lournal of
athematical
nequalities

Volume 17, Number 3 (2023), 1075-1086 doi:10.7153/jmi-2023-17-70

ON SEVERAL INEQUALITIES RELATED TO CONVEX FUNCTIONS

NICUSOR MINCULETE

(Communicated by M. Krni¢)

Abstract. In this paper, for a function f: 2" — R, we introduce the following expression:
A (f)(xy) =Af(x)+(1—=A)f(y) — f(Ax+ (1 —A)y), where x,y € 2" and A € R. The pur-
pose of this article is to characterize this expression, by finding various estimates of it. We also
give some characterizations of Ay (f)(x,y) when function f is convex, which prove refinements
of Young’s inequality. Finally, we give several inequalities in a normed space.

1. Introduction

In the literature related to the theory of inequalities, many of the published papers
contain studies of certain inequalities which used convexity (see e.g. [5], [14], [16],
[17D).

Let 2" be a convex subset of a real vector space and let f: 2" — R be a function
such that

FOAx4(1=2)y) SAf(x)+(1=2A)f(y) (D
forall x,y € 2" and A € [0,1]. We say that function f is convex. For 1 = %, we have

f<x42ry) < f(x)42—f(y)

@)

for all x,y € & . If f is concave, then the above inequalities should be reversed. If 1
denote a nondegenerate interval of R and 2~ =1, then inequality (1) generates a series
of inequalities, including Young’s inequality, thus, for f(r) = —logs, we obtain

Ax4(1—A)y=xtyl=* (3)

for every x,y >0 and A € [0,1]. In many papers, improvements, generalizations or
reverse inequalities of Young’s inequality have been studied (see e.g. [4], [5], [7], [1 1],
[12], [13], [19], [20D).

Let f: 2" — R be a function. We introduce the following expression:

A () (xy) = Af(x) + (1= 2)f(y) = f(Ax+ (1= A)y),
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where x,y € 2 and A € R. If f is a convex function and A € [0,1], then we obtain
that A, (f)(x,y) > 0, for all x,y € 2. We find the following properties:

A () (x,2) = Ao () (x,y) = Ai(f) (x,y) =0,
A (F)(63) = Aa () (%)

and

App(f)(Ax+(1=2A)y, (1= A)x+Ay) + % (A () (6,y) + 80 (1) (%) = A1 2 (f) (x,9)

forevery x,y € 2 .
In [13], we found a result which can be rewritten as

A(1—2) A(l—2)
2

m=——">(x=y)> <A(f)(xy) <M (x—y)?, )

2
where A € [0,1] and f: [x,y] — R is a twice differentiable function such that there
exist real constants m and M so that m < f” < M. According to inequality (4) for
A= % we obtain the following result, previously established in [3]:

M
—(x—y)? (5)

S =) <Aa(f)lny) < 5

forevery x,y € I, where I is a nondegenerate interval of R.
Let f: [x,y] — R be a convex continuous function. Then, in terms of Ay (f)(x,y),
Hardy, Litlewood and P6lya [6] remark that

A () (x,y) = Ay ja(f)(zt)

forevery x <z<t <y.
In addition, some historical overview of studied problem are given below.
The Jensen inequality can be rewritten in the form of the corresponding functional,

i.e.
1 n
f,Xp pif -xl —PBuf( 5 D pixi), (6)
2 (7, Z o)

where the function f :I — R is convex on the interval I and x = (xi,...,x,) € I",
p=(pi,...,pn) €RY, B, =37 | pi > 0. Dragomir et al. [2] noticed that the Jensen
functional is superadditive, that is,

Ia(f,x,p+q) = _Zu(f,x,p) + _Zu(f,X,q), (7

where p,q € R} .

In the following years, this relation will become the starting point for improving
the Jensen—type inequalities since it implies the so called monotonicity of the Jensen
functional, i.e.

fn(f,X,P)Z/n(f,X,q)EO, (8)
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whenever p > q, i.e. p; >gq;, i=1,...,n (see also [14], p.717). Note that Y} | p;
need not be equal to 1, otherwise we would not be able to prove these relations.

By virtue of (8), Krni¢ et al. [8], established the mutual bounds for the Jensen
functional expressed in terms of the corresponding non—-weighted functional. More
precisely, they proved that

n min {pl}jn(fax) < /"(fax’p) < nfg?gn{pi}jn(f7x)7 9

1<i<n

where .7,(f,x) stands for the associated non—weighted functional, i.e.

n

Fo) = FCE Y ).

i3

jﬂ(f?") =

-

S|

i=1

Also inequality (9) was also proved by Dragomir [1] or by Mitroi [15].

The lower bound in (9) represents the refinement, while the upper one is the re-
verse of the Jensen inequality. Based on this property, numerous inequalities such the
Young inequality, the Holder inequality, power mean inequalities, etc. have been re-
fined (see, e.g. [8, 9] and the references cited therein). These new results about the
Jensen inequality are collected in monograph [10]. For n = 2, in inequalities (6), (7),
(8) and (9), we obtain some characterizations of A, (f)(x,y) when A > 0.

The purpose of this article is to characterize expression A, (f)(x,y), by finding
various estimates of it. We also give some characterizations of A (f)(x,y) when func-
tion f is convex, which prove refinements of Young’s inequality. Finally, choosing a
particular case for a convex function f we give several inequalities in a normed space.

2. Main results

Next, we give some relations related to A.(-)(,-), relations necessary to prove
some inequalities of the Young type. Let 2~ be a convex subset of a real vector space.

LEMMA 1. Let f: % — R be a function and x,y € 2. If AL € R, then the
following equalities hold:

B1()0) = 82 1) (530 ) + 2280200 (10)

and

B0 =8 1(1) (03 040) ) 420 - Ddip(en). D

Proof. Using the definition of Ay (f)(x,y), by regrouping the terms, we obtain

() (564900) =220 (552) (1= 200500 - (22752 4 (1 20

= Af() + (1= A)f )~ f(Ax+ (1= 2)y) — 4 (f(x) +FO) —2f (%))
=M (N)(x6y) = 2441 5 (f) (%),
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which implies the first relation of the statement. In the same way, we have

o 101) (3360400 ) = @3- 100 + @207 (22
-f ((2%— Dx+(2—- 2/1)x+y>

=000+ (1= R0 et (1= A) = (1= ) (10 + 500 -2 (55 )
=M () (x,y) = 2(1 = A)A; o(f) (x,y),
which implies the second relation of the statement. []

If 2 €[0,1] and f: 2 — R is a convex function, then it is easy to see that
Ay (f)(x,y) =0, forevery x,y € 2. Next, we study de case when A ¢ (0,1).

LEMMA 2. Let f: 2 — R be a convex function. If L € R—(0,1), then the

following inequality holds:
A (f)(xy) <O (12)

forall x,ye Z .

Proof. We study two cases:
I) If A <0, then we obtain

A () xy) = Af )+ (1 =A)f(y) = f(Ax+ (1= A)y)
—(Af() +f(Ax+ (1 =A)y) + (1 =) f(¥)

— (A >(—f< )+ e (1 )y >—f<y>) <o.

I) If A > 1, then, using the triangle inequality, we deduce

A () (xy) = Afx) + (1 =2A)f(y) = f(Ax+ (1= A)y)
=—(0=2)f0)+fAx+(1=A)y) = Af(x))

=1 (FL )+ ot (-2 - 1) <o

A

Therefore, the inequality of the statement is true. [J

PROPOSITION 1. Ler f: 2 — R be a convex function. If L € [0,1], then the
following inequality holds:

2min{A4, 1= 2A}A () (xy) <A () (xy) < 2max{A, 1 —A}A; o(f)(xy)  (13)

forall x,ye Z .
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Proof. For A € [0,4], we have 24 €[0,1] and 24 — 1 € [—1,0], so, we show that
A2y (f) (3 (x+),y) >0 and using Lemma 2 we have inequality Ayy 1 (f) (x, 3 (x+))
< 0. From equalities (10) and (11), we obtain

2441 5 ()(x%,y) KAL) (x,y) < 2(1 = A)A; o(f) (%) (14)
For A € [%, 1], in the same way, we prove that

2(1=2)A1 () () < 8 () (6,) < 24481 5(f) (x,9)- (15)

Consequently, combining inequalities (14) and (15) the inequality of the statement is
true. O

REMARK 1. Therefore, Proposition (1) in this paper is relation (9) for n = 2,
which has been established in [8]. But, the proof is different and we keep it as alterna-
tive proof.

In inequality (13) for the convex function f : [x,y] — R with f(z) = —logs, we
deduce the following inequality [12]:

2min{A,1-2} _ 2max{A,1-21}
1<<x+y) <7Lx+(1 l)yg(x%—y) (16)

2% YA 25

for all x,y >0 and A € [0, 1] (see also [8]). This inequality represents a refinement of
Young’s inequality. Inequality (16) can be presented with Kantorovich constant, thus

Kmin{)t,,l—}t}(h72)xlyl—l < A,.X‘f' (1 _A)y < Kmax{l,l—?t}(}hz)xkyl—l, (17)

(h+1)?

where x,y >0, A €[0,1], K(h,2) = and h =
ity in (17) was obtained by Zou et al. in [20] while the second was obtained by Liao et
al. [11].

If A € (0,1), then inequality (14) can be written, for a nondegenerate interval 1,

Ay (f)(x,y) S +/() x+y Ay () (x,y)
= 2ma);({l7l—7t} S 2 _f( 2 ) S 2mi};1{l7l—7t}

=<

. Notice that the first inequal-

as

(18)

for all x,y € I. For a convex function f: 1 — Ry, with A = f(x{iyz)‘(y) , inequality (18)

becomes:

0 < min{f(x). ()} (1 L (yf(X) ot >)

2/@10) T\ F0+70)
fO)+ ) Xty
2 (T)

F@) 1 FO) - (vF) + )
2@ ( FOT70) ))

<

< max{ (). /(5)} ( - (19)
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forall x,y € I with f(x) # 0 and f(y) #0.
Inequality (19) can be rewritten as

2 (552) - 1) 50
min /0. 70))

x+y
ORIt (yf(x) +xf<y>) Y (T) 17 = 10)] .
FEFW) fO+f0) )~ max{f(x),f(»)}

for every x,y € I with f(x) # 0 and f(y) #0.
In general, for a,b > 0 and using relation (13), for A = ai-kb , we find the follow-
ing inequality:
2min{a,b}
a-+b

2max{a,b}

A1) () €A (Hleny) € Tl

Ap(f)ey) @D
for all x,y € Z", which can be rewritten as

2min{a, b} (f(x);f(y) _f<x42ry>) <af(x)+bf(y)— (a+b)f<aziiy>

< 2max{a, b} (f(x);“f(y) —f<x+y>) 22)

2

for all numbers x and y in 2" and a,b € R, In addition, (22) are also proved in [8].
Let I be a nondegenerate interval of R. For a+b =1 and 2" = I, this inequality
is given by Mitroi [15], as a particular case of the Dragomir inequality [1].

Therefore, our interest is to refine inequality (22), which can be obtained from
inequality (13).

THEOREM 1. Suppose that f: 2 — R is a convex function. If A € |0, %] then
the following inequality holds:

228100 53) + 2min{2h 1 =221 (3 60,3 ) < 8401 )

<2AA o (f) (x,y) +2max{24, 1 — 2 }A, o(f) G (x+) ,y) (23)

andif A € [%, 1], then the inequality

2(1= )yl )+ 2min(22 1.2 - 22381 20) (x5 (49) ) € 82 (1)w)

<21 A1) + 2max(22 - 1.2 =24 a) (1 () 29
holds.
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Proof. For A € [0,1], we have 24 € [0,1] and replacing x by §(x+y) in in-
equality (13), we deduce

2min(22,1- 2418020 (5 0-49) ) <8 (1) (5 (049) )

<2max(2h. 1 =22} (5 600 5)

Consequently, combining equality (10) with inequality (25), we show the first inequal-
ity of the statement. For A € [1,1], we have 24 — 1 € [0, 1] and replacing y by % (x+)
in inequality (13), we deduce

2min(22 - 1.2 2281 201) (3.3 (043) ) < A (1) (x5 (49 )

<2max{22 — 1,2 = 24}A; ;o(f) <x, % (x+ y)). (26)

Consequently, combining equality (11) with inequality (26) we prove the second in-
equality of the statement. [

REMARK 2. Ininequality (23) for the convex function f: (0,0) — R with f(z) =
P, where p € (—o0,0]U|[1,0), we obtain the following inequality:

min{A,1—2A} (x +y” —2'"7 (x+y)7) < AxP + (1 —A)y" — (Ax+ (1 = A)y)”

<max{1,1 -1} (x”+yp—217p (x+y)F) 27)

forall x,y >0 and 4 € [0,1].
In inequality (23) for the convex function f : (0,00) — R with f(r) = —logz, we
deduce the following inequality:

1<<x+y)2}L x+3y
T\2yAy 2/2y(x+y)

- ( x+y )M x+3y
S \2yAy 2,/2y(x+y)
for all x,y >0 and A € [0, %} This inequality represents an improvement of Young’s
inequality, which refines inequality (16).
We are studying the problem of comparing the upper bound from inequality (13)

with the upper bounds from inequalities (23) and (24) to see which is better. For A €
[0, 1], by simple calculations, we prove the inequality

Ax+(1—=RA)y
yl—A

) 2min{24,1-21}

2max{2A,1-21}
) (28)

228120 (53) + 2max(22.1 - 243812(0) (5 (49) ) <21 = DAl
(29)
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Therefore, for A € [0, ﬂ the upper bound from inequality (23) is better. But, for A €

[%, %] inequality (24) becomes

20-2)7 (52) + @170 < =220 415 (52,

which is true for x = —y and false for x = —3y, when 0 € 2" and f(0) = 0. For
Ae [%7 1], by simple calculations, we prove the inequality

1
2(1=A)Ay jp(x,y) +2max{24 — 1,2 =24 }A, )5 (x, 3 (x—!—y)) <2441 5(x,y). (30)

Consequently, for A € [%, 1] the upper bound from inequality (24) is better. But, for
A € [%,3] inequality (30) becomes

3x+y
2 b

220 (52) 434150 < 22 - 070 + 401 - 27 (2

which is true for y = —x and false for y = —3x, when 0 € 2" and f(0) =0.
We choose two real numbers ¢ and b such that 0 < a < b, if we use relation (23),

for A = % < %, then we obtain the following inequality:
a

2min{2a, b — |
2 )+ 2= ) (G ) < A (D)
2 2a,b— 1
< zajl_bAlﬂ(f)(X;)’)‘F %Am(ﬁ (5 (x—i—y),y) 31)

for all x,y € £, which can be rewritten as

a (f(x) +F) -2f (’%)) +min{2a,b—a} (f (?) +F)—2f (“fy ))

ax+by)

<af(x)+bf(y)_(a+b)f< atb

<a(f(x>+f<y>—2f (?))

+max{2a,b—a} (f (J%) T f(y) —2f (xtfy)) (32)

forevery x and y in 2" and a,b € R, a < b. This inequality refined the first part of
inequality (22).

A generalization of the equalities from Lemma 1 is given below:
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THEOREM 2. Let f: 2 — R be a function and the natural number n > 1. If
A € R, then the following equalities hold:

M (0)0) = 2 3220 (e (1- 7 ) v)

+Axn; (f) (;nx—l— (l—zl—n) y) (33)
and
1 1
M () (x,y) = 22 Ay (f < ( F))H_Zk—ly)
+Agnp 4120 (f) (X’ <1 - i) X+ i)’) (34)

forall x,ye Z .

Proof. Using Lemma | for A € R, we have

B1)9) = 8 1) 30491 ) + 248020 (53)

We replace A by 24 and x by %(x +), in the above equality and we get

Aoy (f) (%(Hy),y) = Ay, (f) (% (%(X+y)+y> ,y)
#2280 (390

If we inductively repeat the above substitutions, for £ > 1, then we have

1 1 1 1
Ape1 (f) <2k X+ (1 —F>y,y) = Ay (f) <2kX+ (1 o )w)

1 1
+2klA1/2(f) (2/{ 1x+ <1 — F) y,y) .

Therefore, summarizing the above relations for k € {1,...,n}, we obtain the relation
of the statement. Applying equality (33) and taking into account that Ay (f)(x,y) =
A_3 (f)(y,x), we deduce equality (34). O

These equalities offer the possibility to refine inequalities (23) and (24), thus
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THEOREM 3. Let f: 2 — R be a convex function and n a natural number,

1
n=l.IfLe [07 2_"} , then the following inequality holds:

1 1 1
A Y 25A o (f) (FX‘F (1 - F) y7y>
=1

+2min{2"1, 1—2”/1}A1/2( ) (;nx—f— (1 — 217) y,y) <AL()(x,y)

1 1

+2max{2"4,1 = 2"A}A; 5(f) <21—nx+ <1—%> y,y) (35)

1
andif A € [1 ~ o 1} , then the following inequality holds:

-0 320500 (5 (1- 3 )5+ 70

+2min{A’,1 = A"}A; »(f) (x, (1 - %) X+ %y) <A () (%)

_x’)zzkAl/Z(f) ()C,( Zkl 1)x+ Zkl 1y)
k=1

+2max{A’, 1= A"}A; 5(f) (x, (1 21n>x+ 21ny) (36)

where ' =2"A +1—2" and x,y € X .

Proof. Using the inequalities from Proposition 1 and combining with equalities
(33) and (34), we deduce that the inequalities of the statement are true. [

For a real normed space 2" = (Z,]|-||), function f(x) = ||x||"” (x € 2" and
1 < r < o0)is aconvex function. Therefore, we obtain

M () ey) = A"+ (1= )y = [[Ax+ (1= )",

where x,ye 2", r>1and 0 <A < 1.

For r =1 in the above equality, we find Ay (f)(x,y) = A||x|| + (1= 1)||y|| = [ Ax+
(I=2A)yl||, where x,y € 2" and 0 < A < 1, which in fact is the expression of d (x,y)
from [18].

In inequality (23) for the convex function f (x) = ||x||", where r € [1,e), we obtain
the following inequality:

min{A, 1 =A% (" + Iy = 2"~ |+ 117) < Allxll"+ (1= )yl = Ax+ (1= A)y]"
<max{A, 1= A} ([xll"+ y]" = 2"+ y]l") 37
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for all x,y € 2" and A € [0,1]. If we replace y by —y in inequality (2) we find
inequality

min{A, 1 =2} (]| + [[yll" = 2" le = yl|") < Allel"+ (1= A) Iy = [ Ax— (1= )"

<max{A,1 =2} (Jlx]|"+ [yl = 2" [l —y[I") (38)
forall x,y € 2 and A € [0,1].
Let p be a real number such that p > 0 and we take A = % in inequal-

ity (38), then we have the following inequality:
min? = flxl, 1y[1F (= [yl =21 = )7)

_ _ _ _\1—r _ _
< el P P = (el P el e e )

< max? [l I (Ill” =+ )" =21 e = yl17) (39)

for all nonzero vectors x,y € 2, r > 1 and p > 0.

By replacing parameter A with various values or choosing various particular cases
of the convex function f, we obtain other applications for Ay (f)(x,y), where x,y € Z".
It remains for the reader to find other estimates of the expression Ay (f)(x,y), where
x,ye Z and 4 € R.
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