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NON-UNIFORM BERRY-ESSEEN-TYPE INEQUALITIES
FOR A SUPERCRITICAL BRANCHING PROCESS WITH
IMMIGRATION IN A RANDOM ENVIRONMENT

XIAOQIANG WANG, JIUITANG WU AND CHUNMAO HUANG*

(Communicated by Z. S. Szewczak)

Abstract. Let W, be the fundamental submartingale of a supercritical branching process with
immigration in a random environment. In order to characterize the convergence rates of W,, the
quenched and annealed non-uniform Berry-Esseen-type inequalities are established for W, 4 —
W, for each fixed k € {1,2,---,0}, which reveal the convergence rates of the corresponding
central limit theorems.

1. Introduction and main results

Since the branching process was proposed, it has been widely used in many as-
pects, such as biophysics [20] and sociology [19]. It also has many interactions with
various applied probability settings, such as fractals and Mandelbrot’s cascades, per-
petuities, branching random walks and branching Brownian motions. For this reason,
many scholars continue to study and promote branching processes and related topics.
One important extension is the branching process in a random environment (BPRE)
where the offspring distribution changes with generation according to a time-dependent
random environment, which considers the influence of external environment on branch-
ing mechanism; see e.g. [24, 2, 3] for earlier studies, and [28, 13, 26, 6, 29] for recent
achievements. At the same time, research on branching systems with immigration re-
veals that not only the offspring distribution, but also the immigration distribution will
affect the limit behaviours of branching processes. Related research also reflects that
the idea of introducing immigration can be applied to the study of related stochastic pro-
cesses. For example, Kensten et al. [16] gave a limit distribution for a random walk in a
random environment with the help of a BPRE with one immigration at each generation.
These facts make scholars pay more attention to the branching process with immigra-
tion in a random environment (BPIRE), which involves the dual impact of environment
and immigration. A various of limit theorems and asymptotic properties, such as limit
distributions, tail probabilities, large deviations and convergence rates, were studied;
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see e.g. [17,23,25,7, 27, 15, 4] and the reference therein for more information. In
this paper, we are interested in BPIRE and will focus on the convergence rates of the
fundamental submartingale of the model by accurately describing the associated central
limit theorems.

Let us introduce the models of BPRE and BPIRE as follows. The random environ-
ment, denoted by & = (&,), is an ergodic and stationary sequence of random variables
indexed by time n € N={0,1,2,---}. Itis often independent and identically distributed
(i.i.d.). Each realization of &, corresponds to two probability distributions on N: one
is the offspring distribution denoted by

(&) ={pj(&):j >0}, where p;(§,) >0 and 3 p;(&) =1;
J

the other is the immigration distribution denoted by

h(&y) ={hj(&:);j =0}, where h;(&,) >0 and Zhj(én) =1.

DEFINITION 1.1. The process (Z,) is called a branching process in the random
environment & (BPRE) if it satisfies:

Zn
Zo=1 and  Zyy1= Y Xui, n€N, (1.1)
i=1

where given the environment &, all X,,; are independent of each other, and X,, ; has the
distribution p(&,).

DEFINITION 1.2. The process (Z,) is called a branching process with immigra-
tion (¥,) in the random environment & (BPIRE) if it satisfies:

Zn
Zo=1 and  Z,y1= Y Xpit+Yy, n€N, (1.2)
i=1

=

where given the environment &, all X,.; and Y, are independent of each other, X;,; has
the distribution p(&,) and Y, has the distribution 7(&,).

REMARK 1.1. Particularly, if ¥, =0 in (1.2) for all n € N, Which_means that

there is no immigration, then the BPIRE (Z,) degenerates to the BPRE (Z,) which is
defined by (1.1), namely, Z, = Z,.

We introduce two probabilities. Denote by P¢ the so-called quenched law, i.e. the
conditional probability when the environment & is given. The total probability can be
expressed as P(dx,d&) = P¢(dx)t(d&), where T is the law of the environment & . It is
usually called the annealed law. The expectation with respective to Pg (resp. IP) will
be denoted by E¢ (resp. E).
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For sake of brevity, we write p; = p;(&y) and hj = h;(&y). Throughout the paper,
we always assume that

P(po=0)=1 and P(p=1)<1, (1.3)

which means that each individual produces at least one offspring, and the probability
of producing at least two offspring is positive.
For n € N and r € R, define

m(0) =Y piE)-
=0

It can be seen that m,(t) = E¢X;. We write m, =m,(1) and X, = X, 1. Under the
assumption (1.3), one has Elogmg > 0, which means that the corresponding branching
process is supercritical. Denote

n—1
My=1 and I, =[]mi, n=1,2,---.
i=0

It can be seen that I, = ]Eg Z,. For n € N, define

Z . Z
ann—’; and ann—’:. (1.4)

It is well known that W,, forms a non_negative martingale and the limit W oo = limy, e W,
exists almost surely (a.s.) with Eg W. < 1. As for W,, it is known that W, is a non-

negative submartingale, and it converges to some limit W., = lim,,_,.. W,, under certain
moment conditions.

THEOREM 1.1. (Convergence of W,, [27, 15]) Assume that Elogmg € (0,00).

(a) If Elog* ri—% < oo, then We, = limy_... Wy, exists a.s. with values in [0,e0).

(b) If Elog" E¢ (z—fr’))p < oo and Elog*Eé(;—‘;)P < oo for some p > 1, then sup, Eg W,/
< oo a.s., and W, converges a.s. and in Pg -LP to Weo with EgWZ € (0,00).

(c) IfE= (&) isiid, E(i—?})p < o and E(;—%)p < oo for some p > 1, then sup, EW,
< oo, and W, converges a.s. and in LP 1o Wo, with EWE € (0,00).

In this paper, we are interested in convergence rates of W, in terms of the rate
at which the ratio W,,.x/W, converges to 1, for each fixed k € {1,2,---,0}. Note
that k can take the infinity if W.. exists. Obviously, if k = oo , the convergence rates of
We../W, to 1 reflects those of W, to its limit W..; if k is finite, the rates of W, /W, can
reveal the asymptotic changes of Z,,/Z, which can be regarded as the population ratio
across k generations. In particular, when k = 1, Z,/Z, is the ratio of the population
of two neighbouring generations whose asymptotic properties were studied in many
related literatures, see e.g. [1, 21, 10, 9, 18].
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Let T be the shift operator that T = (&1,&,,---) if & = (&, &1,&,--+). For
ke{1,2,--- o}, set

n :Hn(Wn+k_Wn): \/Z_n (Wn+k_
" VZoo(TE) o(TE) \ W,

where (&) =/ Var (W) . One can calculate

az(é)zgni—l (@-1)

m

1), neN, (1.5)

It is clear that 7, concerns with the convergence rates of W, /W, to 1. Our interest
is the limit behaviours of the distributions of 1),,, under both quenched and annealed
laws. For the Galton-Watson process, Heyde [11] showed a central limit theorem on
N, which says that the distribution of 7,, converges to the standard normal distribution
A4(0,1), and Heyde and Brown [12] gave an estimation of its convergence rate under
a third moment condition. Such results were extended to BPRE with weaker moment
condition in Wang et al. [28] by considering the annealed law, and then Huang and Liu
[13] improved the corresponding convergence rate by giving the precise asymptotics of
the harmonic moments of Z,, . The quenched central limit theorem was shown by Zhang
and Hong [29], but the convergence rate is still unclear. For the case with immigration,
Gao and Zhang [8] established the central limit theorem on 7, for a branching process
in a varying environment, and estimated its convergence rate by harmonic moments of
Z,. However, the rate that they obtained seemed very rough, and could not coincide
with the case without immigration when applied to the Galton-Watson process. For
these reasons, we aim to extend the results for the case without immigration to BPIRE,
and to improve them by establishing the non-uniform Berry-Esseen-type inequalities.
For n € N, let

Gn(x; &) =Pe (N, < x) and Gu(x) =P(n, <x) (xeR)

be the quenched and annealed distributions of 1,, respectively. The main results of the
paper are the following two Berry-Esseen-type inequalities which can reflect the rates
of convergence in central limit theorems on 1, .

THEOREM 1.2. (Quenched Berry-Esseen-type inequality) Assume that (1.3) holds,

Elog" Ee| "7y |* < oo and Elog" Eg| "5k [" < oo for some a>2 and b > 0. Let
€ € (0, 1] satisfying € < b. Then there exists a positive random variable C(&) depend-
ing on & and satisfying Elog™ C(&) < oo such that

sup(1+ [x)*(G,(x:€) — ®(x)| < C(T"E)E:Z,°  as., (1.6)
xeR

2 .
X e 24t is the

where A = (aAb)(1—%) and § = min{a -2, 8},andq)(x):\/%f_w

standard normal distribution function.
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THEOREM 1.3. (Annealed Berry -Esseen-type inequality) Assume (1.3) and that
1+& 1+&
E=(&) isiid, E<E5|W‘ 1|“> <ooandIE(IE5|W‘ W‘\") < oo for some a >

2, b>0 and & € [0,1]. Let € € (0, 1] satisfying € < b. Then there exists a positive
constant C such that

-5/2

sup(1+ [x])* |Gy (x) — @(x)| < CEZ, (1.7)
xeR
where A = (aAb)min{&, 1 — £} and 6 =min{a—2, €}, and ®(x) = \/%—ﬂ I e 2dt

is the standard normal distribution function.

In Theorem 1.3 and throughout the paper, C represents a general positive constant,
which does not stand for the same constant and can differ from line to line.

REMARK 1.2. In Theorems 1.2 and 1.3, we use the harmonic moments of Z, to
characterize the convergence rates in central limit theorems on 1,,. Under (1.3), it is not
difficult to know that the harmonic moments of Z, decay to 0 with exponential rates.
For the convenience of application, we give below more accurate results on decay rates
of the harmonic moments of Z,, and apply them with the conclusions of Theorems
1.2 and 1.3. In order to illustrate precise rates, the additional assumption (H) below is
needed:

(H) There exist constants ¢ > 1 and A, > A; > 1 such that A} < mg and mo(q) < Ag
a.s.,and ess sup p; < 1.

Based on (H), we can obtain the conditions for the existence of harmonic moments of
W, and further describe the decay rates of harmonic moments of Z, more precisely.
Let » > 0. According to [14], one has a.s.,

1
limsup —logE:Z, " < (1.8)

n—eo N

max{—rElogmyg, Elog(piho)}, if (H) holds,
Elogmgy(—r), if (H) does not hold.

This result implies that EzZ, " decays to 0 with an exponential rate. Set
emax{=3Elogm, Elog(pilo)} | if (H) holds,
pr= {e]]‘:logm(%)7 if (H) does not hold.
Combining (1.6) with (1.8), we deduce that a.s., for x € R,
Gu(x:8) = @] < C(T"E)BZ, (14 ) ™ < p" (14l

for p >p; and 0 <A <A :=(aAb)(1—¢/b). When & = (&,) isi.i.d., according to
Huang et al. [15], one has
an(r), if (H) holds,
EZ"<C

(1.9)
(Emo(—r))", if (H) does not hold,
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where
(Emy")", if r <ro,

an(r) = n(]Eplho)", ifr= 1o,
(Eplho)”, if r > 10,

and ry is the solution of the equation Em,, " =Epihg. Set

_9
max{Em, >, Epiho}, if (H) holds,
p2=
Emo(—3$), if (H) does not hold.

Combining (1.7) with (1.9) gives that for x € R,

|Ga(x) — ()] < CEZ, (14 |x) ™4 < p"(1+ [x]) ™, (1.10)

for p >pyand 0 < A < Ay := (aAb)min{€,1—¢e/b}. One can observe that p; < pa
and A; > A,.

REMARK 1.3. For BPRE, Wang et al. [28, Theorem 2.2] showed that

sup|Ga(x) — B(x)| < CEZ; " <c(ﬂ«:mo<—§>) (L11)

xeR

VZ’Eg)l | < e for some a > 2, where § = min{a —
2,1}. Note that in (1.11), the upper bound is independent of x. This kind of inequal-
ity is called the uniform Berry-Esseen-type inequality. If that upper bound depends
on x such as (1.10), corresponding result is called the non-uniform Berry-Esseen-type
inequality. In Theorem 1.3, we actually establish the annealed non-uniform Berry-
Esseen-type inequality on the distribution of 7, for BPIRE. This result is a general-
ization and improvement of Wang et al. [28, Theorem 2.2] and Huang and Liu [13,
Theorem 1.7]. Similarly, Theorem 1.2 shows the corresponding quenched non-uniform
Berry-Esseen-type inequality. Applied to BPRE, it improves Zhang and Hong [29, The-
orem 1.3] by showing the rate of convergence in the quenched central limit theorem.
Meanwhile, Theorem 1.2 also weakens the moment condition and estimates a faster
convergence rate at the same time in comparison with Gao and Zhang [8, Theorem
1.4]. Applied to the Galton-Watson process with a = 3, Theorem 1.2 implies Heyde
and Brown [12, Theorem 2].

under the moment condition that E|

REMARK 1.4. Note thatin Theorems 1.2 and 1.3, the & dependson both a and b.
This fact reveals that for the case with immigration, the convergence rate in central limit
theorem is affected not only by the offspring distribution, but also by the immigration
distribution. Moreover, there exists certain mutual constraint between § and A, and
the increase of one may lead to the decrease of the other.
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2. Preliminaries

In this section, we do some preliminary work. For the convenience of compre-
hension, we introduce the family system. We regard Z, as the total population of the
n-th generation of the family. In this sense, the condition Zy = 1 means that the family
begins with an initial ancestor of generation 0. We denote u,,; the i-th individual of the
n-th generation, i = 1,2,---,Z, . Then X,; can be understood as the offspring number
of u,;,and Y, is the number of new immigrants of generation n+1.

For a particle u of the family, we use Wk (resp. W ) to denote the correspond-
ing martingale (resp. submartingale) defined similarly to (1.4) for the BPRE (resp.
BPIRE) originating from the particle u. Fix k € {1,2,---,00}. According to the differ-
ences of the predecessors at the n-th generation, we decompose

2 = \Un,i Uy
= o(1"8) 'z, 2| S — 14| @.1)
i=1

where

D](cun‘l) — Wk(un.l) _ W]({un#l ) )

When the current n-th generation of the family is known, all the information about
the immigrants from (n+ 1)-th generation to (n+ k) -th generation will be included in

D,({u""'), while the first term of the sum in the right hand side of (2.1) only depends on
the offspring distribution. In particular, one has D,(c"”‘l) = 0 for BPRE, since there is no

immigration. Thanks to the decomposition (2.1), we can study the limit behaviours of

N, by controlling two kinds of conditions: one is about the offspring distribution, and

the other is about the immigration distribution hidden behind D(u” v . Set

S,(/'n) 2 u,,, —1) and UM — G(Tné)_lD,(CM"‘l).

For x € R, define two distribution functions as follows:

") (x) = Pe(j 125" <),
G (x) = Pe(j 128\ 4 12U < )
By the formula of total probability,
Gul(x; & 2 P¢ (Zy = j)(G) (x) — @(x)). (2.2)

Notice that for n fixed, d)E.")(x) is the distribution function of the normalized partial

(”n.i)

sum of the i.i.d. sequence {W, ™" — 1};>; under the quenched law [Pe . We can apply

the classical Berry-Esseen inequality to dD(f") (x).
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LEMMA 2.1. (Berry-Esseen inequality for i.i.d. sequence, [5, 22]) Let X be a ran-

dom variable with EX = u and B(X — u)?> = 62. Let X, be independent copies of X
and set Sy =Y} |(Xi— ). If 0 >0 and E|X|* < oo for some a > 2, then

() o

where y=min{a —2,1}.

< CmaX{I,E‘%’ }n_7/2(1 +[x[) 74,

Put
we—1/° wi—w, |
A, @) =Eg |- and B(E,a)=E, | % 2.3)
(6 50(&)' &4 =5 17505
For a > 2, set
y=min{a—2, 1}.
By Lemma 2.1, we have a.s. forall x e R,
(n) n . v/2 —a
@ (x) — d(x)| < Cmax {1,A(T"E,a)} j~ 7> (1 + |x]) (2.4)
provided that A(&,a) < oo a.s. for some a > 2. Noticing (2.4) and the fact that
() _ (n) (n)
G/ (x) —®(x) =G (x) =@ (x) + P, (x) — D(x), (2.5)
we need to deal with GE-") (x) — q)ﬁ-n) (x).
It is easy to see that
G () — @ (x) =P (71281 4 U <, S > x
— P (j”/ 25\ 4 72y sy, 1280 < x) .6

Take m = [\/j]. Denote vé")(ds, dr) =P (71280 e ds, j=1/2U™ € dr). We deduce
that
Pe (1280 U <, S > )
:/J}Dé <s+t+j’l/2(S§.") — Sy <o s (S sy > x) v (ds, do)

(x—s)R ,-)] v (ds, dr), 2.7)

J—m j—m

= [0 ((x=s=1)R)) -}
<0

/i
Ji—m

where R; = . Similarly, we can obtain

P; (j‘l/zSﬁ.") 4y sy, 1_1/25,(,'") <x>

-/, [@5@,n((x—s)1ej) - q>§."_)m((x—s—z)R,-)} v (ds, dr). 2.8)
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Noticing (2.4), we calculate

@\ ((x—5)R)) — @, (x—s—1)R))|

—@((x— s —1)R))| + @, (x— 5)R;) — ®((x— 5)R,)]
+ 107, (x=s=1)R;) = ®((x— s —1)R,)|

<[O((x = 5)R)) = ®((x =5~ 1)R))|

+Cmax{LA(T"E,a)} j 72 [(1+ x—s)) “+ 1+ x—s—2)) ], (2.9

<@ ((x—)R))

where we have used the fact that R; > 1. Combining (2.6)—(2.9), we get
G"(x) - QE")(X)’ <1+ Cmax {1,A(T"E a)} (12(? n 1§;{>> 210
where
1) = [ 10— 9)R) —@((x—s— )Ry Iv{ (s, ),
1) = [+ sy v{ s, ),
1§,)—/(1+|x—s—t|) " (ds, dr).

We will give upper bounds for Il(;q)

present two preliminary lemmas.

, 1 =1,2,3, in Section 3. Before that work, we

LEMMA 2.2. Let ¢ >0 be a fixed constant and & € [0,1]. Assume that A(,a) <
oo a.s. for some a > 2. Then a.s., forall |x| > 1,

/ v (ds, dr) < Cmax{l, A(T"E, a)g}j_yé/z(l +x|) ", 2.11)
s[>l ©
where y=min{a —2,1}.

Proof. By (2.4), we derive that

(n)
v’ (ds, dr)
/\s|>c|x| ¢
=P5(|fl/25 | > clx])

=1- (cﬁ|x|> + o) (—cﬁx>

Vm vm
<2 [1 —~® ( \\;—_|x|>} +Cmax {1,A(T"E,a)} m~"/? (1 +c%x> - (2.12)

In addition,

1-o (%l |) (%M)2a<cr“/2<1+|x|>‘“7 (2.13)
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and

m~Y/? <1+c%x> <GP (14 |x]) 7, (2.14)
since a > Y. Combining (2.12) with (2.13) and (2.14) yields

/| Vs ) < Cmax (1L AME, )N @19)
s|>cl|lx

Since & € [0,1] and
/ v (ds, dr) < 1, (2.16)
[s|>clx|

we obtain (2.11) by (2.15) and (2.16). U

LEMMA 2.3. Let ¢ > 0 be a fixed constant and & € [0,1]. Assume that B(&, b) <
oo for some b > 0. Then a.s., for all |x| > 1,

/‘ = ‘vé(")(ds, dr) < CB(T"E, b)E j P82 (1 + |x|) . 2.17)
t|>clx

Proof. By Markov’s inequality, we get

(n) _ —1/277(n)
/\r\>c\x\v5 (ds, d) =P (|;7200] > el

b
< ijh/2Eé ’U(n) |

<CB(T"E, b)j P2 (1+|x])?,

which leads to (2.17), since & € [0,1] and Jj,. . v (ds, d) < 1. O

3. Proofs of Theorems 1.2 and 1.3

In this section, we will go to proofs of the main theorems. Recall (2.10). From
it we see that in order to get the rate of convergence of GE-") (x) — (I)E-") (x), we need to
analyse [}, I =1,2,3. Recall A(&, a) and B(&, b) defined in (2.3).

LEMMA 3.1. Let & € [0,1]. If A(&, a) < oo a.s. for some a > 2, then a.s., for all
x€eR,

1 < Cmax{L A(T"E, a)é} (1+ [x]) . G.1)
Proof. For |x| < 1, noticing that (1 + |x|)~% > 279 we have

LY <1<+ |x]) . (3.2)
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For |x| > 1, by Lemma 2.2,

i< [, ks s [ v )
s|<5|x

/> 4
1 —ag ~ - ~
< (1 + §|x|) +Cmax{1, A(T"E, a)s}j_yg/z(l 4 |x|)
< Cmax{l, A(T"E, a)é} (14 |x]) €. (3.3)
Combining (3.2) and (3.3), we get (3.1). [

LEMMA 3.2. Let € € [0,1]. If A(, a) < e a.s. for some a >?2 and B(&, b) <
for some b >0, then a.s., for all x € R,

1 < Cmax{l, A(T"E, @)%, B(T"E, b)é} (1+x))"@PE (3.4

Proof. For |x| <1, itis obvious that
" <1< C(1+ |xf) (@2 (3.5)

For |x| > 1, applying Lemmas 2.2 and 2.3, we obtain
1< (1+ [x—s—])~v" (ds, dr)
3 sl s

() ()
+ / v (ds, dr)+ / v (ds, dr)
s|> xS RS TR

<<1+%|x|>_ +max{1,A(T"§,a)é}(1+|x|)*“£
+B(T"E, b)*(1+|x])"*
<max{l,A(T”§,a)é, B(T”é,b)é}(l+|x|) (arb)e (3.6)

Combining (3.5) and (3.6), we get (3.4). U

LEMMA 3.3. Assume that A(E, a) < oo a.s. for some a>2 and B(E, b) <
a.s. for some b > 0. Let € € (0, 1] satisfying € < b. Then a.s., for all x € R,

1) < Cmax {LA(T"E,a), B(T"&,b)} j~°/(1 + x]) %, (3.7)
where A = (aAb)(1 — %) and § = min{a -2, €}.
Proof. We first consider |x| < L. Itis obvious that

|®((x—95)R;j) — P((x—s—1)R;)| <min{1, Cl¢t|} < CJt|°.



336 X. WANG, J. WU AND C. HUANG

Therefore, by Holder’s inequality,

e/b
I \C/|t|£ (ds, dr) </|z|b )(ds, dt))

= CB(T"E, b)*/Pj¢/> < Cmax{1, B(T"E, b)}j **(1+ |x)
Next we consider |x| > 1. Decompose

I(”)

j = 1)+ Ig})»

J

where
(n) _/ ) Ny, (M)
I,/ = D R (o t)R;)|v: "’ (ds, dt),
Aj (es)(es t)<0‘ ((x—=5)R;) ((x=s—1)R))| ¢ (ds, dr)

1) = /(H)(x v IDO\cp((x—s)R,-)—@((x—s—t)R,-)|vg">(ds7 dr).

For IX}) , noticing that

(G=9)r=s -1 <0  {is> 3l pu > 51}

by Lemmas 2.2 and 2.3, we get a.s., for |x| > 1

0 / () o
1" < v (ds, dr) + / (ds, dr)
A i P
<Cmax {1, A(T"E, a),B(T"E,b)} j2min{a=2 L0} (] 4 |x[)~(@rb) - (3.8)

(n)

Now we deal with I . By differential mean value theorem, we get

O((x—95)Rj) = @((x— s —1)R;}) = @(C)IR;,

—x2/2

where @(x) = e is the density function of the standard normal distribution,

x—s)R; and (x—s—1)R;. When (x—s)(x —s—1) >0, we have
¢(8) < max{o((x—s)R;), @((x—s—1)R))}
< Cmax {e_%(x_s)z, e_%(x_s_t)z} ;

ﬁ%
/-\?4

and § is between

so that
|®((x—5)R;j) —P((x—s—1)R;)| < Cmax {e_%(X—S)Z, e~ 2051 } lt|. (3.9)
Besides, it is clear that

|D((x—5)R,) — D((x—s—1)R;)| < 1. (3.10)
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Noticing (3.9) and (3.10), we deduce that
Ig}) < C/min { 1, max {e*%(k“‘)z, 67%()67“4)2} |f|} vé")(ds, dr)
< C/max {e’%(x*“‘)z, e’g(x*-‘*’)z} |t|gvé") (ds, dr).
Denote g = 3 . By Holder’s inequality,

Il(;}) <C (/max{e%‘m‘v)z, ef%q(xf“;’)z} ng(ds’ df))

: </|t|hvé")(ds, dt)) " (3.11)

/|t|bvé")(ds, dr) = jP12B(T"E, b). (3.12)

Obviously,

Let ¢ > 0 be a constant. Using Lemma 2.2, we derive that a.s., for |x| > 1

/ e*"(x*-‘”zvé")(ds, dr)

</ e_c(x_s)zv(n)(ds, dt)+/ v(")(ds, dr)
Isl< L ¢ Is|> L S

<e i 4 vé") (ds, dr)
51> 3 ]

<Cmax{1, A(T"E, a)}(1+|x|) (3.13)

Similarly, by Lemmas 2.2 and 2.3, we have a.s., for |x| > 1

[Py s, an

g/ e_c("_s_t)zvén)(ds7 dr) + 1 vé")(ds, dr)
Js1]< 4 > & ]
(n)
+ / v (ds, i)
>4k
<Cmax{1, A(T"E, a), B(T"E, b)}(1 +|x|)~?). (3.14)

Combining (3.11)—(3.14), we get a.s., for |x| > 1

13) < Cmax{1, A(T"E, a), B(T"€, b)}j /(1 + |x|)~@"?)/ (3.15)

Combining (3.8) and (3.15), we assert that (3.7) is hold for |x| > 1. O

Proof of Theorem 1.2. Let & € [0, 1]. Noticing (2.10), by Lemmas 3.1-3.3, we get
as., forall xe R,

G () =@ (x)] < Ce (1) 75/ (1 + |y ~(@DIminte. 15 (3.16)
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where 6 = min{a—2,¢&} and

C:(€) :Cmax{l, A(E, a)'¢, B(E, b)1+€}.
Combining (2.2) with (2.4), (2.5) and (3.16), we get

G (4;E) — D(x)| < C(T"E)EeZ, /(1 4 [x])~ (I minie 1=, (3.17)

Since Elog™ E¢| V(Vy’zg)l | < o and Elog™ Eg| Wg(g" |> < oo, it can be verified that
Elog" Cz(&) < oo.
The proof is finished by taking € =1 and C(§) =C(§). O

Proof of Theorem 1.3 Taking the expectation of (3.17), we obtain

|Gn(x) = @(x)| = [E(Gy (x;5) — ()]
<E|Gn(x;6) — D(x)]

< EC:(€)EZ 5/2(1+| N~ (anb)min{&, 1-§}

The proof is finished by noticing that ECz(£) < oo. O
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