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ON THE SPECTRAL NORMS OF r—CIRCULANT
AND GEOMETRIC CIRCULANT MATRICES WITH
THE BI-PERIODIC HYPER-HORADAM SEQUENCE

NASSIMA BELAGGOUN* AND HACENE BELBACHIR

(Communicated by M. Sababheh)

Abstract. In this paper, we define the bi-periodic hyper-Horadam sequence {w,(lk) }nen and present
its combinatorial properties. Moreover, we obtain upper and lower bounds for the spectral norms
of different forms of the r-circulant and geometric circulant matrices with the bi-periodic hyper-
Horadam sequence. Then we give some bounds for the spectral norms of the Kronecker and
Hadamard products of these matrices.

1. Introduction

The Fibonacci numbers are defined by the recurrence relation F, = F,,_; + F,,— for
any n > 2, with Fy =0 and F; = 1 as initial conditions. There have been many studies
in the literature dealing with the generalized Fibonacci sequence. In 1965, Horadam
[12] gave a generalization of this recurrence, called the Horadam sequence, which is
defined as

H, =xH,_1+yH,_2, n>2,

with initial values Hy and H;, where Hy, H;, x, and y are arbitrary integers.
The hyper-Horadam numbers, denoted as H,(,k) (Ho,Hi;x,y), or briefly, H,Ek), are
defined by the following recurrence relation

Y =xHY 4y k=1,

with H(gk) = kao and H,EO) = H,,, where H,, is the n-th Horadam number. This recur-
rence relation can be written as follows (see [6])

SR (k=1
ar = Zyx"_/HJ(» -,
J=0
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Another interesting generalization of the Fibonacci sequence, called the bi-periodic
Horadam sequence, wy, := wy,(wo,w1;a,b,t), was introduced by Edson and Yayenie in
[10] as follows:
_ Jawy_1+twy_p, ifniseven, 0
T b+ twn o, ifnis odd,

with a, b, t, wy, and w; are arbitrary positive integers. Obviously, when wy = 0,
wi =1,and wy =2, w; = a, these two sequences reduce to the well-known bi-periodic
Fibonacci sequence [ 10] and bi-periodic Lucas sequence [7], respectively.

On the other hand, given a real or complex number r, an n X n r-circulant matrix,
C;, associated with the complex numbers cg,cy,...,c,—1, is of the form ¢; ; = ¢j—;
whenever j > i and ¢; ; = rc,qj—; for j <1, thatis

o ¢l €2 - Cp-2 Cp—1
th—1 €0 €1 "+ Cp-3 Cp2
rCp—2 Ity—1 €0 **+ Cp—4 Cp-3
C =
rey rcy rcg -+ Cp C1
rcy rcy rei o rey—1 €
For brevity, we denote it as C, = Circy +(co, c1,...,Cn—1).
In [15], Kizilates and Tuglu defined the n X n geometric circulant matrix, C,
associated with the complex numbers cg,cy,...,¢—1, as
o 1 2 Cp-2 Cp—1
Cp—1 o 1 ot Cp—-3 Cp-2
2
B rCp—2 Itp—1 €0 " Cp—4 Cp-3
Cr=
r"72c2 r"73C3 r"’4C4 e Cp Cl
Pler 20y 30y e co
For brevity, we denote the geometric circulant matrix with Cp+ = Circp y+(co,c1, ..., Cn—1).
Note that for r = 1, the r-circulant and the geometric circulant matrices reduce
to the circulant matrix C = Circy(co,cy,--.,¢n—1). The circulant matrices are normal

matrices [9], i.e., AA” = AHA, where A" is the conjugate transpose matrix of A. The
eigenvalues of C are computed as follows:

n—1

de= 3 ety s=0,1,...,n—1, )
k=0

where pt; = exp(#Zs) and 2 = —1 (see [9, 14]).

In this study, we introduce the bi-periodic hyper-Horadam sequence and establish
some combinatorial identities. Then, we compute the spectral and Euclidean norms of
different forms of the circulant matrices associated with the bi-periodic hyper-Horadam

sequence. Moreover, we use some relations concerning the spectral and Euclidean
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norms to give the upper and lower bounds of the spectral norms of the r-circulant
and the geometric circulant matrices with the bi-periodic hyper-Horadam sequence and
their Hadamard and Kronecker products.

Now, we will provide some definitions and lemmas related to our research.

DEFINITION 1. Let A = (a;;) be any m x n matrix. The well-known Frobenious
(or Euclidean) norm of A is

. 1/2
IAlE = (2 > |a,-,-2> : (3)
i=1j=1

DEFINITION 2. Let A = (a;j) be any m x n matrix. The spectral norm of A is

lAll2 = , /max A;(AHA), 4)

where A;(A#A) are eigenvalues of A7A.

The connection between Frobenius norm and spectral norm is given by (see [13])

\fHAIIE < Al < llAlle (5)

and

|A]l2 < [|A]le < V/nl|Alf2. (6)

LEMMA 1. ([13]) Let A be a normal matrix with eigenvalues Ao, Ai,. .., Ay_1.
Then the spectral norm of A is

Al =  max A (7)

0<i<

DEFINITION 3. Let A = (a;;) and B = (b;;) be two m x n matrices. The Hadamard
product of A and B is (see [19, 21, 26])

AoB= (a,-jbij).
The following inequalities involving the Hadamard product are valid.
LEMMA 2. ([13]) Let A = (a;;) and B = (bjj) be any m x n-matrices. Then

14 0 Bll2 < [|All2[|Bl|2- ®

LEMMA 3. ([19]) Let A= (a;;) and B = (b;j) be any m x n-matrices. Then
|AcBll2 < ri(A)er(B), ©)

n
_ 2 /
r(A) = max ,=21 |la;j|* and ¢ (B) = = max Z |bij 2.

where
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DEFINITION 4. Let A = (a;j) and B = (b;;) be m x n and p X g matrices, re-
spectively, the Kronecker product of A and B noted A® B is the pm x gn block matrix
defined by
aB -+ a,B
ARB= (a,-jB) = : .o

a1 B -+ aynB

It has the following property.
LEMMA 4. ([13, 19]) Let A = (a;;) and B = (b;j) be m x n and p x q matrices,

respectively. Then
[A® B2 =[|Al]2[|B][2- (10)

2. Main results

We start by defining the bi-periodic hyper-Horadam sequence (wﬁ,k) (wo,wi3a,b,t))n,

or briefly (wgk))n .

DEFINITION 5. Let a, b, t, wo, and w; be arbitrary positive integers. The bi-
periodic hyper-Horadam sequence is defined by

(k) fji)l +tw£,k 1>, if n is even,
Wn' = i) (k=1) .o . (11)
w,  +tw, 7, ifnisodd.
with the initial values w(()k) = rfwy and w,(qo) = wy, where w,, is n-th term of the bi-
periodic Horadam sequence.
From the definition, we have the following recurrence relation
wi+D) 2 Sn+1)8 )5(j+1)(ab)L("’j)mtw;k), (12)

where £(n) =n—2|n/2],i.e., £(n) =0 when n iseven and & (n) = 1 when n is odd.
Some of the special cases are:

i. fa=b=x and t =y, then Wi (wo,w1;x,x,y) is the classical hyper-Horadam

numbers, that is, H,(,k) .

i, If wi = wa(0,1;a,b,1) = g, and wi = 0= 0, then wi is the bi-periodic

hyper-Fibonacci numbers, that is, wﬁlk) = qn (see[ D.

iii. If w,(qo) =wy(2,a;b,a,1) =1, and wék) =1[op=2, then wg,k) is the bi-periodic hyper-

Lucas numbers, that is, wﬁ,) l( )
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THEOREM 1. Forany integers n >0, k> 1, and | > 0, we have

W) Em+DE() pEmEG+1) (k=T =1 Ln—)/2) k(1)
2 ( Pl (ab) tfwi’. o (13)

Proof. We prove this identity with the principle of mathematical induction on n.
Since wg+k) = tkwg) = 1!k, the formula works for n = 0. Now assume that the

equation is true for n > 0. Then, we can verify it for n+ 1 as follows:

n+1

Za ()psn+1) 5(f+1)<n;:k;]) (ab)LM;jthwy)

. En+1)E+1) n-l—k—]—l I’l+k—]—l LMJk (l)
=Y a*ME0p [( P + P (ab)t 2 Irtwy

J=0
Since | ML ] = %1 4 &(n— j) and E(n— J) = E(n) + E(}) ~ 2£(m)E(}), we et
n+1 . )
JpEmaDEG+) (MHk— i)k (1)
za ) et DE( >( o )<ab>t P
Y G DEGHEMREMEGH)+E ) (” th—j- 1) (ab) " k)
Jj=0 k—1 .
n+1 . .
EME) pE (0 (MEh=J =1\ oy k)
—|—j§6a b / ( P (ab)! =717 w;
— EOIRED ) gy (L)
I+k
:W;(qu)7

which completes the proof. [

Note that, if we take / =0 in (13), we obtain the following result.
COROLLARY 1. Forn>0 and k> 1, we have

n X k—i—1 .
Z slree ’“’*”(Hk_f )(abﬂ("—f)/%kw,,». (14)

In the following theorem, we give the sum formula for the bi-periodic hyper-
Horadam sequence.

THEOREM 2. For n > 1 and k > 1, we have

k )
aé(n)bé(n-‘rl)tk—jwﬁlf) _ WEQI . tk+1wn71. (15)
j=0
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Proof. From Corollary 1, we have

a8 pE 1) k=, U)

N

1

k n . .
S EMpEn T S E R DED ) ("ﬂ_—i— 1>( b5
j=1 i=0 J—

. k .
= Ea S0 pEr DR ()L kS (n”- L l)'

AN

J

By the binomial identity (see [11])
i <n+j> B <n+k+ 1)
N k)

(n) p& (n+1) jh— jw()

we have

||Ma~

- Za E(0) p& (nt1)E(i+1) (”"’k_i) (ab)[(n+l—i)/2jtkwi

k—1
S Emrnern (nHk—i L(n+1-i)/2] k k
:Z“ Wps s k—1 )(“b) T i = W
:Wr(zlil_t Wi+1-
Thus

k o 0

Eaé(n)bé(wrl)tkf]w}(l]) _ W'(1+1 O

J=0

Let 2, and .¥; be the r-circulant matrices with the bi-periodic hyper-Horadam
numbers defined as

2, =Circy, (l)‘ﬁ("ﬂ)(ab)L%thg(%aag () (ab)L%th(lk), . ,twgi)l>
and
S = Circy,, (a‘g(k)b‘i(kﬂ)t"*lw,(co),a‘i(k)b‘i(kH)t”*zw,(cl), ... 7ae§ 0)ps (kH)w,(c"_l)) .
In the following theorem, we evaluate the spectral norm of the circulant matrix 2 .
THEOREM 3. For n > 1, the spectral norm of the matrix 2 is

121]]> = w1

Wi—1
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Proof. According to (2), the eigenvalues of 2 are of the form

_ EmFDEGHD (@) " 1B exp (= 2% <s<n—
As = Ea b (ab) w; exp( . SJ>, forall 0<s<n—1.

Then, for s =0, A9 = zn,:laé(”)é(j)bé(”Jrl)g(.Hl)(ab)\.ni

Ao = wk+1 Hence, for 1 <s<n—1, we have

éfjjtwﬁ-k). From (12), we get

A = za VR0 ) Il exp (2 )
n—1 [
<y ’aé(n)é(j)bé(n+l)€(j+1>(ab)L th ’ eXp<_@sj>'
= "

< Ea (NpErDEGHD ap)L "2 ) = 2.

Since 2, is a normal matrix, we have
k+1
|2 =wi). O
COROLLARY 2. The Euclidean norm of the matrix 2\ holds

wk D <12y e < VWD, (16)

Proof. The proof follows from Theorem 3 and the connection between the spectral
norm and the Euclidean norm in (6). [

COROLLARY 3. We have

1 ey | , - i NE (k)
— < M) pE(n+1)E(j+1) L PR < .
\/ﬁwni1 < j:EO (a b (ab)L ™2 w; ) <w, a7

Proof. The proof follows from the definition of Euclidean norm (3) and Corollary
2. O

In the following theorem, we evaluate the spectral norm of the circulant matrix
.

THEOREM 4. For n > 1 and k > 1, the spectral norm of the matrix /1 is

—1
1A = wi" Y ="y
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Proof. According to (2), the eigenvalues of .7} are of the form

)L _Ea b.’,‘ (k+1) P 1- JW“%:XP(—?S])

Then, for s =0, Ao =¥, LS ps k) gn=1- Jw() From (15), we have A = WI(:Hl)_
t"wy_;. Hence, for 1 <s < n—l we have

i

|A‘_ bé (k+1) 1= jW()CXp< ﬂ&])
n

2mi ‘

exp(——s1>
n

i ) pE (ke 1) n—1— jwl({) 2o.

< i ‘aé(k)bé(k-&-l)tn—l—jwl({j)‘

Since .¥) is a normal matrix, we get
_ 1)
H&ﬂ”z =Wt —Z"Wk_l. O
COROLLARY 4. The Euclidean norm of the matrix .#| holds

W,Er_fll) —t"wi1 < || AlE < Vn <W;(<Tll) —I"qu) . (18)

Proof. The proof follows from Theorem 4 and the connection between the spectral
norm and the Euclidean norm in (6). [

COROLLARY 5. We have

(n—1) n E ! + —1—j.,) (n—1) n
1 < é(k) é(k 1)n—1—j J < . 9
\/_ <w 1 t Wk—l) NS ; <a b t W‘ ) <w, 1 " Wi (1 )

Proof. 1t follows from the definition of the Euclidean norm (3) and Corollary
4, O

COROLLARY 6. The spectral norm of the Hadamard product of 2, and .\ sat-
isfies
(k+1 -1
120 Fill2 < WitV (w =i ).

The spectral norm of the Kronecker product of 2 and .} satisfies

1210 il =) (!~ ).
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In the following theorem, we give the upper and lower bounds for the spectral
norm of the r-circulant matrix 2, .

THEOREM 5. Let r € C and 2, be an n X n r-circulant matrix. Then
(i) For |r| > 1, we have
1

(k+1) _ 2 (k+1)
Tt <22 <y (n= DI+ 1w, 50,

(ii) For |r| <1, we have

|V| (k+

1) k+1
i i < 1202 < Vi,

Proof. Let
E D (b)) a0 (b)Y .y
rthk_)l bi("“)(ab)["‘?”tw(()k) aé(n)bé(n“)tw(k_)z
9, = : :

rbé(n+1)(ab)LT3J W g™ (ap) "2 ew® o aE 0 (ap) "7
raé( (ab)\_n ZJ Sk) rbé("-‘rl)(ab ud il

From the definition of the Euclidean norm, we have

n—1

n—1
12 le = | X, (= Plej?+ Y, jlrPle;?

J=0 Jj=0

:\ i n Jj —|—J|r| )( é(l)bé(n""l)é(l""l)(ab) J[w(k)>2,
(i) For |r| > 1, using (17), we get
n—1 X N n—j—1 k 2
1205 > | ¥, (1= )+ ) (aF0E0E 0080 () Il )
j=0

=
—_

neli 2
X (aé (ME()pé (n+1>é<.f+1)(ab)L%J,Wg,k))
(k+1)
From Inequality (5), we obtain

1212 > 7 Wi,
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On the other hand, let 2, = Ao B, where

11 11
r 11
A= .
r---11
re--rl
and
bé("H)(ab)L%th(()k) aé(")(ab)[ng_zjtwik) tW,(qk_l
tW,(f,) bé(nJrl)(ab)\_%JtW(()k) ag(n)bg(nmtw(k)z
B = :
ag(”)(ab)[%zjtwgk) b‘g(”H)(ab)L%thgk) b‘i("ﬂ)(ab)[%%wgg)
Then
(4) = ma \/ S Jal? - ¢ S lan = = D+ 1
l n ]=1
and

= max \/ 2 [bil? = \/ > lbinl?

i (asE0IpE &4 (ap) "4 tw<k>>2,
i=0

Using (9) and (17), we obtain

D2 <ri(A)ei1(B) <4/ (n—1 r2—|—lw(k+1).
2|l (A)ci(B) (n—1)[r]

The proof is completed for the first part.

(it) For |r| < 1, using (17), we get

n—1 i 2
ngm>¢2w%ﬁm+nm@wmwwmw“ww'W )

J=0

n—1
:MJ n<aé<n>é<j>bé<n+1é+11(ab)l sz“)z
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From Inequality (5), we get

re o (k
2> Lot
On the other hand, let 2, = Ao B, where
1 11
r 11
A= :
rr 1
rr r
and
bé("""l)(ab)LnZ;lJ[W(()k) aé(") (ab)[’?ﬁzjtw(lk) tW;gk_l
wh S (ab) T atMpS Dk
B= s s
@& (ab) "2l bé(n+1>(ab)t%—ﬂtw§k> bé(n+1)(ab)L"—E—1JtW(()’<)
Then
ri1(A) = max \/2 |ajj|? = 2 a1 ) =+/n
1<i<n — =
j=1 j=1
and

Cl(B)

ma, J 3. by = ¢ >, b
2
- \/z atMEW)p& I DEGH (gp) ¥ >) ,
Using (9) and (17), we obtain the second part of the proof

|22 < ri(A)er(B) < V.

Therefore, the proof is completed. [
In the following theorem,we give the upper and lower bounds for the spectral norm
of the r-circulant matrix .%,.

THEOREM 6. Let r € C and ., be an n X n r-circulant matrix. Then
(i) For |r| > 1, we have

1

%@ﬁumngm<wwHW$me.
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(ii) For |r| <1, we have

r n— n " n
PL (et =) < 120 < VA (w2 = ).

Proof. The same method is used to prove the theorem. []

From (8) and (10), we get the following results.

COROLLARY 7. The spectral norm of Hadamard product of 2, and ., is given
by

(i) For |r| > 1, we have

12,05 < ((n= DI+ )i (Wl =iy

n—1

(ii) For |r| <1, we have

k+1 -1
12,0 |2 < nw ) (WI(:H )—f"Wk—1> ~

COROLLARY 8. The spectral norms of the Kronecker product of 2, and %, is
given by

(i) For |r| > 1, we have

1 e
;W(kﬂ) (Wz(ml) - f"Wk—l) < 2r®

n—1

< (=D + l)wikjll) (w,(:;ll) —t”wk_1> :

(ii) For |r| <1, we have

2
Ir]* k41 n—1 K+l n—1
TWEI—I ) (Wl(chl )_tnwk—1> <|[2r@ Sl < nW;(q—l ) (Wl(c+l )—t"wk_1> :

Let 2,« and .7+ be the geometric circulant matrices with the bi-periodic hyper-
Horadam’s numbers defined as

Dy = Circy (b‘g("ﬂ)(ab)L%th(()k),aé(")(ab)L%th(lk),...,twyi)l>
and

Sy = Circy (aé(k)bé(ﬂl)w,ﬁo)tn_l,aé(k)bé(kﬂ)t"_zw,({l),...,aé(k)bé(kH)w,(cn_l)) .

In the following theorem, we give the upper and lower bounds for the spectral norm of
the geometric circulant matrix 2, .
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THEOREM 7. Let r € C and 2,+ be an n x n geometric circulant matrix. Then

(i) For |r| > 1, we have

_ 2n
LD <@y < A e, (20)

\/ﬁ n—1

(ii) For |r| <1, we have

% (k+1 <121 < \/_w k+1 . o
Proof. Let
S0 (ab) T 0 (ab)"Plew® .. -e
o, bé (1) (g b) two GO0
Qr* = : ; . :
r‘n*2b§(n+l)(ab)["§3jtw§k) 305 (ab )LT“J, a0 (ap) tw(lk)
Fﬂflag(")(ab)t%%‘w(k) r 2b§(n+l ( )L" 3J bg(VH’l)( b)\-n tho

From the definition of the Euclidean norm, we have

n—1 n—1
12011z = | 2 (n=DlejP+ 3 dlr=T Ple;?
J=0 Jj=0
n—1 Nl 2
- %((n_j)ﬂ\rn—j\z) (aé(n)é(./)bé(n+l)€(j+1)(ab) : 5.’0) ,
J=
(i) For |r| > 1, using (17), we have
nl . . n—1- (k) 2
12|15 > %((n_j)ﬂ-) (aé(n)E(J)bé(nH)é(JH)(ab)L )
J=
n—1 .
2 (a3 202 DS+ (ab) H )
=0 ’
>w(k_+11).

From Inequality (5), we obtain

12+ |2 > 7 Wk,
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On the other hand, let 2, = Ao B, where

1 1 -1
ro 1 -1
A= :
rn—2 ,,.n—3 1
n—1 ,.}172 1
and
( ) bg(n‘kl)(ab)\_%th(()k) aé(”)bg(n+l)tw£l]{22
B _=
pECD (g b)L%J,ng as) (ab) /"7l at ™ (ab) "7 V)
ag(”)(ab)[%zjtwgk) b‘g(”H)(ab)L%thgk) b‘i("ﬂ)(ab)[%%wgg)
Then
= 1rgfl<xn\/2 Jaij* = \/Z |an[?
1—|r|2
_ 2 . n—112 —_
= U+t 1 = i
and

- 1111/&2&}7 \/Z |bu|2 = \/Z ‘bm‘

- \/ i (adEpEE G+ (ab)
i=0

Using (9) and (17), we obtain

(k)2
i} ) :

1— 2n
12012 < nen(®) < | T,

The proof is completed for the first part.

(i) For |r| < 1, using (17), we have

n—1

n—1—j 2
12012 > | 3 (=) |r=T 2+ jlrm=]2) (aé(n)é(j)bé(n+l)é(.i+l)(ab)L é-’J,wﬁ,k))

J=0

n—1 L 2
2 EMEG) pEm+DEG+D) (g =22 1 ®)
= \ jganM <a b +(ab)l™2 tw; )

k+1
> [,
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From Inequality(5), we get

||Q H2 |I"‘ k+1).

\/_ n 1
On the other hand, let 2, = A o B, where
1 1 -1
ro 1 -1
A= :
rn—2 ,,.n—3 1
n—1 ,.}172 1
and
b1 (ab) LiZ_lth(() ) a®™ (ab) [%th(lk) tw}(qk_1
) S (ab) T atMpS Dk
B=
0
Then
ri(A) = max \/Z jaij|* = (| X la1j? = v
1<i<n — =
j=1 j=1
and

2 — .12
c1(B) fgj?‘én \/ZI |bij|* = \/zgi |bin
n—1
= \/2 (aé(n)é‘(j)bé("+1)?§(./+1)(ab) =
i=0

Using (9) and (17), we obtain the second part of the proof

12,12 < ri(A)er (B) < vaw D,

Therefore the proof is completed. [J

=i (k)2
T i} ) :

In the following theorem, we give the upper and lower bounds for the spectral
norm of the geometric circulant matrix %« .

THEOREM 8. Let r € C and .+ be an n x n geometric circulant matrix. Then
(i) For |r| > 1, we have

1 n 1— ‘r|2n -1 n
n (Wk+1 1 Wk—l) < | ]l2 < —|rP (wl(:H ' Wk—1>~
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(ii) For |r| <1, we have

" 1 -1
% (WI(:&-l )—I"W;Fl) <[l < \/E<wl(:-l )_’nw"’1> '

Proof. The same method is used to prove the theorem. [
From (8) and (10), we get the following results.

COROLLARY 9. The spectral norms of the Hadamard product of 2, and %
satisfies

. 1—[r2 (k+1 n—1
(i) For |r| > 1, we have || 2 0 F+||n < l_l‘rrl‘z w£hl ) (W]({_H )—t”wk,1> .

n—1

(ii) For |r| <1, we have |2 o S||2 < nwkt D <w,(:_fll) —t"wk_1> .

COROLLARY 10. The upper and lower bounds for spectral norms of the Kro-
necker product of 2,« and % are obtained as

(i) For |r| > 1, we have

L (k1 -1 L—|r® k1 4
D (e =) <1120 S o < 1_7|r||2w51_+1 ().

(ii) For |r| <1, we have

2n
Ir[™" (k1 1 k1 1
TW,(H ) <W1(<11 >—’"ka1> <20 @ Fellr < Y <W1(<11 >—’"kal> :
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