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POLYNOMIAL DIFFERENTIATION COMPOSITION OPERATORS FROM
H? SPACES TO WEIGHTED-TYPE SPACES ON THE UNIT BALL

STEVO STEVIC* AND SEI-ICHIRO UEKI

(Communicated by L. Mihokovic)

Abstract. We characterize the boundedness, compactness, and estimate essential norm of a poly-
nomial differentiation composition operator from the Hardy space H” to the weighted-type
spaces of holomorphic functions on the unit ball.

1. Introduction

Let Ny be the set of nonnegative integers. If &,/ € Ny, k <[, then the notation
j = k,I is an abbreviation for the notation j = k,k+1,...,l. Let B=DB" C C" be
the open unit ball, S = JB its boundary, do the normalized Lebesgue measure on
S, D =B', (z,w) the inner product in C", |z| = (z,z)!/%, D; the partial derivative
operator

af

J

Djf(z) ==—(2), Jje{l,2,....n},

S(Q) the family of holomorphic self-maps of a domain Q, H(Q) the space of holomor-
phic functions on Q (22,23,48]),and H?(B) = H?, p > 0, the Hardy space consisting
of all f € H(B) such that

Il = sop ([ 1700 |Pdo<c>)l/”<+oo7

0<r<1

(see, e.g., [23,48]). For p > 1 itis a Banach space.

By W(Q) we denote the family of positive and continuous functions on © and
call them weights. Let u € W(B). The weighted-type space H;;(B) = Hy; is defined
as follows

HE(B) = {feH( ) 1l 1= supul1 2l < +oo}.
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For u(z) =1 we get the space of bounded holomorphic functions H*(B) = H* with
the supremum norm || - ||. The little weighted-type space HEO(IEB) =Hj is aclosed
subspace of H}; consisting of f € H(B) such that

lim u(z2)|f(z)| = 0.

|z —1

The spaces and operators on them and their generalizations have been studied a lot (see,
for instance, [2, 10, 16,21,29,30,33,36,37,38,39,43,45,50] and the related references
therein).

Beside the differentiation operator Df = f’, some attention to researchers at-
tracted the composition operator Cy f = f o @, where ¢ € S(Q), the multiplication
operator M, f = uf, where u € H(Q), as well as their products. Among the products
containing differentiation operators, the operators DCy, and CyD have been studied
among the first ones (see, e.g., [7, 14, 15, 19] and the references therein).

The following extension of the operator Cy,D attracted also some attention

D, =M, CoD" (1)

on subspaces of H(ID) (see, e.g., [8,13,16,29,32,33,44,45,46,49,50,51,52,53,54,55]).
The following n-dimensional variant of operator (1)

R, = M, CoR", @)

where R is the radial differentiation operator was introduced in [34]. The investigation
was continued in [35, 38, 39].

Investigations of sums of the operators in (1) was initiated by Stevi¢ and Sharma.
The first published results can be found in [40] and [41]. An extension of the sum in [40]
and [41] appeared in [42]. The investigation was continued, for instance, in [1,5,6,9,17,
47]. For some other product type operators consult, e.g., [10,11,12,20,27,28,26,31,43]
and the related references therein.

Investigations of sums of the operators in (2) was suggested by Stevi¢ soon after
finishing [42], but the first published results can be found in recent paper [37]. Be-
side the sums he also suggested studying the polynomial differentiation composition
operator of the form

PR of == Y ujCoDy,---Dy f, f€H(B), 3)
Jj=0

where m € Ny, u; € H(B), j=0,m, and ¢ € S(B) (see [36]).

Let X and Y be two normed spaces. A linear operator 7 : X — Y is called bounded
if there is M > 0 such that ||Tf|ly < M||f||x forevery f € X. If it maps bounded sets
in X into relatively compact ones, then it is called compact [4,24]. The essential norm
of the operator T : X — Y is defined as follows

IT||ex—y =inf{||T + K||x—y : K is compact from X to Y },
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where || - ||x—y denote the operator norm. The operator T is compact if and only if
|T||ex—y = 0. We denote the unit ball in X by By.

There has been a huge recent interest in investigating the boundedness, compact-
ness, and estimating essential norms of concrete operators on spaces of holomorphic
functions (see, e.g., [3,5,6,8,9,10,11,12,13,14,15,16,17,19, 18,20,26,27,28,29, 30,
31,32,33,34,35,36,40,41,42,37,38,39,43,44,45,46,47,49,50,51,52,53,54,55] and
the references therein).

In this article we characterize the boundedness and compactness of the operator
Py, HP —HY (orHlj”O), for p > 1, and estimate the essential norm of the operator in
the case p > 1.

Let C denote unspecified nonnegative constants. They can change from line to
line. The notation a < b (resp. a 2 b) means that there is C > 0 such that a < Ch
(resp. a = Cb). If a < b and b < a, then we use the notation a < b.

2. Auxiliary results
Our first auxiliary result is a characterization for the compactness. It is proved in
a standard way [25], because of which we omit the proof.

LEMMA 1. Let p>1, u; € HB), j=0,m, ¢ € S(B), u € W(B) and Y €
{H7(B),Hy;,(B)}. Then the bounded operator Ppy, : HP(B) — Y is compact if and
only if for any bounded sequence (fi)reny C HP (B) such that fi — O uniformly on
compacts of B as k — +oo, we have

kETNH oo iclltz = 0.

The following folklore lemma is a consequence of Cauchy’s estimate for deriva-
tives and a known estimate for the point evaluation functional on H?(B) ([23,48]).

LEMMA 2. Let p >0 and N € Ny. Then for every multi-index [ = (11,1, .. )
such that |I| = N, there is C; > 0 such that

INf(z) < _GiliAllmr

I 5.1 L | 14N’
azkll az,jz e azkjj (1—1z|%)r

forevery f € HP(B) and z € B.

The following result, which is a consequence of [23, Proposition 1.4.10] and
monotonicity of the integral means, gives a known family of test functionsin H? space.
LEMMA 3. Let p >0, a>0 and w € B. Then the function
_ (=)t
0
(1= (zw) 7"

“4)

belongs to HP (B).
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Moreover, we have

sup || fvallar S 1. (5)
weB

The following lemma is a known generalization of Lemma 1 in [18].

LEMMA 4. A closed set K in H:ZO (B) is compact if and only if it is bounded and

lim sup pu(z)[f(z)| = 0.
2 =1 rek

The following lemma gives a useful family of test functions.

LEMMA 5. Let p >0, m € N and w € B. Then for each s € {0,1,...,m} there
(s)

are ¢;”, k= 0,m, such that the function

W (z) = Y C](:)fw.,k(z)
k=0

where f,,q is defined in (4), satisfies

Wi, Wiy + Wy, ©

Dy, - Dyhl) (w) = ;
Ry

and
Dy, Dy hY) (w) =0, 7
forevery t € {0,1,...,m}\ {s}.
We also have
sup [ |l < 1. 8)
weB
Proof. Let
m
h(2) = ckfui(2)-
k=0

and d; = 27”+k, k € Ny. Then

o 1k
didyyy - dgsg 1y, W, -7, (1L — [w]?)p T

(1= (z,w)) ’

m
Dy, - 'Dllhw(z) = 2 Cr
k=0

for ¢t € Ny, and consequently

Wi, Wiy - Wy, m

t—1
Dy, -+~ Dy hy(w) = === e [ [ diwa,
' 1 (1—pwP)r™ S =0

for t € Ny.
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Since the determinant of the system

| 1 1 7 1co 0
do d, - dy cl 0
sfl' s—1 . . s—1 '
T T1disr - Tldeim | | e | = 1|, 9)
k=0 k=0 k=0
m—1
Hdk Hdk+l < T dsm
Lk=0 k=0 k=0 4 Lem | 0 |
is not equal to zero ([30, Lemma 3]), we have that for any s € {0,1,...,m}, it has a

unique solution ck = c,(f) , k= O—m It is easy to see that the function satisfying (6) and

(7) is given by h () =30 Ock fwk() and that (5) implies (8). O

3. Main results

The main results in the paper are presented in this section.
THEOREM 1. Let p>1, meN, u e W(B), u; € H(B), j=0,m, ¢ =(¢1,...,¢n)
€ S(B),

min inf |@;(z)| > & > 0. (10)

j=1,nz€B

Then Pp., : H?(B) — Hp; (B) is bounded if and only if

Lj:= supw <Aoo, j=0,m. (11)

B (1—|g(z)2) 7"/

Moreover, if the operator is bounded, then we have

m
||PK¢HHP—>H; = ZLJ'. (12)
Jj=0

Proof. Suppose that Ppy, : HP(B) — Hy (B) is bounded. Lemma 5 implies that

foreach s € {0,1,...,m} and @(w) € B, there is hf;) € H?(B) such that

(w)

o, (W)L, (w) -~ @ (w)
(1=]@(w)P)r™

Dy, Dk (9(w)) =0, (14)

Dy, Dy, (@(w) = : (13)

o(
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forevery r € {0,1,...,m} \ {s}. We also have sup, ||h£;()w)||yp < oo,
This together with the boundedness, (13), (14), as well as (10), implies

1Pl 2P GH L

m

300D, D, ()
Jj=0

=supu(z)

z€B

D, -+ Dy (00

(o1, )]~ o, (w)]
(1—lp(w)[2)7*
1 (w) s (w)]

(1= lp(w)[2) ™

for every w € B, from which it easily follows that Ly < +eo, s € {0,1,...,m}, and

=1 (w)[us(w)|

>6° (15)

Ly S ||PK¢“HP—>H;7 s=0,m,

and consequently
m
DL SPB e (16)
If (11) holds, then Lemma 2 implies

1(2)|Pp.of(2) ZM/ Dy f(9(2))

o p@l@l
! (l — |(p(z)|2)%+j Hf”H ) (17)

from which along with (11), the boundedness of Py, : HP(B) — Hy (B) follows, as
well as the asymptotic estimate

<C

1P5 ol -ty S ZL (18)

Asymptotic estimates (16) and (18) imply (12). O

THEOREM 2. Let p>1, meN, u; € H(B), j=0,m, ¢ € S(B), and € W(B).
Then P, : HP(B) — Hp7((B) is bounded if and only if Pp, : HP(B) — Hy(B) is
bounded and

lim p1(3))u;(2)| =0, j=0.m. (19)

|z]—1
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Proof. 1f Py, : HP(B) — H7(B) is bounded and (19) holds, then for any polyno-
mial p we have

1) iou,,(z)z)z,.---z)hp((p(z)) <iou@nu,,»(z)nz)zj~~~Dzlp<<p<z>>|
J= J=
< iu<z>|u.f<z>|D,j~~~Dllpw,

from which together with (19) it easily follows that P} ,p € Hy; ((B).
Since for every f € HP(B) there is a sequence of polynomials (py)ren such that

lim [|f — pil[ur =0
k— o0
and the following inequality holds

1P ol r—mz L.f = Prll e,

Hpg,(pf - Pg,(ppk”Hff <

by letting k — o, and using the fact that Hy (B) = Hy(B), we have P, f €
Hy o(B), from which the boundedness of Py, : H?(B) — H;; ((B) follows.

Suppose that Py, : H?(B) — Hj;(B) is bounded. Then Pp, : HP(B) — H (B)
is also such. Since fy(z) =1 € H?(B), we have Ppy,(fo) € Hyyo(B), that is

Il‘lm L(2)|Ppe(fo)(2)] = ll‘igllu(Z)luo(Z)l =0. (20)

Hence (19) holds for j =0
Suppose that for some s € {1,2,...,m— 1}, (19) holds for 0 < j <s. Let

fo1(2d) =zyz, 2,

Since fi1 € HP(B), we have Ppy ,(fi+1) € Hyj o(B). Note that

fin(@) =z1" -z,

where o; € Ny, j= 1,n, are such that 2’;:1 o = s+ 1. Itis easy to see that for each
teNp, 0<r<s+1

D+ Dj fur1 () = peft 10 g,

for some ¥ € N, where k;() is the number of operators D; in the product Dj, ---Dj, .
Note that 37, k;(t) =t and
Dj1 -+ Dji fs+1(2) = Y1, @1
for some 7,41 € N. Hence
s+1
lim p(2)PBg i1 (2)] = hmu Z y,H 0i(z | =0,

|z[— j=
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from which, along with |@;(z)| < 1, i=1,n, 04 > ki(j), for i=1,n, j=0,s+1, the
hypothesis u; € Hy;y(B), j = 0,s, (21) and ¥,,1 # 0, we obtain

lim p1(z)]us41(2)| = 0.

|z —1

Hence (19) holds for j =0,m. O

THEOREM 3. Let p>1, meN, u; e HB), j=0,m, ¢ € S(B), u € W(B),
and (10) holds. Then the operator Py , : HP(B) — Hy (B) is compact if and only if the
operator is bounded and the following condition holds

K (2)]u(2)]

———5— =0, (22)
lp@I=1 (1—|o(z)[2)r
for j€{0,1,...,m}.

Proof. Suppose Ppy, : HP(B) — H(B) is bounded and (22) holds. Then for
every € > 0 there is 6 € (0,1) such that for |@(z)| > &

M@EH e, j=0,m. (23)
(1—=le@)?)?
Suppose that supycy || fllzr <M and
Jfe—0 (24

uniformly on compacts of B. Let K5 = {z€ B : [¢(z)| > 6}. Then Lemma 2 and (23)
imply

m

Y us(@)Dy Dy, fi(0(a)|

1P o fill =sup ()|
z€B j=0

m

< sup ,u(z)' Y u;j(z)Dy; - 'Dllfk((P(Z))‘

72€Ks j=0

m

+ sup ,u(z)) u;j(z)Dy; - 'Dllfk((P(Z))‘
z€B\K5 j=0

3 1@)|ui(2)
<C ICIICI.
X swp s il

+C Y, sup pu(2)|u;(2)[1Dy; -+ Dy, fil(9(2))]
j=0z€B\Kg

<(m+1)MC£+CZ sup u(z)|uj(z)| sup |Dlj"'Dllfk((P(Z))}
j=0z€B\Ks lp(z)|<6

S(m—Fl)MCS—FCZ HuJ”H;T
=0

sup Dy, - Dy, fe(w)|- (25)
i=

i<
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Condition (24) together with Cauchy’s estimate imply
Dy;---Dy, fi — 0, (26)

uniformly on compacts of B as k — +oo, for j = 0,m.
Let

L@ =11z, s=0m
=1

Arguing as in the proof of Theorem 2 we get u; € Hy', j = 0,m, from which along
with (26), the compactness of |w| < &, and (25), we easily obtain

kETm 1D fel [ = 0.
This fact with Lemma 1 implies the compactness of Ppy ,M, : H?(B) — H (B).

If Py, - HP(B) — H7(B) is compact, then it is bounded. If [[¢|[.. < I, then (22)
holds.

Assume that ||@]|< = 1. Let (zx)ren C B be a sequence such that |¢(z;)| — 1 as
k — +oo, and

(). 709 _
hy ’_hw(zk)’ s =0,m,

(5)

where hy,”, s =0,m, are as in Lemma 5. Then

sup||hl)||ar < 40, s=0,m, 27)
keN

and h,(f) — 0 uniformly on compacts of B as k — oo, for s € {0,1,...,m}. This
along with Lemma 1 implies

Jim (BB ok [z =0, s=0.m. (28)

From (15) we have

oz lus(ze)| (s)
— SIPR R N, s=0,m. (29)
(1 =lp(ap)r™ = o0 T

From (28) and (29), (22) easily follows. [

When p > 1, we can estimate the essential norm of the bounded operator Py, :
HP(B) — H;(B) as follows.

THEOREM 4. Let p>1, meN, u; € HB), j=0,m, ¢ € S(B), u € W(B),
and (10) holds. If the operator Ppy , : HP(B) — Hy (B) is bounded then

2)|uj(z
|1PD. o lle,prr—my < max limsup al )| il )}

_F@mE)] (30)
=Lmg(z)—1 (1—|@(z)[2) 7/
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Proof. Let take a sequence (zx)reny C B such that |@(z;)| — 1 as k — +oo, and

() ._ () _
hy’ = h(p(zk)’ s=0,m,
where th), s =0,m, are as in Lemma 5. Then (27) holds, and we have that h,(f)
uniformly on compacts of B as k — oo, for each s € {0,1,...,m}. Since the dual of
HP(B) is known [48], it is easily verified that h,(:) — 0 weakly in H?(B). Hence, we
have

—0

: O N
kETN KRy || =0

for any compact operator K : H”(B) — H;(B).
From this, (13), (14) and (10) we have

18 glesr—sz 2 Timsup (1125 o Nz — 1K 17 )
k—soo0

. |(P11(Zk)| |§01y( 3l
> limsu Ug
;ripu(a)l (z)] 1 pE)2)F

1 (2|5 (z0) |

> 6°limsup T
k= (1= |o(z)2) 7™

for each s € {0,1,...,m}. This implies that the lower estimate in (30) holds.

Next we prove the upper estimate in (30). For fixed 7, 0 <t < 1, put G f(z) =
f(tz). Since C; is a compact operator on H?(B), Pp,C; is also compact from H”(B)
into H;7(B). Thus we have

1BD glle.sir—t < sup [|Pp o f = PpoCif |- G

[fllgr<t

Now we fix f € HP(B) with || f||z»r < 1 and R, 0 < R < 1. Note that for each z € B it
holds that

|PB o.f(2) = PBoCif (2)]

- i”j(z){Dz,"'Dzlf((P(Z))—ljDz,-“Dllf(lﬁD(Z))}‘~
j=0

By combining this with Lemma 2, we have

sup  sup U(z ’ Pg,(pcrf(zﬂ
[l lgr<1lo(z)|>R
e u(Z)IuJ(Z)L'
=o0le@>r (1—|@(2)[?)»™’
p(2)|u;(2)]

< max sup T (32)
P

FomipCyior (1= ()
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On the other hand, by using the mean value theorem and the Cauchy inequality, we
obtain

sup [Dy D1, f(0(2) = Dy, Dy, (10(c))|

lp(z)|<R
< sup (1-1)|@()| sup [V(Dy,+ Dy, f)(w)|
lp(z)|<R Iwl<R
R
STox(-1) s m»omww
I=R w|< 148
Hence, Lemma 2 also shows that
up (D1, Dy f0(2)) Dy Dy 10| £ D (a3

(1=R)(1— (&)™

for each j € 0,m. Furthermore it follows from Lemma 2 that

lp(z)|<R

11—t/

sup |Dy, Dy f(t@(2)) — /Dy, Dy f(t9(2)| S ———5— (34)
Jsup [y Dy f0(@) =Dy D 0| S T
foreach j € {0,1,...,m}. Inequalities (33) and (34) give
sup  sup  U(2) |Ppof(2) — PR oCif(2)]
[flar<tlo(z)|<R
m R(1—1) -4/ }
<Y -+ sup  11(z)u;(z)]
j=o{(1— R)(1—(52)2)0™  (1-R2)™ [ jg(o)j<r
— 0, (35)
ast — 1. From (31), (32) and (35), we obtain
ui(z
1P gl S max sup —HOME_ 36

i€0m|p@)|>R (1—[@(z)2)?

Letting R — 1~ in (36), we also obtain the upper estimate in (30). [

THEOREM 5. Let p>1, me€N, u; € HB), j=0,m, ¢ € S(B), u € W(B),
and condition (10) holds. Then the operator Py, : HP (B) — Hy ((B) is compact if and
only if the operator is bounded and

2)|uj(z)] .
PR o j=0.m. (37)
T e

Proof. Assume (37) holds. Then (11) holds. From this and Theorem 1 the bound-
edness of Pp, : H’(B) — H(B) easily follows. Letting |z| — 1 in (17) and using
(37), we have Py, f € Hy((B) for any f € HP(B), from which the boundedness of
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Py, HP(B) — Hy((B) follows. Taking the supremum in (17) over B and By,
and using (11), we obtam

sup  sup i (2)|Pp £ (2) CEL < oo, (38)
feByp ) z€B j=0

where L;, j=0,m, are the quantities in (11). So {P},f : f € Byp(w)} is a bounded
subset of Hyy o(B). Taking the supremum in (17) over Byp(p) and letting [z| — 1 we
have

lim  sup u | z)’ =0,

|z —1 f€Byp
from which along with Lemma 4 the compactness of Py, : H?(B) — Hy ((B) follows.

If P, : HP(B) — Hy; o(B) is compact, then Py, HI’(IB) — HM(B) is compact,

from Wthh and Theorem 3 we get (23). From Theorem 2 we get (19) so that there is
n € (0,1) such that

L) <e(1—8%rH,  j=0m,
when 1 < |z] < 1, for € chosen such that (23) holds, and consequently

HEE _ pE@E)]
(1-lo@P)r™ ~ (1-82)rt

when |@(z)| < & and 1 < |z| < 1. This along with (23) imply (37). O

87 j:07m7

In addition to Theorem 5, we also obtain the estimate for the essential norm of the
operator Py, : H(B) — H;7((B), in the case p > 1.

THEOREM 6. Let p>1, meN, uj € HB), j=0,m, ¢ € S(B), u € W(B),
and condition (10) holds. If the operator Py , : HP(B) — Hy;((B) is bounded then

1 (z)|uj(2)

125 g le.t17— 7, = max limsup (39)

=T =t (1—|e(2))2)p ™

Proof. By Theorem 2, the boundedness of Pp; , : HP(B) — Hy ((B) implies u; €
Hpo(B) for j=0,m. There are two cases to be considered.

Case ||@|- < 1. In this case we see that P}y, : H?(B) — Hy ((B) is compact, so
HPD(pHer_ﬂ » = 0. On the other hand, from H(p||o<, <1 and u; € Hy ((B) we have
that the limit on the right-hand side of (39) equals to zero. Hence (39) holds in this
case.

Case ||@|| = 1. By Theorem 4, it is enough to prove that

limsup M = limsup M, (40)

-1 (1=[@)2)"™  Jo@i-1 (1—|p(2)2)?™



POLYNOMIAL DIFFERENTIATION COMPOSITION OPERATORS 377

for j=0,m.
Note that
limsup% > limsu L@L j=0m. (41)
d=1 (L=]o@ )™ le@l-1 (1-|e)*)r™
Assume that a sequence (zx)reny C B satisfies
limsup }u,(z | = lim ”(Zk)|uj(zk)| j=0,m.

1 W = (1= lg() )7

If supen [@(zi)| < 1, then since u; € Hy((B), j = 0,m, we have that the first
limit in (41) is zero and consequently the second one.

If supyen |9 (zx)| = 1, then there is a subsequence (@ (2, ))ien such that [@(zx, )| —
1 as [ — co. Hence we obtain

i Auid)] . wla)|ui(aw)]
imsup s = lim I
d=1 (L=[(2)[?)r™ == (1—|e(z,)?)?™
< lim sup M 42)

o@I—1 (1—|p(2)2)p

From (41) and (42), (40) follows, finishing the proof of the theorem. [
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