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QUANTUM SYMMETRIC ANALOGUE OF VARIOUS
INTEGRAL INEQUALITIES OVER FINITE INTERVALS
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(Communicated by M. Krni¢)

Abstract. In this paper, we generalize the concept of Quantum calculus on finite intervals called
symmetric quantum calculus over finite intervals. We define ¢, -symmetric derivative and ¢ -
symmetric integral for a real valued function. We also prove quantum symmetric analogue of
some integral inequalities over finite interval.

1. Introduction

In modern times quantum calculus is known as calculus without limits. In the
beginning of twentieth century, Jackson [4, 3] started the serious work on ¢g-calculus
although previously Euler and Jacobi also worked on it. Nowadays, due to its vast
applications on quantum computing, quantum mechanics and physics, it attracted many
researchers, see [6, 1 1]. Quantum symmetric calculus was first discussed in the book of
Kac and Cheung [5]. After that Brito da Cruz et al [2] did some work on g-symmetric
variational calculus. Sun et. al. [8] introduced fractional g-symmetric calculus and
studied some of its basic properties. Later, Tariboon et. al. [9] initiated the study of
quantum calculus on finite interval and proved its basic properties.

In this paper, we extend the work of Toriboon et. al. [9, 10] to the g-symmetric
calculus on finite interval and investigate some of its basic properties like symmetric
derivarive of sum, product and quotient of two functions. We also define the ¢, -integral
over finite interval. Furthermore, we prove the g,-symmetric analogue of some classi-
cal integral inequalities over finite interval.

2. Preliminaries

For the basic definitions and properties of g-symmetric calculus, see [2, 5].
Let g € (0,1) and let I be any interval of R containing 0, and denote by I, the
set
L=ql={gX:X€l}; I,C1
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DEFINITION 1. [5] Let ¢ : I — R. The g-symmetric difference operator of ¢ is
defined by

" _ (g —d(g'r)

(Dq9)(2) G—q ; 1el,—{0}

and
(Dy0)(1) = ¢'(0), 1 =0,

provided ¢ is differentiable at O. f)qq) is called the g -symmetric derivative of ¢.

If ¢ is differentiable at ¢ € I, then

lim (Dy9)(t) = ¢'(t)-

q~>l

THEOREM 1. [5] Suppose that ¢ and g be g-symmetric differentiable on I,
o,peR andt €. Then

1. (Dg9)(t) =0 iff ¢ is constant.

2. [Dg(ad +Bg)l(1) = at(Dyg9)(r) + B(Dqg) (¢)
3. (D q¢g)() (Dyg9)(1)g(qt) + ¢ (g )(Dqg)()
4. (Dq

D, - D, _
) _ (Dg9)()g (Z(q;))g(jflt) 1)(Dg8)( lfg(qt) (q lt)#().

DEFINITION 2. [5] Suppose that a, b €1 and a < b. For ¢ : I — R and for
€ (0,1), the g-symmetric integral of ¢ is given by

/ab ¢ (t)dgt = /Ob O (t)dyt — /Oa O (0)dyt

[ 60 =x1-@) 3 ol s xer
n=0

provided that the series converges at x =a and x = b.

where

3. Symmetric quantum calculus on finite interval

Now, we extend the concepts of g-symmetric derivative and g-symmetric integral
on finite intervals. For a fixed s € NU{0}, suppose Js = [t5,%,11] C R be an interval
containing 0 and 0 < gy < 1 be a constant. The g,;-symmetric derivative of a function
¢ :J; — R, at a point # € J; is defined as follows:

DEFINITION 3. Let ¢ : J; — R be continuous and let ¢ € Jg, then the expression
O(g; 't + (1 — g, )ts) — 9 (gst + (1 — gy)ts)
(qEI - qs)(t _IS)

(Dg,9)(t) = Dot



QUANTUM SYMMETRIC ANALOGUE 617

is called the g;-symmetric derivative of ¢ at 7.
If t, =0 and g5 = ¢, then
Dq.r ¢ = D qq) .

Now, we present some basic properties of ¢;-symmetric derivatives as follows:

THEOREM 2. Suppose that ¢, g :Js — R be qs-symmetric differentiable on Js.
Then
(i) The sum ¢ + g : J; — R is qs-symmetric differentiable on Js with

Dy,[9(1) +8(1)] = Dy, 0 (1) + Dy, (1)

(ii) For any constant 3, ¢ : J; — R is qs-symmetric differentiable on J; with

Dy, (B9)(1) = BDy, (1)

(iii) The product ¢g : J; — R is qg-symmetric differentiable on J; with

Dy, [98](t) = 0lgy "1+ (1 — g5 ")is]Dy,8(1) + glgst + (1 — q5)t,] Dy, 0 (¢)

Dy, [98](t) = glay "1+ (1 — g5 )is]Dg, 0 (1) + 9 [gst + (1 — q5)ts] Dy, 8 (1)

(iv) The quotient % :Js — R is gy-symmetric differentiable on J; with

(i)} (1) = glgst + (1 —go)t|Dg, 0 (t) — lqst + (1 — qs)t|Dy,8(t)

Da {E glgs '+ (1= g5 Mrlglgst + (1 — qy)t]

provided
glags "1+ (1—q; rlglast + (1 —go)t] 0

Proof. The proofs of (i) and (ii) are straightforward.
(iii) We have

D [0g](r)
Play 1+ (1—g5 DrJglay " 14+(1—=g; ")t = o lgst+(1—gs)t5)glgst +(1—gs)t5]
(‘Is_l—%)(t_tx)
9l (1—g; eslslay 1+ (1—g; ts]—last+(1 gy )ts]glast+(1—gs)ts]
(g5 ' —qs)(1—15)
+¢[q§1t+(1—qs’l)ts]g[qsﬂr(l—qs)ts}—¢[q§lt+(1—q§l)fx}g[qxt+(1—qx)ts]
(g5 '—qs) (t—ty)
= iy, [ 8las (1 =gy D] —glgs+(1—g4)t]
ol 't+ 14| (@ a1 |
¢[6151t+(1—qsl)ts}—¢[qst+(l—qs)ts]}
(‘Is_l—%)(t_tx)

+glgst+(1—qs)ts] |:
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After arranging the terms, we get

Dy [08](1) = ¢lg; 't + (1 — g3 15Dy 8(1) + 8last + (1= g5)1]Dg 9 (1).

By inter-changing the functions ¢ and g, we can obtain the other equation of part (iii).
(iv) We have

o [{Jo

Olg; "1+ (1—g )] 9lgst + (1 —gs)ts]
_ g[q_y_lt—l—(l—qs_l)ts} g[q.\'t"‘(l_%)ts
(g5 ' —qs)(t —15)
_ 9lay 1+ (1—g7 tdglgr+(1=gs)ts] = 9lgit+(1-gs)ts]glas 't+(1—g5 ']
glgs '1++(1—g5 tslglast+(1—gs)t) (g5 —qs) (1—t5) '

Adding and subtracting the term ¢[gs? + (1 — g5)t5]g[gst + (1 — g5)t5] in the numerator
and after rearranging the terms, we obtained

9} (1) = glast + (1 —qs)t|Dg, 0 (t) — lqst + (1 — qs)t]Dy,8(t)
8 glas 1+ (1— g5 isJglast + (1 - gy)] '

To construct the g;-symmetric integral ¢(r), a shifting operator is defined as

E’i.\'(p(t) = ¢(qst + (1 - q.\')l‘_y),

|

and
E, 19(t)=9(q; 1+ (1—gq; )ty).
Now,
E; 0(t) = Eq (Eq (1))

= Eqsq)(%t +(1—gs)t5)
= 0(qs(gst + (1 —qs)ts) + (1 — gy)ts)
= O(q?t +qsts — q2ts + 1 — 1)
= O(qt+ (1 —g)ts).

Using mathematical induction, we can prove that
Eq 0(t) = ¢(gst + (1= g{)ts).

Let us compute

(0(g; 1+ (1=g7 D))

qs q,lq)() E
¢(CIS(C]s + (1 - 71)t )+ (1—gy)ts)
¢
¢

(l +qsts —ts+ 15— Sts)
(t).
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Hence,

1
E _=—.
qs Eq

N

EXAMPLE 1. Let ¢(r) = (t —1,)"; t € Js. Then

(q;lt + (1 — q;l)ts —15)" = (qst + (1 — qs)ts — ;)"

(Dg,0)(t) = (g5 —qs)(t —1,)

(g7t +ts—t5g; "t —15)" — (qst + 15— tsqs — t5)"
(5" —q5)(t—15)
()" (e —15)" — (g5)"(t — 15)"
(g5 ' —q5)(t —15)
[(qs_l)n - (qs)”](t _tS)n_l
(g5 —as)
= [n]qs (t _ts)rhl»

(1) = (a5)"

(q§_1 - 5]5)
In g-symmetric calculus,

where [n],, =

()" —(g9)"
(' —q)

Now, from the definition of g;-symmetric derivative, we have
(E, 1~ Eq)0(0)
(CIs_l - QS)(I - ts)

Therefore, the g,-symmetric integral can be expressed as

where [n], = , [see Equation 26.4 and 26.7 from [5]].

= (1)

(g, —q5)(t =)y (1)
E, 1~ Eq)

o(1) =

- (CIS_I _CIS)E 5(1—%)11/(5)
o0 = Ty
= (q;l _‘IS)Eq_Y(l _qu)il(t _IS)W(I)
= (5" — @) (B +ES +ES+..)(t —t,)w(t)

o

= (g —as) X B (1 —15)w(e)
n=0

o

=(q,"—q) X (@t + (1 — g7 Nty —t)w(gy e+ (1 — g7 )ty

n=0

619



620 M. BILAL, A. IQBAL AND S. RASTOGI
(t—t Zq2n+1 2n+1t+(1_q§n+l)t‘v)

— )1 - ) S W@ e+ (- ),

DEFINITION 4. Let ¢ : J; — R be a continuous function, then g,-symmetric in-
tegral is defined by

"o($)ds = (1—1)(1— @) T 20 (@ 1+ (1— @™ )ty).
ts n=0

It is to be noted that for #;, = 0 and g; = ¢, the definition 4 is equivalent to Defini-
tion 2.

4. g,-symmetric analogue of some integral inequalities
Now, we prove g,-symmetric analogue of some integral inequalities.

THEOREM 3. [g,-symmetric analogue of Hermite-Hadamard inequality] Sup-
pose that ¢ : [a,b] — R be a convex differentiable function on (a,b) and 0 < gs; < 1.
Then

¢(q§a+b> N (qs (— 1)(b—a)¢/<q3a+b>

1+42 1+42) 1442
b (1"_‘1?_6]s)¢(a)+6h¢(b)
5, o< (+42) '

Proof. Given that ¢ is a differentiable function on [a,b], hence there exists a
‘13 a+

tangent line for the function ¢ at the point = € (a,b). It can be expressed as

2 2
g;a+b /q.a—f—b g;a+b
o =o(F552) o0 () - B2
®=0 v/ P U ) g
Since, ¢ is convex on [a,b], we have
h(x) < ¢(x), Vx € [a,b].

Now, g,-symmetric integrate the above inequality on [a,b], we get

b
| )y
b 1 rq*a+b 2a+b
_/ qsa+ +¢ <q“a+2><x—q“a+2>}dqvx
1+qs 1445 1 4¢3 ‘
o qsa—i-b) /(q§a+b>/”< qia+b
= (b a)¢<1+q_% +¢ v/ ), X 1T )d%,x
2 2 b 2
g;a+Db rrqsa+b qg;a+Db
=0-ao(F57) +o () s -0 P57
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b
[t = (1= @) 6-a) S @+ (1)
a n=0

= (1-g)b-a)p i)(q?"“)ﬂ[i)q 2 ‘14"“”

:(l—qf)(b—a)_ bas +a{ 12— s H

L1 —qg} l-q 1-gq;
by + a(1+q7) — aqy)
_ _ 2 _ s s
= (1= a)(b-a) [0 |
(b—a) 2
= m[(b—a)%-m(l‘“]s)]
Now,
b
/h(x)d x
q?a+b q?a+b (b—a)qs+a(1+qf)_qfa+b
(b a¢< ) ( >(b >[ 1+ l+q%}
[¢(qsa+b> (qsa+b>[bqs—aqs+a+q?a—cI?a—bH
1+ g2 1+ g2 1+ 42
{¢(qsa+b> (qsa+b>(qs—1)(b—a)}
1+ g2 1+ g2 1+ ¢2

which implies

gat+by  (gs—1)(b—a) //qiat+b Lo
¢<1+qg>+ ) "’(1+qg><(b—a>/u¢(")dqx

Although the line containing points (a,¢(a)) and (b,¢ (b)) can be expressed as
(x—a),Vx € [a,b]

Now, g,-symmetric integrate the above inequality, we get

b _ a b
[ oty < [ @ s CU=ED [ g,

= (b—a)(])(a)+W[/ahxd%x—a(b—a)]
_ 9(b) — ¢(a) [(b—a)[(b—a)gs+a(l+43)]
= (b—a)pla)+ mo——2 T ~a(b-a)

(b—a)qs+a(l+4%) —a(l +61?)}

= (b a)0(a) + [0(6) ~ 0(a)] (+4)
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b aVo(a) o [0) —0(a)](b—a)g
¢(a)+ ¢ (a)g; +q.¢ (b) — qs¢(a)]
(1+42)
(1+Q§—qx)¢(a)+qx¢(b)}
(I+4?)

b (1+ 42— q5)9(a) + q50 (D)
d, x < il .
b—a/a 0 (x)dg,x (14+42)

Finally, we have

¢(q3a+b>+(qs—l)(b—a)¢f(qfa+b) < (bia) /ab¢(X>dqxx

= (b-a)]

= (b-a)]

1+q? (1+43) 1+q;
2_
< (1 +4;—45)9(a) +459(b)
(1+45)
REMARK 1. If we take g; = 1, we obtain classical Hermite-Hadamard inequality
a+ b ¢
0 ( ) ()

THEOREM 4. [g;- symmetric analogue of Holder’s inequality] Let x € J = [a,b],
0<gs<l, p1,pp>1 suchthat —|—— = 1. Then, we have

[ 1000 s < ([1607 ) ([ lsrdge)

Proof. From the definition of g;-symmetric integral, we have

[ 1o0llgt0)ldy

=(1-¢})(x—a) 2613"\(15 S+ (1= a)l

gl e+ (1 - )|

= (=@ By Y (@) [ (2 (11— g )a)|
n=0

<|g(q2"x+ (1= 2" )a)

< 0=t 3 ot e+ (1= )

1

x[(1-a2)(x—a) 2q§"|g 2 (1= g2 a) 2]

1 1

= ([1e@ma,)™ ([ s0md,) ™. o
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THEOREM 5. [gg-symmetric analogue of Ostrowski inequality] Let ¢ : J = [a,b] —
R be a qg-symmetric differentiable function with Dy ¢ is continuous on |a,b] and
0<gs <1, then

1 b HDq(pH a(l_CIs+CIs2)+bCIs :
< NZas ¥l _
b—a/a P(0)da] < b—a) [\" 1+q

a2(1 _qs"‘CISZ) +bZCIs - (Ll(l _QS+5]52)+bCIs>2:|
1+gqs 1+¢q,° '

9(x) —

Proof. We have

w—;a/%«w
- ‘b / 0(x) = 9 (t)dyt

)|yt
< [1ow - o0la,

D,
< H q‘q)H / |x—1|dg,t (By the Lagrange mean value theorem)

D rorX
[IDg 91| [ (x—a)? gs(b—x)?
= S l_ ]
b—a .1+q§( awtad)+ T
_ D49l [(x—a) (l—qs+q_y2)+q_y(b—x)2}
b—a | l+qs2
_ |IDg, 0] '(x_a(l—q.y+q.v2)+bqs>2+a2(1—q.y+q.\~2)+b2q.y
(b—a)l 1+g5? 1+ g,
1- s \'2 b s 2
_(a( qs+qs°) + q.) } .
1+g?

REMARK 2. If we take g = 1, then the above inequality reduces to classical Os-
trowski inequality

o) 5, [ oar| <

LEMMA 1. [g,-symmetric analogue of Korkine identity] Let ¢ and y:J — R
be a continuous on J and 0 < g < 1, then we have

0000w~ w6yt

= =) [ owedgr— ([ o) ([ wiia).

\ILD_(PC\J { (x—a)? ;_ (x— b)z} |
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Proof. From the Definition 4 of g,-symmetric integral, we have

/ab /ah((P(x) —0()(w(x) — w(y))dgx dg,y
- /ah /ah [q)(x)llf(x) =0y () —o()w(x)+ ‘P(Y)llf(y)}d%xdqsy

= (b—a)2(1 _CI?) 2 qgnq)[q?wrlb_’_ (l _q§n+1a)]w[ n+1b+( 2n+1 )}
n=0
~(b=aP(1=q;) Y a0l b+ (1-¢7"a 2 "yl b+ (1—g2a)]
=0

—(b—aP(1- P Y @l b+ (1- 1)) 3, 2 wlg b+ (1 - 2 o)
n=0 n=0

+H(b—a)*(1-q5) 2 Ol b+ (1 - g2 a)wlg b+ (1 - g2 a)]

2(b—a / O(x)y(x)dg,x — 2 /(}) dqrx /l[/ dqvx>

Hence,
1 /b b
2 / / (0 (x) =0 () (w(x) — w(y))dgxdy,y

- (b-a) | oWy~ ( / oy ( / "p(@d,). O

LEMMA 2. g,-symmetric analogue of Cauchy-Bunyakovsky-Schwarzintegral in-
equality for double integrals Let ¢ and w: J — R be a continuouson J and 0 < g <1,
then we have

u/(x7y)d‘1x'x d‘{sy‘

<| /ab /ub¢2(x7y)dqxx dqu]%{ /ub /ub V() x dqu}%.

Proof. From the Definition 4 of g,-symmetric integral, we have the double g;-
integral on J as

[ /a ' / b¢(x7y)u/(x7 y)dgx dqsy} ?

= [(1 _qs b Cl 2 2 2q2n+2l n+1b_|_ (1 _qgnJrl)a, q§i+lb+ (1 _q?lurl)a]
n=0i=

. 2
xy(q 2n+1b+( 2n+1)a q2‘+1b+( qzt+1)a]] .
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Applying the discrete Cauchy-Schwarz inequality, we get

<(1-g)*(b- a222q2"+2’ "o+ (1—g a, ¢ b+ (1— g7t )]
n=0i=

(1 _qs b a 2 Z zq2n+2t 2n+1b_|_( q%n-&-l) a, _%i+1b—|-( q%z-&-l) }
n=0i=

//(]) (x,¥)dg,x dg,y //l[/ xyd%xd%}

Hence,

W(xy)’)dqyx dg,y

< {/ub /ub q)z(x7y)dqxx dqu] : {/ub /ab wz(x7y)dq_rx dqu] % O

REMARK 3. If g; =1 then both the above lemma are reduced to the usual Korkine

identity and Cauchy-Bunyakovsky-Schwarz integral inequality respectively. For more
details see [10, 11]

THEOREM 6. [gs-symmetric analogue of Griiss-Cebysev integral inequality] Let
¢ and vy :J = [a,b] — R be Ly,L,-Lipschitzian continuous function on |a,b| so that

[9(x) =) < Lilx—y[; |w(x) =y ()| < Lalx—y|

forall x,y € [a,b]. Then, we have the following inequality

’ b / PV (x)dg.x b i a /ab 6()dy.x) (ﬁ /ab V(x)dy.x) ‘

LiL; gH(b—a)?
S (142 +ghH(1+42)?

Proof. From the Lipschitzian continuous function property, we set

(0(x) = 9() (W(x) = w())| < LiLa(x—y)?
Now, the double g;integral on both side of above inequality, we get
b b b b 5
| [ 1061600 (w0 —wOdsdyy < Lata [ [ =3Py

b b
:Lng/ / (% = 2xy +y?)dyox dy,y
a a

— Ll [Z(b—a)/abxzd%_x—Z(thd%)z]. ()
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From Example 1, we get g;-anti-derivative or integral of (x —a)% as follows:

-1

4 —4 1

/(X—a)adqsx =T e’
)

qs q

With the use of the above integral, we evaluate the following

b b
/ Pdgx = / (x—a+a)’dyx

613 2aq;

=1  (p_ 3 2b— b— 2
(1+q§+q§‘)( ay a)+1+q§( %
b b
/xdqxx:/ (x—a+a)dyx
_515(1_613 N2 _
=g (b—a) +a(b—a).

Substituting these values of the integral in equation (*), we get

/ ' / 1600~ 90 (W) — Y0l xdgy

2 2
qs 3 2 ads 2
< — - — -+ — —
I 2L1L2 [(b a) <(1 % i‘) (b a) a (b a) + 1 %(b a) )

—( s (b—a)z—l-a(b—a))z]

1+ g2
2Ly Ly gf(b—a)*
(I+q?+4q3)(1+4q3)?

L L, qf.'(b — a)4

b b
2[00 =000 (v~ wODldxdyr <

Using ¢, -Korkine identity

0—a) [ oo [ o00d) ([ wian))

b b
[ [ 000 -60)) (W)~ wi)dyoxdyo

L L, qff(b—a)”’
S (@ +gh)(1+42)?

14+q2+48)(1+4q2)*

1
)

On dividing throughout by (b —a)?, we get

o= [ o (5 [ o) (5 [ v
Ly Ly gi(b—a)*
S (g2 +g)(1+¢2)?
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REMARK 4. If g; =1 the the above inequality reduces to the Classical integral

Griiss-Cebysev as

s [ o (1
Ll (b—a)
= 12 '

/ab(])(x)dx> <ﬁ /ah l[/(x)dx) )
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