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ON THE SPECTRAL NORMS OF r–CIRCULANT

AND GEOMETRIC CIRCULANT MATRICES WITH

THE BI–PERIODIC HYPER–HORADAM SEQUENCE

NASSIMA BELAGGOUN ∗ AND HACÈNE BELBACHIR

(Communicated by M. Sababheh)

Abstract. In this paper, we define the bi-periodic hyper-Horadam sequence {w(k)
n }n∈N and present

its combinatorial properties. Moreover, we obtain upper and lower bounds for the spectral norms
of different forms of the r -circulant and geometric circulant matrices with the bi-periodic hyper-
Horadam sequence. Then we give some bounds for the spectral norms of the Kronecker and
Hadamard products of these matrices.

1. Introduction

The Fibonacci numbers are defined by the recurrence relation Fn =Fn−1+Fn−2 for
any n � 2, with F0 = 0 and F1 = 1 as initial conditions. There have been many studies
in the literature dealing with the generalized Fibonacci sequence. In 1965, Horadam
[12] gave a generalization of this recurrence, called the Horadam sequence, which is
defined as

Hn = xHn−1 + yHn−2, n � 2,

with initial values H0 and H1 , where H0 , H1 , x , and y are arbitrary integers.

The hyper-Horadam numbers, denoted as H(k)
n (H0,H1;x,y) , or briefly, H(k)

n , are
defined by the following recurrence relation

H(k)
n = xH(k)

n−1 + yH(k−1)
n , n,k � 1,

with H(k)
0 = ykH0 and H(0)

n = Hn , where Hn is the n -th Horadam number. This recur-
rence relation can be written as follows (see [6])

H(k)
n =

n

∑
j=0

yxn− jH(k−1)
j .
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Another interesting generalization of the Fibonacci sequence, called the bi-periodic
Horadam sequence, wn := wn(w0,w1;a,b,t) , was introduced by Edson and Yayenie in
[10] as follows:

wn =

{
awn−1 + t wn−2, if n is even,

bwn−1 + t wn−2, if n is odd,
(1)

with a , b , t , w0 , and w1 are arbitrary positive integers. Obviously, when w0 = 0,
w1 = 1, and w0 = 2, w1 = a , these two sequences reduce to the well-known bi-periodic
Fibonacci sequence [10] and bi-periodic Lucas sequence [7], respectively.

On the other hand, given a real or complex number r , an n×n r -circulant matrix,
Cr , associated with the complex numbers c0,c1, . . . ,cn−1 , is of the form ci, j = c j−i

whenever j � i and ci, j = rcn+ j−i for j < i , that is

Cr =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

c0 c1 c2 · · · cn−2 cn−1

rcn−1 c0 c1 · · · cn−3 cn−2

rcn−2 rcn−1 c0 · · · cn−4 cn−3
...

...
...

. . .
...

...
rc2 rc3 rc4 · · · c0 c1

rc1 rc2 rc3 · · · rcn−1 c0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

For brevity, we denote it as Cr = Circn,r(c0, c1, . . . ,cn−1) .
In [15], Kızılateş and Tuglu defined the n× n geometric circulant matrix, Cr∗ ,

associated with the complex numbers c0,c1, . . . ,cn−1 , as

Cr∗ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

c0 c1 c2 · · · cn−2 cn−1

rcn−1 c0 c1 · · · cn−3 cn−2

r2cn−2 rcn−1 c0 · · · cn−4 cn−3
...

...
...

. . .
...

...
rn−2c2 rn−3c3 rn−4c4 · · · c0 c1

rn−1c1 rn−2c2 rn−3c3 · · · rcn−1 c0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

For brevity, we denote the geometric circulant matrix with Cr∗ =Circn,r∗(c0,c1, . . . ,cn−1) .
Note that for r = 1, the r -circulant and the geometric circulant matrices reduce

to the circulant matrix C = Circn(c0,c1, . . . ,cn−1) . The circulant matrices are normal
matrices [9], i.e., AAH = AHA , where AH is the conjugate transpose matrix of A . The
eigenvalues of C are computed as follows:

λs =
n−1

∑
k=0

ckμ−k
s , s = 0,1, . . . ,n−1, (2)

where μs = exp( 2π i
n s) and i2 = −1 (see [9, 14]).

In this study, we introduce the bi-periodic hyper-Horadam sequence and establish
some combinatorial identities. Then, we compute the spectral and Euclidean norms of
different forms of the circulant matrices associated with the bi-periodic hyper-Horadam
sequence. Moreover, we use some relations concerning the spectral and Euclidean
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norms to give the upper and lower bounds of the spectral norms of the r -circulant
and the geometric circulant matrices with the bi-periodic hyper-Horadam sequence and
their Hadamard and Kronecker products.

Now, we will provide some definitions and lemmas related to our research.

DEFINITION 1. Let A = (ai j) be any m×n matrix. The well-known Frobenious
(or Euclidean) norm of A is

‖A‖E =

(
m

∑
i=1

n

∑
j=1

|ai j|2
)1/2

. (3)

DEFINITION 2. Let A = (ai j) be any m×n matrix. The spectral norm of A is

‖A‖2 =
√

max
i

λi(AHA), (4)

where λi(AHA) are eigenvalues of AHA .

The connection between Frobenius norm and spectral norm is given by (see [13])

1√
n
‖A‖E � ‖A‖2 � ‖A‖E (5)

and
‖A‖2 � ‖A‖E �

√
n‖A‖2. (6)

LEMMA 1. ([13]) Let A be a normal matrix with eigenvalues λ0,λ1, . . . ,λn−1 .
Then the spectral norm of A is

‖A‖2 = max
0�i�n−1

λi. (7)

DEFINITION 3. Let A = (ai j) and B = (bi j) be two m×n matrices. The Hadamard
product of A and B is (see [19, 21, 26])

A◦B = (ai jbi j).

The following inequalities involving the Hadamard product are valid.

LEMMA 2. ([13]) Let A = (ai j) and B = (bi j) be any m×n-matrices. Then

‖A◦B‖2 � ‖A‖2‖B‖2. (8)

LEMMA 3. ([19]) Let A = (ai j) and B = (bi j) be any m×n-matrices. Then

‖A◦B‖2 � r1(A)c1(B), (9)

where

r1(A) = max
1�i�m

√
n

∑
j=1

|ai j|2 and c1(B) = max
1� j�n

√
m

∑
i=1

|bi j|2.
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DEFINITION 4. Let A = (ai j) and B = (bi j) be m× n and p× q matrices, re-
spectively, the Kronecker product of A and B noted A⊗B is the pm×qn block matrix
defined by

A⊗B = (ai jB) =

⎛
⎜⎝

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

⎞
⎟⎠ .

It has the following property.

LEMMA 4. ([13, 19]) Let A = (ai j) and B = (bi j) be m×n and p×q matrices,
respectively. Then

‖A⊗B‖2 = ‖A‖2‖B‖2. (10)

2. Main results

We start by defining the bi-periodic hyper-Horadamsequence (w(k)
n (w0,w1;a,b,t))n ,

or briefly (w(k)
n )n .

DEFINITION 5. Let a , b , t , w0 , and w1 be arbitrary positive integers. The bi-
periodic hyper-Horadam sequence is defined by

w(k)
n =

{
aw(k)

n−1 + t w(k−1)
n , if n is even,

bw(k)
n−1 + t w(k−1)

n , if n is odd.
(11)

with the initial values w(k)
0 = tkw0 and w(0)

n = wn , where wn is n -th term of the bi-
periodic Horadam sequence.

From the definition, we have the following recurrence relation

w(k+1)
n =

n

∑
j=0

aξ (n+1)ξ ( j)bξ (n)ξ ( j+1)(ab)�(n− j)/2	tw(k)
j , (12)

where ξ (n) = n−2�n/2	 , i.e., ξ (n) = 0 when n is even and ξ (n) = 1 when n is odd.
Some of the special cases are:

i. If a = b = x and t = y , then w(k)
n (w0,w1;x,x,y) is the classical hyper-Horadam

numbers, that is, H(k)
n .

ii. If w(0)
n = wn(0,1;a,b,1) = qn and w(k)

0 = q0 = 0, then w(k)
n is the bi-periodic

hyper-Fibonacci numbers, that is, w(k)
n = q(k)

n (see [5]).

iii. If w(0)
n = wn(2,a;b,a,1)= ln and w(k)

0 = l0 = 2, then w(k)
n is the bi-periodic hyper-

Lucas numbers, that is, w(k)
n = l(k)n .
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THEOREM 1. For any integers n � 0 , k � 1 , and l � 0 , we have

w(l+k)
n =

n

∑
j=0

aξ (n+1)ξ ( j)bξ (n)ξ ( j+1)
(

n+ k− j−1
k−1

)
(ab)�(n− j)/2	tkw(l)

j . (13)

Proof. We prove this identity with the principle of mathematical induction on n .

Since w(l+k)
0 = tkw(l)

0 = tl+kw0 , the formula works for n = 0. Now assume that the
equation is true for n � 0. Then, we can verify it for n+1 as follows:

n+1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)
(

n+ k− j
k−1

)
(ab)�

n+1− j
2 	tkw(l)

j

= ∑
j�0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)
[(

n+ k− j−1
k−1

)
+
(

n+ k− j−1
k−2

)]
(ab)�

n+1− j
2 	tkw(l)

j .

Since � n+1− j
2 	 = � n− j

2 	+ ξ (n− j) and ξ (n− j) = ξ (n)+ ξ ( j)−2ξ (n)ξ ( j) , we get

n+1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)
(

n+ k− j
k−1

)
(ab)�

n+1− j
2 	tkw(l)

j

=
n

∑
j=0

aξ (n+1)ξ ( j)+ξ (n)bξ (n)ξ ( j+1)+ξ (n+1)
(

n+ k− j−1
k−1

)
(ab)�

n− j
2 	tkw(l)

j

+
n+1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)
(

n+ k− j−1
k−2

)
(ab)�

n+1− j
2 	tkw(l)

j

= aξ (n)bξ (n+1)w(l+k)
n + tw(l+k−1)

n+1

= w(l+k)
n+1 ,

which completes the proof. �
Note that, if we take l = 0 in (13), we obtain the following result.

COROLLARY 1. For n � 0 and k � 1 , we have

w(k)
n =

n

∑
j=0

aξ (n+1)ξ ( j)bξ (n)ξ ( j+1)
(

n+ k− j−1
k−1

)
(ab)�(n− j)/2	tkw j. (14)

In the following theorem, we give the sum formula for the bi-periodic hyper-
Horadam sequence.

THEOREM 2. For n � 1 and k � 1 , we have

k

∑
j=0

aξ (n)bξ (n+1)tk− jw( j)
n = w(k)

n+1 − tk+1wn−1. (15)
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Proof. From Corollary 1, we have

k

∑
j=1

aξ (n)bξ (n+1)tk− jw( j)
n

=
k

∑
j=1

aξ (n)bξ (n+1)tk− j
n

∑
i=0

aξ (n+1)ξ (i)bξ (n)ξ (i+1)
(

n+ j− i−1
j−1

)
(ab)�

n−i
2 	t jwi

=
n

∑
i=0

aξ (n)ξ (i)bξ (n+1)ξ (i+1)(ab)�
n+1−i

2 	tkwi

k

∑
j=1

(
n+ j− i−1

j−1

)
.

By the binomial identity (see [11])

k

∑
j=0

(
n+ j

j

)
=
(

n+ k+1
k

)
,

we have

k

∑
j=1

aξ (n)bξ (n+1)tk− jw( j)
n

=
n

∑
i=0

aξ (n)ξ (i)bξ (n+1)ξ (i+1)
(

n+ k− i
k−1

)
(ab)�(n+1−i)/2	tkwi

=
n+1

∑
i=0

aξ (n)ξ (i)bξ (n+1)ξ (i+1)
(

n+ k− i
k−1

)
(ab)�(n+1−i)/2	tkwi − tkwn+1

= w(k)
n+1− tkwn+1.

Thus
k

∑
j=0

aξ (n)bξ (n+1)tk− jw( j)
n = w(k)

n+1− tk+1wn−1. �

Let Qr and Sr be the r -circulant matrices with the bi-periodic hyper-Horadam
numbers defined as

Qr = Circn,r

(
bξ (n+1)(ab)�

n−1
2 	tw(k)

0 ,aξ (n)(ab)�
n−2
2 	tw(k)

1 , . . . ,tw(k)
n−1

)
and

Sr = Circn,r

(
aξ (k)bξ (k+1)tn−1w(0)

k ,aξ (k)bξ (k+1)tn−2w(1)
k , . . . ,aξ (k)bξ (k+1)w(n−1)

k

)
.

In the following theorem, we evaluate the spectral norm of the circulant matrix Q1 .

THEOREM 3. For n � 1 , the spectral norm of the matrix Q1 is

‖Q1‖2 = w(k+1)
n−1 .
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Proof. According to (2), the eigenvalues of Q1 are of the form

λs =
n−1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�
n−1− j

2 	tw(k)
j exp

(
− 2π i

n
s j
)
, for all 0 � s � n−1.

Then, for s = 0, λ0 = ∑n−1
j=0 aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j . From (12), we get

λ0 = w(k+1)
n−1 . Hence, for 1 � s � n−1, we have

|λs| =
∣∣∣∣∣
n−1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�
n−1− j

2 	tw(k)
j exp

(
− 2π i

n
s j
)∣∣∣∣∣

�
n−1

∑
j=0

∣∣∣aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�
n−1− j

2 	tw(k)
j

∣∣∣
∣∣∣∣exp

(
− 2π i

n
s j
)∣∣∣∣

�
n−1

∑
j=0

aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�
n−1− j

2 	tw(k)
j = λ0.

Since Q1 is a normal matrix, we have

‖Q1‖2 = w(k+1)
n−1 . �

COROLLARY 2. The Euclidean norm of the matrix Q1 holds

w(k+1)
n−1 � ‖Q1‖E �

√
nw(k+1)

n−1 . (16)

Proof. The proof follows from Theorem 3 and the connection between the spectral
norm and the Euclidean norm in (6). �

COROLLARY 3. We have

1√
n
w(k+1)

n−1 �

√√√√n−1

∑
j=0

(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2
� w(k+1)

n−1 . (17)

Proof. The proof follows from the definition of Euclidean norm (3) and Corollary
2. �

In the following theorem, we evaluate the spectral norm of the circulant matrix
S1 .

THEOREM 4. For n � 1 and k � 1 , the spectral norm of the matrix S1 is

‖S1‖2 = w(n−1)
k+1 − tnwk−1.
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Proof. According to (2), the eigenvalues of S1 are of the form

λs =
n−1

∑
j=0

aξ (k)bξ (k+1)tn−1− jw( j)
k exp

(
− 2π i

n
s j
)
.

Then, for s = 0, λ0 = ∑n−1
j=0 aξ (k)bξ (k+1)tn−1− jw( j)

k . From (15), we have λ0 = w(n−1)
k+1 −

tnwk−1 . Hence, for 1 � s � n−1, we have

|λs| =
∣∣∣∣∣
n−1

∑
j=0

aξ (k)bξ (k+1)tn−1− jw( j)
k exp

(
− 2π i

n
s j
)∣∣∣∣∣

�
n−1

∑
j=0

∣∣∣aξ (k)bξ (k+1)tn−1− jw( j)
k

∣∣∣
∣∣∣∣exp

(
− 2π i

n
s j
)∣∣∣∣

�
n−1

∑
j=0

aξ (k)bξ (k+1)tn−1− jw( j)
k = λ0.

Since S1 is a normal matrix, we get

‖S1‖2 = w(n−1)
k+1 − tnwk−1. �

COROLLARY 4. The Euclidean norm of the matrix S1 holds

w(n−1)
k+1 − tnwk−1 � ‖S1‖E �

√
n
(
w(n−1)

k+1 − tnwk−1

)
. (18)

Proof. The proof follows from Theorem 4 and the connection between the spectral
norm and the Euclidean norm in (6). �

COROLLARY 5. We have

1√
n

(
w(n−1)

k+1 − tnwk−1

)
�

√√√√n−1

∑
j=0

(
aξ (k)bξ (k+1)tn−1− jw( j)

k

)2
� w(n−1)

k+1 − tnwk−1. (19)

Proof. It follows from the definition of the Euclidean norm (3) and Corollary
4. �

COROLLARY 6. The spectral norm of the Hadamard product of Q1 and S1 sat-
isfies

‖Q1 ◦S1‖2 � w(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.

The spectral norm of the Kronecker product of Q1 and S1 satisfies

‖Q1⊗S1‖2 = w(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.
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In the following theorem, we give the upper and lower bounds for the spectral
norm of the r -circulant matrix Qr .

THEOREM 5. Let r ∈ C and Qr be an n×n r -circulant matrix. Then

(i) For |r| � 1 , we have

1√
n
w(k+1)

n−1 � ‖Qr‖2 �
√

(n−1)|r|2 +1w(k+1)
n−1 .

(ii) For |r| < 1 , we have

|r|√
n
w(k+1)

n−1 � ‖Qr‖2 �
√

nw(k+1)
n−1 .

Proof. Let

Qr :=

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

rtw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

rbξ (n+1)(ab)�
n−3
2 	tw(k)

2 raξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

raξ (n)(ab)�
n−2
2 	tw(k)

1 rbξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

From the definition of the Euclidean norm, we have

‖Qr‖E =

√√√√n−1

∑
j=0

(n− j)|c j|2 +
n−1

∑
j=0

j|r|2|c j|2

=

√√√√n−1

∑
j=0

((n− j)+ j|r|2)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2
.

(i) For |r| � 1, using (17), we get

‖Qr‖E �

√√√√n−1

∑
j=0

((n− j)+ j)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1](ab)�

n− j−1
2 	tw(k)

i

)2

=

√√√√n−1

∑
j=0

n
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2

� w(k+1)
n−1 .

From Inequality (5), we obtain

‖Qr‖2 � 1√
n
w(k+1)

n−1 .
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On the other hand, let Qr = A◦B , where

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1 1
r 1 · · · 1 1
...

...
. . .

...
...

r r · · · 1 1
r r · · · r 1

⎞
⎟⎟⎟⎟⎟⎠

and

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

tw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

bξ (n+1)(ab)�
n−3
2 	tw(k)

2 aξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

aξ (n)(ab)�
n−2
2 	tw(k)

1 bξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Then

r1(A) = max
1�i�n

√
n

∑
j=1

|ai j|2 =

√
n

∑
j=1

|an j|2 =
√

(n−1)|r|2 +1

and

c1(B) = max
1� j�n

√
n

∑
i=1

|bi j|2 =

√
n

∑
i=1

|bin|2

=

√
n−1

∑
i=0

(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n− j−1
2 	tw(k)

i

)2
.

Using (9) and (17), we obtain

‖Qr‖2 � r1(A)c1(B) �
√

(n−1)|r|2 +1w(k+1)
n−1 .

The proof is completed for the first part.

(ii) For |r| < 1, using (17), we get

‖Qr‖E �

√√√√n−1

∑
j=0

((n− j)|r|2 + j|r|2)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1](ab)�

n− j−1
2 	tw(k)

i

)2

= |r|
√√√√n−1

∑
j=0

n
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1](ab)�

n− j−1
2 	tw(k)

i

)2

� |r|w(k+1)
n−1 .



SPECTRAL NORMS OF r -CIRCULANT AND GEOMETRIC MATRICES 877

From Inequality (5), we get

‖Qr‖2 � |r|√
n
w(k+1)

n−1 .

On the other hand, let Qr = A◦B , where

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1 1
r 1 · · · 1 1
...

...
. . .

...
...

r r · · · 1 1
r r · · · r 1

⎞
⎟⎟⎟⎟⎟⎠

and

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

tw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

bξ (n+1)(ab)�
n−3
2 	tw(k)

2 aξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

aξ (n)(ab)�
n−2
2 	tw(k)

1 bξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Then

r1(A) = max
1�i�n

√
n

∑
j=1

|ai j|2 =

√
n

∑
j=1

|a1 j|2 =
√

n

and

c1(B) = max
1� j�n

√
n

∑
i=1

|bi j|2 =

√
n

∑
i=1

|bin|2

=

√
n−1

∑
i=0

(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1](ab)�

n− j−1
2 	tw(k)

i

)2
.

Using (9) and (17), we obtain the second part of the proof

‖Qr‖2 � r1(A)c1(B) �
√

nw(k+1)
n−1 .

Therefore, the proof is completed. �
In the following theorem,we give the upper and lower bounds for the spectral norm

of the r -circulant matrix Sr .

THEOREM 6. Let r ∈ C and Sr be an n×n r -circulant matrix. Then

(i) For |r| � 1 , we have

1√
n

(
w(n−1)

k+1 − tnwk−1

)
� ‖Sr‖2 �

√
(n−1)|r|2 +1

(
w(n−1)

k+1 − tnwk−1

)
.
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(ii) For |r| < 1 , we have

|r|√
n

(
w(n−1)

k+1 − tnwk−1

)
� ‖Sr‖2 �

√
n
(
w(n−1)

k+1 − tnwk−1

)
.

Proof. The same method is used to prove the theorem. �
From (8) and (10), we get the following results.

COROLLARY 7. The spectral norm of Hadamard product of Qr and Sr is given
by

(i) For |r| � 1 , we have

‖Qr ◦Sr‖2 �
(
(n−1)|r|2 +1

)
w(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
.

(ii) For |r| < 1 , we have

‖Qr ◦Sr‖2 � nw(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.

COROLLARY 8. The spectral norms of the Kronecker product of Qr and Sr is
given by

(i) For |r| � 1 , we have

1
n
w(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
� ‖Qr ⊗Sr‖2

�
(
(n−1)|r|2 +1

)
w(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
.

(ii) For |r| < 1 , we have

|r|2
n

w(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
� ‖Qr ⊗Sr‖2 � nw(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
.

Let Qr∗ and Sr∗ be the geometric circulant matrices with the bi-periodic hyper-
Horadam’s numbers defined as

Qr∗ = Circn,r∗
(
bξ (n+1)(ab)�

n−1
2 	tw(k)

0 ,aξ (n)(ab)�
n−2
2 	tw(k)

1 , . . . ,tw(k)
n−1

)
and

Sr∗ = Circn,r∗
(
aξ (k)bξ (k+1)w(0)

k tn−1,aξ (k)bξ (k+1)tn−2w(1)
k , . . . ,aξ (k)bξ (k+1)w(n−1)

k

)
.

In the following theorem, we give the upper and lower bounds for the spectral norm of
the geometric circulant matrix Qr∗ .
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THEOREM 7. Let r ∈ C and Qr∗ be an n×n geometric circulant matrix. Then

(i) For |r| � 1 , we have

1√
n
w(k+1)

n−1 � ‖Qr∗‖2 �
√

1−|r|2n

1−|r|2 w(k+1)
n−1 . (20)

(ii) For |r| < 1 , we have

|r|n√
n
w(k+1)

n−1 � ‖Qr∗‖2 �
√

nw(k+1)
n−1 . (21)

Proof. Let

Qr∗ :=

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

rtw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

rn−2bξ (n+1)(ab)�
n−3
2 	tw(k)

2 rn−3aξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

rn−1aξ (n)(ab)�
n−2
2 	tw(k)

1 rr−2bξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

From the definition of the Euclidean norm, we have

‖Qr∗‖E =

√√√√n−1

∑
j=0

(n− j)|c j|2 +
n−1

∑
j=0

j|rn− j|2|c j|2

=

√√√√n−1

∑
j=0

((n− j)+ j|rn− j|2)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2
.

(i) For |r| � 1, using (17), we have

‖Qr∗‖E �

√√√√n−1

∑
j=0

((n− j)+ j)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2

=

√√√√n−1

∑
j=0

n
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2

� w(k+1)
n−1 .

From Inequality (5), we obtain

‖Qr∗‖2 � 1√
n
w(k+1)

n−1 .
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On the other hand, let Qr∗ = A◦B , where

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1
r 1 · · · 1
...

...
. . .

...
rn−2 rn−3 · · · 1
rn−1 rn−2 · · · 1

⎞
⎟⎟⎟⎟⎟⎠

and

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

tw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

bξ (n+1)(ab)�
n−3
2 	tw(k)

2 aξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

aξ (n)(ab)�
n−2
2 	tw(k)

1 bξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Then

r1(A) = max
1�i�n

√
n

∑
j=1

|ai j|2 =

√
n

∑
j=1

|an j|2

=
√

1+ |r|2 + · · ·+ |rn−1|2 =

√
1−|r|2n

1−|r|2
and

c1(B) = max
1� j�n

√
n

∑
i=1

|bi j|2 =

√
n

∑
i=1

|bin|2

=

√
n−1

∑
i=0

(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2
.

Using (9) and (17), we obtain

‖Qr∗‖2 � r1(A)c1(B) �
√

1−|r|2n

1−|r|2 w(k+1)
n−1 .

The proof is completed for the first part.

(ii) For |r| < 1, using (17), we have

‖Qr∗‖E �

√√√√n−1

∑
j=0

((n− j)|rn− j|2+ j|rn− j|2)
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2

�

√√√√n−1

∑
j=0

n|r|2n
(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2

� |r|nw(k+1)
n−1 .



SPECTRAL NORMS OF r -CIRCULANT AND GEOMETRIC MATRICES 881

From Inequality(5), we get

‖Qr∗‖2 � |r|n√
n
w(k+1)

n−1 .

On the other hand, let Qr∗ = A◦B , where

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1
r 1 · · · 1
...

...
. . .

...
rn−2 rn−3 · · · 1
rn−1 rn−2 · · · 1

⎞
⎟⎟⎟⎟⎟⎠

and

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

bξ (n+1)(ab)�
n−1
2 	tw(k)

0 aξ (n)(ab)�
n−2
2 	tw(k)

1 · · · tw(k)
n−1

tw(k)
n−1 bξ (n+1)(ab)�

n−1
2 	tw(k)

0 · · · aξ (n)bξ (n+1)tw(k)
n−2

...
...

. . .
...

bξ (n+1)(ab)�
n−3
2 	tw(k)

2 aξ (n)(ab)�
n−4
2 	tw(k)

3 · · · aξ (n)(ab)�
n−2
2 	tw(k)

1

aξ (n)(ab)�
n−2
2 	tw(k)

1 bξ (n+1)(ab)�
n−3
2 	tw(k)

2 · · · bξ (n+1)(ab)�
n−1
2 	tw(k)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Then

r1(A) = max
1�i�n

√
n

∑
j=1

|ai j|2 =

√
n

∑
j=1

|a1 j|2 =
√

n

and

c1(B) = max
1� j�n

√
n

∑
i=1

|bi j|2 =

√
n

∑
i=1

|bin|2

=

√
n−1

∑
i=0

(
aξ (n)ξ ( j)bξ (n+1)ξ ( j+1)(ab)�

n−1− j
2 	tw(k)

j

)2
.

Using (9) and (17), we obtain the second part of the proof

‖Qr∗‖2 � r1(A)c1(B) �
√

nw(k+1)
n−1 .

Therefore the proof is completed. �
In the following theorem, we give the upper and lower bounds for the spectral

norm of the geometric circulant matrix Sr∗ .

THEOREM 8. Let r ∈ C and Sr∗ be an n×n geometric circulant matrix. Then

(i) For |r| � 1 , we have

1√
n

(
w(n−1)

k+1 − tnwk−1

)
� ‖Sr∗‖2 �

√
1−|r|2n

1−|r|2
(
w(n−1)

k+1 − tnwk−1

)
.
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(ii) For |r| < 1 , we have

|r|n√
n

(
w(n−1)

k+1 − tnwk−1

)
� ‖Sr∗‖2 �

√
n
(
w(n−1)

k+1 − tnwk−1

)
.

Proof. The same method is used to prove the theorem. �
From (8) and (10), we get the following results.

COROLLARY 9. The spectral norms of the Hadamard product of Qr∗ and Sr∗
satisfies

(i) For |r| � 1 , we have ‖Qr∗ ◦Sr∗‖2 � 1−|r|2n

1−|r|2 w(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.

(ii) For |r| < 1 , we have ‖Qr∗ ◦Sr∗‖2 � nw(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.

COROLLARY 10. The upper and lower bounds for spectral norms of the Kro-
necker product of Qr∗ and Sr∗ are obtained as

(i) For |r| � 1 , we have

1
n
w(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
� ‖Qr∗ ⊗Sr∗‖2 � 1−|r|2n

1−|r|2 w(k+1)
n−1

(
w(n−1)

k+1 − tnwk−1

)
.

(ii) For |r| < 1 , we have

|r|2n

n
w(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
� ‖Qr∗ ⊗Sr∗‖2 � nw(k+1)

n−1

(
w(n−1)

k+1 − tnwk−1

)
.
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