

‖b‖2 inf
γ∈C

‖a+ γb‖2 = ‖a‖2 ‖b‖2−|〈a,b〉|2 , ∀a,b ∈ H .
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In particular, two vectors a and b in H are linearly dependent if and only if

inf
γ∈C

‖a+ γb‖2 = 0.

Employing this property, a necessary and sufficient condition for T ∈ B (H ) to be
norm-parallel to S ∈ B (H ) was proved in [53], as elaborated in the following result.

THEOREM 1. Let S,T ∈ B (H ) be compact operators. Then the following con-
ditions are equivalent:

(1) T ‖ S .

(2) There exists x ∈ MT ∩MS such that for every ξ ∈ C the vectors Tx+ ξSx and
Sx are linearly dependent.

Let us begin with the following primary result.

LEMMA 1. Let S ∈ B (H (Ω)) .

(1) If Ω ⊆ C is closed set, then the Berezin set Ber(S) is a closed subset of the
numerical range W (S) .

(2) If Ω = C , then Ber(S) = W (S) and so ber(S) = ω (S) .

(3) In particular, the restriction of the numerical range W |Ω (S) onto Ω is exactly
the Berezin set Ber(S) , and hence ω |Ω (S) = ber(S) , where by W |Ω (S) i.e.

W |Ω (S) =
{〈Sx,x〉 : x ∈ H (Ω) such that for some λ ∈ Ω, x = k̂λ

}
= Ber(S) .

Proof. (1) Let S ∈ B (H (Ω)) . It is well known that Ber(S) ⊆ W (S) . So that
for any sequence of points λn in Ω , the normalized reproducing kernel of H (Ω) is
given by k̂λn . For S̃(λn) ∈ Ber(S) , we have k̂λn −→ k̂λ which implies that S̃ (λn) −→
S̃(λ ) ∈ Ber(S) , as n → ∞ ; whenever λn −→ λ .

(2) This case follows clearly by noting that for each x ∈ H with ‖x‖ = 1, there
exists an associated λ ∈ Ω = C such that xλ = k̂λ . Hence, ber(S) = ω (S) .

(3) For the restriction onto Ω we get W |Ω (S) = Ber(S) , and hence ω |Ω (S) =
ber(S) . �

It’s convenient to note that, in the restriction case the inequality ber(S) � ω (S)
still holds. So that, the reader shouldn’t mix up or confuse between the ω |Ω (S) and
ω (S) .

COROLLARY 1. Let Ω be a closed subset of C and S ∈ B (H (Ω)) . If W (S) ⊂
Ω , then we have ber(S) = ω (S) .
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Proof. Follows from Lemma 1. �
In the sequel, a norm–parallelism of Hilbert space operators and an equality con-

dition for the Davis-Wielandt Berezin number is established.

THEOREM 2. Let Ω be any closed subset of C and S ∈ B (H (Ω)) . Then the
following conditions are equivalent:

(1) S ‖ 1H .

(2) berdw (S) =
√

ber2 (S)+‖S‖4
Ber .

Proof. (1)⇒(2) Assume S ‖ 1H , by (3), S ‖ 1H if and only if there exists a

sequence of unit vectors {k̂(n)
λ } in H (Ω) for some λ ∈ Ω such that

lim
n→∞

∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣= ‖S‖Ber . (4)

Therefore, we have∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣� ∥∥∥Sk̂(n)
λ

∥∥∥� ‖S‖Ber and
∣∣∣〈Sk̂(n)

λ , k̂(n)
λ

〉∣∣∣� ber(S) � ‖S‖Ber .

(5)

Hence by (4) and (5) we obtain that

lim
n→∞

∥∥∥Sk̂(n)
λ

∥∥∥= ‖S‖Ber lim
n→∞

∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣= ber(S) . (6)

Now, by the definition of berdw(S) we have√∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣2 +
∥∥∥Sk̂(n)

λ

∥∥∥4
� berdw (S) �

√
ber2 (S)+‖S‖4

Ber, (7)

whence (6) and (7) imply that

berdw (S) =
√

ber2 (S)+‖S‖4
Ber.

(2)⇒(1) Assume berdw (S)=
√

ber2 (S)+‖S‖4
Ber . So, by the definition of berdw (S) ,

there exists a sequence of unit vectors {k̂(n)
λ } in H (Ω) , for some λ ∈ Ω , such that

lim
n→∞

√∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣2 +
∥∥∥Sk̂(n)

λ

∥∥∥4
=
√

ber2 (S)+‖S‖4
Ber.

Then we have (6) holds. So that let us

Claim: ber(S) = ‖S‖Ber . Hence by (6) we have

lim
n→∞

∣∣∣〈Sk̂(n)
λ , k̂(n)

λ

〉∣∣∣= ‖S‖Ber .
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or equivalently, S ‖ 1H . Setting

Sk̂(n)
λ = αnk̂

(n)
λ1

+ βnk̂
(n)
λ2

for some λ1,λ2 ∈ Ω, (8)

such that
〈
k̂(n)

λ1
, k̂(n)

λ2

〉
= 0,

∥∥∥k̂(n)
λ2

∥∥∥ = 1, and for some αn,βn ∈ C . Thus, from (6) and

(8) we have αn =
〈
Sk̂(n)

λ1
, k̂(n)

λ1

〉
, βn =

〈
Sk̂(n)

λ1
, k̂(n)

λ2

〉
, lim

n→∞
|αn| = ber(S) , and

lim
n→∞

|αn|2 + |βn|2 = ‖S‖2
Ber .

Let ηn =
〈
Sk̂(n)

λ2
, k̂(n)

λ1

〉
, ζn =

〈
Sk̂(n)

λ2
, k̂(n)

λ2

〉
, and

Sn =
[

αn ηn

βn ζn

]
.

Since |αn| � ber(Sn) � ber(S) , then

lim
n→∞

ber(Sn) = ber(S) .

Moreover, we have

|αn|2 � ber

([
|αn| αnηn+αnβn

2
αnβn+αnηn

2
αnζn+αnζn

2

])
= ber(Re (αnSn)) � ber(αnSn) � ber2 (Sn) .

Thus, lim
n→∞

ber(Re (αnSn)) = ber2 (Sn) and lim
n→∞

αnηn+αnβn
2 = 0. It follows that

lim
n→∞

|ηn| = lim
n→∞

|βn| . (9)

On the other hand, we have

S∗nSn =
[ |αn|2 + |βn|2 αnηn + βnζn

αnηn + βnζn |ηn|2 + |ζn|2
]

and this allows us to obtain that

|αn|2 + |βn|2 � ‖S∗nSn‖Ber � ‖Sn‖2
Ber � ‖S‖2

Ber .

The above inequality implies that lim
n→∞

‖S∗nSn‖Ber = ‖S‖2
Ber , and so we get lim

n→∞
αnηn +

βnζn = 0. This yields that

lim
n→∞

|αn| = lim
n→∞

|ζn| . (10)

By (9) and (10) we find that

lim
n→∞

|αn|2 + |βn|2 = lim
n→∞

|ηn|2 + |ζn|2 = ‖S‖2
Ber , (11)
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from that we get

lim
n→∞

S∗nSn =
[‖S‖2

Ber 0
0 ‖S‖2

Ber

]
.

It follows that

lim
n→∞

ber(Sn) = ‖S‖Ber . (12)

From (11) and (12), we conclude that ber(S) = ‖S‖Ber , and this proves our claim.
Hence, the proof of the theorem is completely established. �

As a consequence of Theorem 2, we have the following result [53].

COROLLARY 2. Let Ω be any closed subset of C and S ∈ B (H (Ω)) . The
following conditions are equivalent:

(1) berdw (S) =
√

ber2 (S)+‖S‖4
Ber .

(2) ber(S) = ‖S‖Ber .

(3) berdw (S) = ‖S‖Ber

√
1+‖S‖2

Ber .

(4) S∗S � ber2 (S)1H .

Proof. The equivalence (1)⇔(2) follows from the proof of Theorem 2.
(1)⇒(3) This implication follows from the equivalence (1)⇔(2).

(3)⇒(1) Assume berdw (S)= ‖S‖Ber

√
1+‖S‖2

Ber for any operator S∈B (H (Ω)) .
Since ber(S) � ‖S‖Ber , we have

‖S‖Ber

√
1+‖S‖2

Ber = berdw (S) �
√

ber2 (S)+‖S‖4
Ber � ‖S‖Ber

√
1+‖S‖2

Ber

and so that berdw (S) =
√

ber2 (S)+‖S‖4
Ber .

(1)⇔(4) By the first equivalence berdw (S) =
√

ber2 (S)+‖S‖4
Ber if and only if

ber(S) = ‖S‖Ber , that is
∥∥∥Sk̂λ

∥∥∥ � ber(S)
∥∥∥k̂λ

∥∥∥ for all k̂λ ∈ H (Ω) , λ ∈ Ω . This is

equivalent to say that
∥∥∥Sk̂λ

∥∥∥2
� ber2 (S)

∥∥∥k̂λ

∥∥∥2
, that is

〈
Sk̂λ ,Sk̂λ

〉
�
〈
ber2 (S) k̂λ , k̂λ

〉
for all k̂λ ∈ H (Ω) , i.e.,

〈(
S∗S−ber2 (S)1H

)
k̂λ , k̂λ

〉
� 0 for all k̂λ ∈ H (Ω) , or

equivalently S∗S � ber2 (S)1H . �



NORM-PARALLELISM OF HILBERT SPACE OPERATORS 239

3. Some inequalities of the Davis-Wielandt Berezin number

In order to prove our results we need a sequence of lemmas.

LEMMA 2. Let a,b � 0 and p,q > 1 such that 1
p + 1

q = 1 . Then

• ab � ap

p + bq

q � ( apr

p + bqr

q )
1
r for r � 1 .

• For r = 1 we recapture the Power-Mean inequality, which reads

aαb1−α � αa+(1−α)b � (αap +(1−α)bp)
1
p

for all α ∈ [0,1] , a,b � 0 and p � 1 .

The next lemma follows from the spectral theorem for positive operators and
Jensen inequality see [36].

LEMMA 3. (McCarty inequality) Let T ∈ B(H ) , T � 0 and x ∈ H be a unit
vector. Then

• 〈Tx,x〉r � 〈T rx,x〉 for r � 1;

• 〈T rx,x〉 � 〈Tx,x〉r for 0 < r � 1 .

The generalized mixed Schwarz inequality was introduced in [22], as follows:

LEMMA 4. [36, Theorem 1] Let T ∈ B(H ) and x,y ∈ H be any vectors.

• If f , g are non-negative continuous functions on [0,∞) which are satisfying the
relation f (t)g(t) = t(t ∈ [0,∞)) , then

|〈Tx,y〉| � ‖ f (|T |)x‖‖g(|T ∗|)y‖ ;

• If 0 � α � 1 , then

|〈Tx,y〉|2 � 〈|T |2α x,x〉〈|T ∗|2(1−α) y,y〉.
We note that, the McCarthy inequality was extended for general Hilbert space

operators in [5] and [6]. Also, the corresponding Cartesian decomposition version of
Lemma 4 recently was proved in [4].

In some of our results we need the following two fundamental norm estimates,
which are:

‖S+T‖ � 1
2

(
‖S‖+‖T‖+

√
(‖S‖−‖T‖)2 +4

∥∥S1/2T 1/2
∥∥2
)

, (13)

and ∥∥∥S1/2T 1/2
∥∥∥� ‖ST‖1/2 .

Both estimates are valid for all positive operators S,T ∈ B (H ) . Also, it should be
noted that (13) is sharper than the triangle inequality as pointed out by Kittaneh in [34].

Now, we obtain lower bounds for the Davis-Wielandt Berezin number in B(H (Ω)) .
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THEOREM 3. Let T ∈ B(H (Ω)) . Then
(i) ber2dw(T ) � max

(
ber2(T )+C2

Ber(|T |2),‖T‖4
Ber +C2

Ber(T )
)
;

(ii) ber2dw(T ) � max
(
ber(T )CBer(|T |2),‖T‖2

BerCBer(T )
)
.

Proof. If k̂λ ∈ H (Ω) be a normalized reproducing kernel, then

ber2dw(T ) � |〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4

= |〈T k̂λ , k̂λ 〉|2 + 〈|T |2k̂λ , k̂λ 〉2
� |〈T k̂λ , k̂λ 〉|2 +C2

Ber(|T |2).
Now, by taking the supremum over all λ ∈ Ω , we get

ber2dw(T ) � ber2(T )+C2
Ber(|T |2). (14)

Also, we have

ber2dw(T ) � |〈T k̂λ , k̂λ 〉|2 +‖T k̂λ‖4

� C2
Ber(T )+‖Tk̂λ‖4. (15)

From (14) and (15), the pert (i) is hold.
For (ii) , by applying arithmetic-geometric mean inequality, we have

ber2dw(T ) � |〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4

� 2|〈T k̂λ , k̂λ 〉‖T k̂λ‖2

= 2|〈T k̂λ , k̂λ 〉|〈|T |2k̂λ , k̂λ 〉
� 2|〈T k̂λ , k̂λ 〉|CBer(|T |2).

By taking the supremum over λ ∈ Ω , we get

ber2dw(T ) � 2ber(T )CBer(|T |2). (16)

Moreover,

ber2dw(T ) � 2|〈T k̂λ , k̂λ 〉‖T k̂λ‖2

� 2CBer(T )‖T k̂λ‖2.

Now by taking the supremum over λ ∈ Ω , we get

ber2dw(T ) � 2CBer(T )‖T‖2
Ber. (17)

From (16) and (17), the pert (ii) holds. �

REMARK 1. You can see the inequalities obtained in Theorem 3 (i) is sharper than
the lower bound obtained in (2). Because

max
(
ber2(T ),‖T‖4

Ber

)
� max

(
ber2(T )+C2

Ber(|T |2),‖T‖4
Ber +C2

Ber(T )
)

� ber2dw(T ).
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In the next theorem we obtain lower and upper bounds for ber2dw(T ) .

THEOREM 4. Let T ∈ B(H (Ω)) . Then

1
2

(
ber2(T + |T |)+C2

Ber(T −|T |2))� ber2dw(T ) � 1
2

(
ber2(T + |T |)+ber2(T −|T |2)) .

Proof. If k̂λ ∈ H (Ω) , then

|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4 =
1
2
|〈T k̂λ , k̂λ 〉+ 〈T k̂λ ,T k̂λ 〉|2 +

1
2
|〈T k̂λ , k̂λ 〉− 〈T k̂λ ,T k̂λ 〉|2

=
1
2
|〈T k̂λ , k̂λ 〉+ 〈|T |2k̂λ , k̂λ 〉|2 +

1
2
|〈T k̂λ , k̂λ 〉− 〈|T |2k̂λ , k̂λ 〉|2

=
1
2
|〈T + |T |2k̂λ , k̂λ 〉|2 +

1
2
|〈T −|T |2k̂λ , k̂λ 〉|2

� 1
2

(
|〈T + |T |2k̂λ , k̂λ 〉|2 +C2

Ber(T −|T |2)
)

.

By taking the supremum over all λ ∈ Ω , we get

ber2dw(T ) � 1
2

(
ber2(T + |T |2)+C2

Ber(T −|T |2)) .
For finding the upper bound, we have

|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4 =
1
2
|〈T k̂λ , k̂λ 〉+ 〈T k̂λ ,T k̂λ 〉|2 +

1
2
|〈T k̂λ , k̂λ 〉− 〈T k̂λ ,T k̂λ 〉|2

=
1
2
|〈T k̂λ , k̂λ 〉+ 〈|T |2k̂λ , k̂λ 〉|2 +

1
2
|〈T k̂λ , k̂λ 〉− 〈|T |2k̂λ , k̂λ 〉|2

=
1
2
|〈T + |T |2k̂λ , k̂λ 〉|2 +

1
2
|〈T −|T |2k̂λ , k̂λ 〉|2

� 1
2

(
ber2(T + |T |2)+ber2(T −|T |2)) .

Again, by taking the supremum over all λ ∈ Ω , we get

ber2dw(T ) � 1
2

(
ber2(T + |T |2)+ber2(T −|T |2)) .

These statements complete the proof. �
In the following theorem, the authors obtained some relation between the Davis-

Wielandt Berezin number and the Berezin number.

THEOREM 5. [50] Let T ∈ B(H (Ω)) . Then

ber2dw(T ) � ber2(|T |2−T )+2‖T‖2
Ber ber(T )

and

ber2dw(T ) � 1
2

ber(|T |+2|T |4 + |T∗|2)− 1
2

inf
λ

(‖T k̂λ‖−‖T∗k̂λ‖)2. (18)
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In the next theorem, we obtain a lower bound for square of the Davis-Wielandt
Berezin number.

THEOREM 6. Let T ∈B(H (Ω)) . If λ is a nonzero complex number, and r > 0 ,
such that

‖T −λ I‖Ber � r. (19)

Then

ber2dw(T ) � λ−1(‖T k̂λ‖2 + |λ |2− r2)‖T k̂λ‖2. (20)

Proof. If k̂λ ∈ H (Ω) , then

ber2dw(T ) � |〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4

� 2|〈T k̂λ , k̂λ 〉‖〈T k̂λ ,T k̂λ 〉| (by the arithmetic-geometric mean)
(21)

On the other hand, from (19), we have

‖T k̂λ‖2 + |λ |2−2Reλ 〈T k̂λ , k̂λ 〉 = |〈(T −λ )k̂λ ,(T −λ )k̂λ 〉|
= ‖T k̂λ −λ k̂λ‖2

� ‖T −λ I‖2
Ber

� r2.

So,

‖T k̂λ‖2 + |λ |2 � 2|λ‖〈T k̂λ , k̂λ 〉|+ r2. (22)

From (21) and (22), we have

ber2dw(T ) � λ−1(‖T k̂λ‖2 + |λ |2− r2)‖T k̂λ‖2. �

REMARK 2. From (22) for any T ∈B(H (Ω)) , nonzero complex number λ , and
r > 0, we have

ber2dw(T )−‖Tk̂λ‖4 = |〈T k̂λ , k̂λ 〉|2
� ‖T k̂λ‖2

� 2|λ‖〈T k̂λ , k̂λ 〉|+ r2−|λ |2
� 2|λ |ber(T )+ r2−|λ |2.

In the next theorem we obtain upper bound for the Davis-Wielandt Berezin number
by stating the minimum Berezin modulus of an operator.
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THEOREM 7. Let T ∈ B(H (Ω)) . Then

ber2dw(T ) � sup
θ∈R

ber2(eiθ T + |T |2)−2CBer(T )m2
Ber(T ). (23)

Proof. Let θ ∈ R such that |〈T k̂λ , k̂λ 〉| = eiθ 〈T k̂λ , k̂λ 〉 . If k̂λ ∈ H (Ω) , then

|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4 = 〈eiθ T k̂λ , k̂λ 〉2 + 〈|T |2k̂λ , k̂λ 〉2
= (〈eiθ T k̂λ , k̂λ 〉+ 〈|T |2k̂λ , k̂λ 〉)2 −2〈eiθT k̂λ , k̂λ 〉〈|T |2k̂λ , k̂λ 〉.

So,

|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4 +2|〈T k̂λ , k̂λ 〉|〈|T |2k̂λ , k̂λ 〉
= |〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4 +2〈eiθT k̂λ , k̂λ 〉〈|T |2k̂λ , k̂λ 〉
= (〈eiθ T k̂λ , k̂λ 〉+ 〈|T |2k̂λ , k̂λ 〉)2

= 〈(eiθ T + |T |2)k̂λ , k̂λ 〉2
� ber2(eiθ T + |T |2)
� sup

θ∈R

ber2(eiθ T + |T |2).

Therefore by taking the supremum over all λ ∈ Ω , we get

ber2dw(T )+2CBer(T )m2
Ber(T ) � sup

θ∈R

ber2(eiθ T + |T |2). �

REMARK 3. Note that inequality (23) in Theorem 7 is sharper than inequality (18)
in Theorem 5.

THEOREM 8. Let T ∈ B(H (Ω)) . If f , g are nonnegative continuous functions
on [0,∞) which are satisfying the relation f (t)g(t) = t (t ∈ [0,∞)) , then

ber2dw(T ) � ber

[
1
p

(
f 2p(|T |)+ f 2p(|T ∗T |))+ 1

q

(
g2q(|T ∗|)+g2q(|T ∗T |))] , (24)

for any p � q > 1 with 1
p + 1

q = 1 .

Proof. From Lemmas 4, 2 and 3(b), we have

|〈T k̂λ , k̂λ 〉|2 +‖Tk̂λ‖4

= |〈T k̂λ , k̂λ 〉|2 + 〈T ∗T k̂λ , k̂λ 〉2
� 〈 f 2(|T |)k̂λ , k̂λ 〉〈g2(|T ∗|)k̂λ , k̂λ 〉+ 〈 f 2(|T ∗T |)k̂λ , k̂λ 〉〈g2(|T ∗T |)k̂λ , k̂λ 〉
� 1

p
〈 f 2(|T |)k̂λ , k̂λ 〉p +

1
q
〈g2(|T ∗|)k̂λ , k̂λ 〉q +

1
p
〈 f 2(|T ∗T |)k̂λ , k̂λ 〉p

+
1
q
〈g2(|T ∗T |)k̂λ , k̂λ 〉q
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� 1
p
〈 f 2p(|T |)k̂λ , k̂λ 〉+

1
q
〈g2q(|T ∗|)k̂λ , k̂λ 〉+

1
p
〈 f 2p(|T ∗T |)k̂λ , k̂λ 〉

+
1
q
〈g2q(|T ∗T |)k̂λ , k̂λ 〉

� 〈 1
p

(
f 2p(|T |)+ f 2p(|T ∗T |))+ 1

q

(
g2q(|T ∗|)+g2q(|T ∗T |)) k̂λ , k̂λ 〉

� ber

[
1
p

(
f 2p(|T |)+ f 2p(|T ∗T |))+ 1

q

(
g2q(|T ∗|)+g2q(|T ∗T |))] .

Therefore by taking the supremum over all λ ∈ Ω , we get the desired result. �

COROLLARY 3. Let T ∈ B(H (Ω)) . Then for all p > 1 ,

ber2dw(T ) � ber

(
1
2
(|T |2 + |T ∗|2 +2|T |4)

)
. (25)

Proof. Inequality (25) immediately comes from inequality (24) by putting f (t) =
g(t) = t

1
2 , and p = q = 2 . �

4. Further refinemented inequalities

In order to establish our main first result concerning the the Euclidean Berezin
number, we need to recall the concept of generalized Euclidean Berezin number of an
n -tuple operator; which was introduced by Bakherad in [44]. Namely, for an n -tuple
T= (T1, · · · ,Tn)∈B (H (Ω))n := B (H (Ω))×·· ·×B (H (Ω)) ; i.e., for T1, · · · ,Tn ∈
B (H (Ω)) . The Euclidean operator radius of T1, · · · ,Tn is defined by

berp (T1, · · · ,Tn) := sup
λ∈Ω

(
n

∑
i=1

∣∣∣〈Tik̂λ , k̂λ

〉∣∣∣p)1/p

for all k̂λ ∈ H (Ω) , p � 1.

(26)

The following properties of the generalized Euclidean Berezin number could be
proved easily.

(1) berp (T1, · · · ,Tn) = 0 if and only if Tk = 0 for each k = 1, · · · ,n .

(2) berp (λT1, · · · ,λTn) = |λ |berp (T1, · · · ,Tn) .

(3) berp (X1 +Y1, · · · ,Xn +Yn) � berp (X1, · · · ,Xn)+berp (Y1, · · · ,Yn) .

(4) berp (X1, · · · ,Xn) = berp (X∗
1 , · · · ,X∗

n ) .

(5) berp (X∗
1 X1, · · · ,X∗

n Xn) = berp (X1X∗
1 , · · · ,XnX∗

n )

for every Tk,Xk,Yk,C ∈B (H (Ω)) (1 � k � n) and every scalar λ ∈C . In case p = 2
we refer to the Euclidean Berezin number bere (·, . . . , ·) .

The following relation between the Euclidean Berezin number bere (Y,Y ∗Y ) and
the Davis-Wielandt radius berdw (Y ) holds for every Y ∈ B (H (Ω)) .
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LEMMA 5. Let Y ∈ B (H (Ω)) . Then

bere (Y,Y ∗Y ) = berdw (Y ) . (27)

Proof. Setting n = 2, T1 = Y and T2 = Y ∗Y , Y ∈ B (H (Ω)) in (5), we have

bere (Y,Y ∗Y ) := sup
λ∈Ω

(∣∣∣〈Y k̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈Y ∗Y k̂λ , k̂λ

〉∣∣∣2)1/2

= sup
λ∈Ω

{√∣∣∣〈Y k̂λ , k̂λ

〉∣∣∣2 +
∥∥∥Y k̂λ

∥∥∥4
}

= berdw (Y ) ,

which gives the Davis-Wielandt radius of Y , as required. �

THEOREM 9. Let Y ∈ B (H (Ω)) . Then berdw (Y ) =
√

2 · ber(Y ) if and only if
Y is selfadjoint idempotent operator.

Proof. To prove the ‘only if part’, from Lemma 5, we have bere (Y,Y ∗Y )= berdw (Y )
for any Y ∈ B (H ) . Clearly if Y is selfadjoint idempotent operator, then berdw (Y ) =
bere (Y,Y ∗Y ) = bere

(
Y,Y 2

)
= bere (Y,Y ) . On the other hand, by setting n = 2 and

T1 = T2 =Y , in (27), we get bere (Y,Y ) =
√

2 ·ber(Y ) . Hence, berdw (Y ) =
√

2 ·ber(Y ) .
The ‘if part’ follows by noting that, Y ∗Y = Y 2 if and only if Y is selfadjoint and there-
fore Y ∗Y = Y , when Y is an idempotent operator, i.e., Y 2 = Y . �

In 2005, Kittaneh [35] proved that

1
4
‖S∗S+SS∗‖ � w2 (S) � 1

2
‖S∗S+SS∗‖ (28)

for a Hilbert space operator S ∈ B (H ) .
The corresponding version of the above inequality in terms of Berezin numbers

can be obtained such as:

1
4
‖R∗R+RR∗‖Ber � ber2 (R) � 1

2
‖R∗R+RR∗‖Ber (29)

for Hilbert space operator R ∈ B (H (Ω)) . The following result extends (29) for the
Euclidean Berezin number.

LEMMA 6. Let Rk ∈ B (H (Ω)) (k = 1, · · · ,n) . Then

1
2p+1np−1

∥∥∥∥∥ n

∑
k=1

R∗
kRk +RkR

∗
k

∥∥∥∥∥
p

Ber

� ber2p
2p (R1, · · · ,Rn) � 1

2p

∥∥∥∥∥ n

∑
k=1

(R∗
kRk +RkR

∗
k)

p

∥∥∥∥∥
Ber
(30)

for all p � 1 .
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Proof. Let Gk + iHk be the Cartesian decomposition of Rk for all k = 1, · · · ,n . As
in the proof of (28) in [35], we have∣∣∣〈Rkk̂λ , k̂λ

〉∣∣∣2p
=
(〈

Gkk̂λ , k̂λ

〉2
+
〈
Hkk̂λ , k̂λ

〉2
)p

� 1
2p

(∣∣∣〈Gkk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈Hkk̂λ , k̂λ

〉∣∣∣)2p

� 1
2p

∣∣∣〈Gkk̂λ , k̂λ

〉
+
〈
Hkk̂λ , k̂λ

〉∣∣∣2p

=
1
2p

∣∣∣〈Gk ±Hkk̂λ , k̂λ

〉∣∣∣2p
.

Summing over j and then taking the supremum over all unit vector k̂λ ∈ H (Ω) , we
get

ber2p
2p (R1, · · · ,Rn) = sup

λ∈Ω

n

∑
j=1

∣∣∣〈Rkk̂λ , k̂λ

〉∣∣∣2p

� 1
2p sup

λ∈Ω

n

∑
k=1

∣∣∣〈Gk ±Hkk̂λ , k̂λ

〉∣∣∣2p

� 1
2p

1
np−1 sup

λ∈Ω

(
n

∑
k=1

∣∣∣〈Gk ±Hkk̂λ , k̂λ

〉∣∣∣2)p

=
1
2p

1
np−1

∥∥∥∥∥ n

∑
k=1

(Gk ±Hk)
2

∥∥∥∥∥
p

Ber

,

where we have used Jensen’s inequality in the last inequality. Thus,

2ber2p
2p (R1, · · · ,Rn) � 1

2p

1
np−1

∥∥∥∥∥ n

∑
k=1

(Gk +Hk)
2

∥∥∥∥∥
p

Ber

+
1
2p

1
np−1

∥∥∥∥∥ n

∑
k=1

(Gk −Hk)
2

∥∥∥∥∥
p

Ber

� 1
2p

1
np−1

∥∥∥∥∥ n

∑
k=1

(Gk +Hk)
2 +

n

∑
k=1

(Gk −Hk)
2

∥∥∥∥∥
p

Ber

=
1
2p

1
np−1

∥∥∥∥∥ n

∑
k=1

{
(Gk +Hk)

2 +(Gk −Hk)
2
}∥∥∥∥∥

p

Ber

=
1

np−1

∥∥∥∥∥ n

∑
k=1

G2
k +H2

k

∥∥∥∥∥
p

Ber

=
1

np−1

∥∥∥∥∥ n

∑
k=1

R∗
kRk +RkR∗

k

2

∥∥∥∥∥
p

Ber

=
1

2pnp−1

∥∥∥∥∥ n

∑
k=1

R∗
kRk +RkR

∗
k

∥∥∥∥∥
p

Ber

,
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and hence,

ber2p
2p (R1, · · · ,Rn) � 1

2p+1np−1

∥∥∥∥∥ n

∑
k=1

R∗
kRk +RkR

∗
k

∥∥∥∥∥
p

Ber

,

which proves the left hand side of the inequality in (30).
To prove the second inequality, for every unit vector k̂λ ∈ H (Ω) we have

n

∑
k=1

∣∣∣〈Rkk̂λ , k̂λ

〉∣∣∣2p
=

n

∑
k=1

(〈
Gkk̂λ , k̂λ

〉2
+
〈
Hkk̂λ , k̂λ

〉2
)p

�
n

∑
k=1

(〈
G2

k k̂λ , k̂λ

〉
+
〈
H2

k k̂λ , k̂λ

〉)p

=
n

∑
k=1

〈(
G2

k +H2
k

)
k̂λ , k̂λ

〉p
,

which implies that

sup
λ∈Ω

n

∑
k=1

∣∣∣〈Rkk̂λ , k̂λ

〉∣∣∣2p
= ber2p

2p (R1, · · · ,R1)

� sup
λ∈Ω

n

∑
k=1

〈(
G2

k +H2
k

)
k̂λ , k̂λ

〉p

� sup
λ∈Ω

〈
n

∑
k=1

(
G2

k +H2
k

)p
k̂λ , k̂λ

〉

=

∥∥∥∥∥ n

∑
k=1

(
G2

k +H2
k

)p∥∥∥∥∥
Ber

=
1
2p

∥∥∥∥∥ n

∑
k=1

(R∗
kRk +RkR

∗
k)

p

∥∥∥∥∥
Ber

,

which proves the right hand side of (30). �

REMARK 4. In particular, setting n = 2 and p = 1 in (30) we get

1
4
‖R∗

1R1 +R1R
∗
1 +R∗

2R2 +R2R
∗
2‖Ber � ber2e (R1,R2)

� 1
2
‖R∗

1R1 +R1R
∗
1 +R∗

2R2 +R2R
∗
2‖Ber .

Moreover, if we choose R1 = R2 = R , then

1
2
‖R∗R+RR∗‖Ber � ber2e (R,R) � ‖R∗R+RR∗‖Ber .

But bere (R,R) =
√

2ber(R) , which implies that

1
4
‖R∗R+RR∗‖Ber � ber2 (R) � 1

2
‖R∗R+RR∗‖Ber .
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Now, based on Lemmas 5 and 6, we can introduce our first main result, as follows:

THEOREM 10. Let R ∈ B (H (Ω)) . Then

1
4

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber
� ber2dw (R) � 1

2

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber
. (31)

Proof. Setting n = 2, p = 1, R1 = X and R2 = Y in (30), we get

1
4
‖X∗X +XX∗+Y ∗Y +YY ∗‖Ber � ber2e (X ,Y )

� 1
2
‖X∗X +XX∗+Y∗Y +YY ∗‖Ber .

Replacing X by R and Y by R∗R , we get

1
4

∥∥∥R∗R+RR∗+2 |R|4
∥∥∥

Ber
� ber2e (R,R∗R) � 1

2

∥∥∥R∗R+RR∗+2 |R|4
∥∥∥

Ber
.

But as we have shown in Lemma 5 that , bere (R,R∗R) = berdw (R) , hence we have

1
4

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber
� ber2dw (R) � 1

2

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber
,

as desired. �
The following result refines sharply the upper bound in (2).

THEOREM 11. If R ∈ B (H (Ω)) , then

1√
2
‖R+R∗R‖Ber � berdw (R) �

√∥∥∥∥1
4

(|R|+ |R∗|)2 + |R|4
∥∥∥∥

Ber
(32)

�
√

1
4

(
‖R‖Ber +‖R2‖1/2

Ber

)2
+‖R‖4

Ber.

Proof. Since we have

ber2dw (R) = sup
λ∈Ω

{∣∣∣〈Rk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈R∗Rk̂λ , k̂λ

〉∣∣∣2}
� 1

2
sup
λ∈Ω

{∣∣∣〈Rk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈R∗Rk̂λ , k̂λ

〉∣∣∣}2

=
1
2

sup
λ∈Ω

{∣∣∣〈Rk̂λ , k̂λ

〉
+
〈
R∗Rk̂λ , k̂λ

〉∣∣∣}2

=
1
2

sup
λ∈Ω

{∣∣∣〈(R+R∗R) k̂λ , k̂λ

〉∣∣∣}2

=
1
2
‖R+R∗R‖2

Ber ,
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which proves the first inequality in (32). Also, since we have

ber2dw (R) = sup
λ∈Ω

{∣∣∣〈Rk̂λ , k̂λ

〉∣∣∣2 +
∥∥∥Rk̂λ

∥∥∥4
}

= sup
λ∈Ω

{∣∣∣〈Rk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈R∗Rk̂λ , k̂λ

〉∣∣∣2}

� sup
λ∈Ω

{(〈
|R| k̂λ , k̂λ

〉 1
2
〈
|R∗| k̂λ , k̂λ

〉 1
2
)2

+
〈
|R∗R|2 k̂λ , k̂λ

〉}
(by Lemmas 3 and 4)

� sup
λ∈Ω

[〈 |R|+ |R∗|
2

k̂λ , k̂λ

〉2

+
〈
|R∗R|2 k̂λ , k̂λ

〉]

� sup
λ∈Ω

[〈( |R|+ |R∗|
2

)2

k̂λ , k̂λ

〉
+
〈
|R∗R|2 k̂λ , k̂λ

〉]
(by Lemma 3)

= sup
λ∈Ω

〈(( |R|+ |R∗|
2

)2

+ |R∗R|2
)

k̂λ , k̂λ

〉

=
1
4

∥∥∥(|R|+ |R∗|)2 +4 |R∗R|2
∥∥∥

Ber
,

and this proves the second inequality in (32). Applying the triangle inequality on the
above inequality, we get

ber2dw (R) � 1
4

∥∥∥(|R|+ |R∗|)2 +4 |R∗R|2
∥∥∥

Ber
� 1

4

∥∥∥(|R|+ |R∗|)2
∥∥∥

Ber
+
∥∥∥|R∗R|2

∥∥∥
Ber

=
1
4
‖|R|+ |R∗|‖2

Ber +
∥∥∥|R|4∥∥∥

Ber
.

Now, applying (13) to the first term in the above inequality, we get ‖|R|+ |R∗|‖Ber �
‖R‖Ber +

∥∥R2
∥∥1/2

Ber . Now substituting this inequality in the last inequality above, we get
the third inequality in (32), and this completes the proof.

To see that the second inequality in (31) is a refinement of the second inequality
in (2), assume RR∗ � R∗R � ber2 (R)1H . Thus, from (31) we have

ber2dw (R) � 1
2

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber

� 1
2

∥∥ber2 (R)1H +ber2 (R)1H +2ber4 (R)1H

∥∥
Ber

� ber2 (R)+‖R‖4
Ber .

Follows by the assumption, since ber(R) = ‖R‖Ber (see Corollary 2), which implies
that

berdw (R) �
√

1
2

∥∥∥|R|2 + |R∗|2 +2 |R|4
∥∥∥

Ber
�
√

ber2 (R)+‖R‖4
Ber

= ‖R‖Ber

√
1+‖R‖2

Ber,
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which means that the right-hand side of (31) refines the right-hand side of (2). �

EXAMPLE 1. Ω =
{
(x,y) : |x|2 + |y|2 � 6,x,y ∈ C

}
. Therefore, Ω is closed sub-

set of C . Consider Let R =
[

0 1
2 1

]
. We have W (R) ⊆ Ω with ‖R‖Ber = 2.28825 and

ber(R) = 2.08114. The upper bound of (2) gives berdw (R) � 5.63449. However, by
applying (31), we have berdw (R) � 5.61938, which implies that, the upper bound in
(31) is better than the upper bound in (2).

REMARK 5. We note that, a refinement of the inequality (6) could be stated as
follows:

1√
2
‖R+R∗R‖ � berdw (R) �

√
w

(
1
4

(|R|+ |R∗|)2 + |R|4
)

.

Consider R as in Example 1. Applying the above inequality, we get berdw (R) �
5.59709, which is better than the result obtained by (5). Furthermore, (31) gives that

berdw (R) �
√

w

(
1
4

(|R|+ |R∗|)2 + |R|4
)

� 4

√
1
2
‖T ∗T +TT ∗‖,

where T = 1
4 (|R|+ |R∗|)2 + |R|4 . Employing the previous second upper bound for R

in Example 1, we get the same result as those obtained by (31) and (2), even we use
(13); which indeed refines (32).

5. The Davis-Wielandt radius inequalities for n×n matrix operators

Several numerical radius type inequalities improving and refining the inequality

1
2
‖S‖ � w(S) � ‖S‖ (S ∈ B (H ))

have been recently obtained by many other authors; see for example [1]–[10], and [21].
Recently, Bakherad [8] proved the following result concerning the Berezin number of
n×n operator matrices.

Let S = [Si j] ∈ B (
⊕n

i=1 Hi (Ωi)) such that Si j ∈ B (H j (Ω j) ,Hi (Ωi)) . Then

w(S) �
{

ber([Si j]) i = j,∥∥[Si j]
∥∥

Ber , i �= j,
.

In the next result, we present Davis-Wielandt radius inequality for n× n matrix
Operators.

THEOREM 12. Let T = [Ti j] ∈ B (
⊕n

i=1 Hi (Ωi)) . Then

berdw (T) � w([ti j]) , (33)
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where

ti j =

⎧⎨⎩
ber(Tii)+‖Tii‖2

Ber , j = i∥∥Ti j
∥∥

Ber +
∥∥Ti j
∥∥2

Ber , j �= i
.

Proof. Let H (Ω) =
⊕n

i=1 Hi (Ωi) . For every λ = (λ1, · · · ,λn) ∈ Ω1 ×·· ·×Ωn ,

let a unit vector k̂λ =
[
kλ1

· · ·kλn

]T ∈ H (Ω) . Then we have

berdw (T) = sup
(λ1,···,λn)∈Ω1×···×Ωn

√∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣2
� sup

(λ1,···,λn)∈Ω1×···×Ωn

{∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣}
(since

√
a+b �

√
a+

√
b).

But since ∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣= ∣∣∣∣∣ n

∑
i, j=1

〈
Ti jkλ j

,kλi

〉∣∣∣∣∣
�

n

∑
i, j=1

∣∣∣〈Ti jkλ j
,kλi

〉∣∣∣
=

n

∑
i=1

∣∣〈Tiikλi
,kλi

〉∣∣+ n

∑
i, j=1
j �=i

∣∣∣〈Ti jkλ j
,kλi

〉∣∣∣
�

n

∑
i=1

ber(Tii)
∥∥kλi

∥∥2 +
n

∑
i, j=1
j �=i

∥∥Ti j
∥∥

Ber

∥∥∥kλ j

∥∥∥∥∥kλi

∥∥
=

n

∑
i=1

ti j
∥∥∥kλ j

∥∥∥∥∥kλi

∥∥. (34)

Similarly, we have

|〈T∗Tx,x〉| =
∣∣∣∣∣ n

∑
i, j=1

〈
T ∗
i jTi jkλ j

,kλi

〉∣∣∣∣∣
�

n

∑
i=1

ber(T ∗
ii Tii)

∥∥kλi

∥∥2 +
n

∑
j �=i

∥∥T ∗
i jTi j
∥∥

Ber

∥∥kλi

∥∥∥∥∥kλ j

∥∥∥. (35)

Adding (34) and (35), we get

berdw (T) � sup
(λ1,··· ,λn)∈Ω1×···×Ωn

{∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣}
�

n

∑
i=1

(ber(Tii)+ber(T ∗
ii Tii))

∥∥kλi

∥∥2 +
n

∑
j �=i

(∥∥Ti j
∥∥

Ber +
∥∥T ∗

i jTi j
∥∥

Ber

)∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
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=
n

∑
i=1

(
ber(Tii)+‖Tii‖2

Ber

)∥∥kλi

∥∥2 +
n

∑
j �=i

(∥∥Ti j
∥∥

Ber +
∥∥Ti j
∥∥2

Ber

)∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
�

n

∑
i, j=1

ti j
∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
=
〈
[ti j]x,x

〉
,

where x =
(∥∥kλ1

∥∥ ∥∥kλ2

∥∥ . . .∥∥kλ1

∥∥)T with ‖x‖ = 1. Therefore

berdw (T) = sup
(λ1,···,λn)∈Ω1×···×Ωn

{∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣}� ω ([ti j])

Thus, we obtain the right-hand side inequality in (33), and this completes the proof. �

COROLLARY 4. Let T =
[

T11 T12

T21 T22

]
∈ B (H1 (Ω1)⊕H2 (Ω2)) . Then

berdw (T) � 1
2

(
a+d+

√
(a−d)2 +(b+ c)2

)
,

where,

a = ber(T11)+‖T11‖2
Ber , b = ‖T12‖Ber +‖T12‖2

Ber , c = ‖T21‖Ber +‖T21‖2
Ber ,

and d = ber(T22)+‖T22‖2
Ber .

Proof. Take n = 2 in Theorem 12. Let a,b,c,d be as defined above. Then

berdw

([
T11 T12

T21 T22

])
� w

([
a b
c d

])
= r

([
a b+c

2
b+c
2 d

])
=

1
2

(
a+d +

√
(a−d)2 +(b+ c)2

)
as required. �

COROLLARY 5. Let

[
T11 0
0 T22

]
∈ B (H1 (Ω1)⊕H2 (Ω2)) , then

berdw

([
T11 0
0 T22

])
� max

{
ber(T11)+‖T11‖2

Ber ,ber(T22)+‖T22‖2
Ber

}
.

In special case, if H1 (Ω1) = H2 (Ω2) and T11 = T22 = T , then

berdw

([
T 0
0 T

])
� berdw (T )+‖T‖2

Ber .
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Proof. From Corollary 4, we have

berdw

([
T11 0
0 T22

])
� max{ber(T11)+w(T ∗

11T11) ,ber(T22)+ber(T ∗
22T22)}

= max
{

ber(T11)+ber
(
|T11|2

)
,ber(T22)+ber

(
|T22|2Ber

)}
� max

{
ber(T11)+‖T11‖2

Ber ,ber(T22)+‖T22‖2
Ber

}
,

as required. �

COROLLARY 6. Let T =
[

T S
S T

]
∈ B (H (Ω)⊕H (Ω)) . Then

berdw (T) � ber(T )+‖T‖2
Ber +‖S‖Ber +‖S‖2

Ber .

Proof. From Corollary 4, we have T11 = T22 = T and T12 = T21 = S , therefore

a = ber(T )+‖T‖2
Ber = d, b = ‖S‖Ber +‖S‖2

Ber = c.

Thus,

berdw

([
T S
S T

])
� a+b = ber(T )+‖T‖2

Ber +‖S‖Ber +‖S‖2
Ber ,

as required. �
A refinement of Theorem 12 is formulated as follows:

THEOREM 13. Let T = [Ti j] ∈ B (
⊕n

i=1 Hi (Ωi)) such that Ti j ∈ B(H j(Ω j),
Hi(Ωi)) . Then

1√
2
‖T+T∗T‖ � berdw (T) � w1/2 ([ti j]) , (36)

where

ti j = n ·
⎧⎨⎩

ber2 (Tii)+‖Tii‖4
Ber , j = i∥∥Ti j

∥∥2
Ber +

∥∥Ti j
∥∥4

Ber , j �= i
.

Proof. Let k̂λ =
[
kλ1

· · ·kλn

]T ∈⊕n
i=1 Hi (Ωi) with ‖k̂λ‖=

n
∑
i=1

∥∥kλi

∥∥2 = 1. Then

we have

berdw (T) = sup
(λ1,···,λn)∈Ω1×···×Ωn

{√∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 +
∥∥∥Tk̂λ

∥∥∥4
}

= sup
(λ1,···,λn)∈Ω1×···×Ωn

√∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣2.
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But since∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 =

∣∣∣∣∣ n

∑
i, j=1

〈
Ti jkλ j

,kλi

〉∣∣∣∣∣
2

� n ·
n

∑
i, j=1

∣∣∣〈Ti jkλ j
,kλi

〉∣∣∣2 (by Jensen’s inequality)

� n ·
n

∑
i=1

|〈Tiiki,ki〉|2 +n ·
n

∑
j �=i

∣∣∣〈Ti jkλ j
,kλi

〉∣∣∣2
� n ·

n

∑
i=1

ber2 (Tii)
∥∥kλi

∥∥4 +n ·
n

∑
j �=i

∥∥Ti j
∥∥2

Ber

∥∥kλi

∥∥2
∥∥∥kλ j

∥∥∥2

� n ·
n

∑
i=1

ber2 (Tii)
∥∥kλi

∥∥2 +n ·
n

∑
j �=i

∥∥Ti j
∥∥2

Ber

∥∥kλi

∥∥∥∥∥kλ j

∥∥∥, (37)

the last inequality holds, since ‖kλi
‖4 � ‖kλi

‖2 � 1 and ‖kλi
‖2 � ‖kλi

‖ � 1 for all
λi ∈ Ωi , i = 1, · · · ,n . Similarly, we have∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣2 =

∣∣∣∣∣ n

∑
i, j=1

〈
T ∗
i jTi jkλ j

,kλi

〉∣∣∣∣∣
2

� n ·
n

∑
i=1

ber2 (T ∗
ii Tii)

∥∥kλi

∥∥2 +n ·
n

∑
j �=i

∥∥T ∗
i jTi j
∥∥2

Ber

∥∥kλi

∥∥∥∥∥kλ j

∥∥∥. (38)

Now adding (37) and (38), we get∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣2
= n ·

n

∑
i=1

(
ber2 (Tii)+ber2 (T ∗

ii Tii)
)∥∥kλi

∥∥2 +n ·
n

∑
j �=i

(∥∥Ti j
∥∥2

Ber +
∥∥T ∗

i jTi j
∥∥2

Ber

)∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
= n ·

n

∑
i=1

(
ber2 (Tii)+‖Tii‖4

Ber

)∥∥kλi

∥∥2 +
n

∑
j �=i

(∥∥Ti j
∥∥2

Ber +
∥∥Ti j
∥∥4

Ber

)∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
� n ·

n

∑
i, j=1

ti j
∥∥kλi

∥∥∥∥∥kλ j

∥∥∥
= n · 〈[ti j]y,y〉 ,
where y =

(∥∥kλ1

∥∥ ∥∥kλ2

∥∥ · · · ∥∥kλn

∥∥ )T . Taking the supremum over unit vectors k̂λ ∈⊕n
i=1 Hi (Ωi) , we obtain the right-hand side inequality. To prove the left hand side

inequality we note that

ber2dw (T) = sup
(λ1,··· ,λn)∈Ω1×···×Ωn

{∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣2 +
∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣2}
� 1

2
sup

(λ1,··· ,λn)∈Ω1×···×Ωn

{∣∣∣〈Tk̂λ , k̂λ

〉∣∣∣+ ∣∣∣〈T∗Tk̂λ , k̂λ

〉∣∣∣}2
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� 1
2

sup
(λ1,··· ,λn)∈Ω1×···×Ωn

{∣∣∣〈(T+T∗T) k̂λ , k̂λ

〉∣∣∣2}
=

1
2
‖T+T∗T‖2

Ber ,

as required. �

COROLLARY 7. Let T =
[

T11 T12

T21 T22

]
∈ B (H1 (Ω1)⊕H2 (Ω2)) . Then

berdw (T) �
√

a+d +
√

(a−d)2 +(b+ c)2, (39)

where,

a = ber2 (T11)+‖T11‖4
Ber , b = ‖T12‖2

Ber +‖T12‖4
Ber , c = ‖T21‖2

Ber +‖T21‖4
Ber ,

and d = ber2 (T22)+‖T22‖4
Ber .

Proof. Take n = 2 in Theorem 13. Let a,b,c,d be as defined above. Then

ber2dw

([
T11 T12

T21 T22

])
� 2w

([
a b
c d

])
= 2r

([
a b+c

2
b+c
2 d

])
= a+d +

√
(a−d)2 +(b+ c)2,

which proves the required inequality. �

COROLLARY 8. Let

[
T11 0
0 T22

]
∈ B (H1 (Ω)⊕H2 (Ω)) . Then

berdw

([
T11 0
0 T22

])
�
√

2max

{√
ber2 (T11)+‖T11‖4

Ber,

√
ber2 (T22)+‖T22‖4

Ber

}
.

In special case, if H1 (Ω) = H2 (Ω) and T11 = T22 = T , then

berdw

([
T 0
0 T

])
�
√

2
(
ber2 (T )+‖T‖4

Ber

)1/2
.

Proof. Form Corollary 7, we have

ber2dw

([
T11 0
0 T22

])
� 2max

{
ber2 (T11)+ber2 (T ∗

11T11) ,ber2 (T22)+ber2 (T ∗
22T22)

}
= 2max

{
ber2 (T11)+ber2

(
|T11|2

)
,ber2 (T22)+ber2

(
|T22|2

)}
� 2max

{
ber2 (T11)+‖T11‖4

Ber ,ber2 (T22)+‖T22‖4
Ber

}
,

which gives the desired result. �
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