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SHARP BOUND OF m-LINEAR n-DIMENSIONAL p-ADIC
HAUSDORFF OPERATORS ON p-ADIC MORREY SPACES

XIRAN ZHANG, QIANJUN HE AND XIANG LI*

(Communicated by T. Buri¢)

Abstract. In this paper, we study the sharp bound for m -linear n-dimensional p-adic Hausdorff
operators on central and noncentral p-adic Morrey spaces with power weights, and we also give
the sharp bonds of p-adic Hausdorff operators on central and noncentral p-adic Morrey spaces.
Moreover, this is a generalization of the previous results.

1. Introduction and main results

For the past few years, people who study mathematical physics are more and more
concerned with p-adic field, because p-adic is widely used in many mathematics and
physics (cf. [1], [3], [11], [21] and [22]). For this reason, the harmonic analysis on
p-adic field has attracted some attention (cf. [2], [9], [13], [17] and [18]).

As a prime number p, let Q, be the field of p-adic numbers, it’s defined as
a completely rational number field Q with a non-Archimedian p-adic norm. This
norm is following that: |0[, = 0. If any non-zero rational number x can be expressed
as x = p?% , where m and n are integers that are not divisible by p, and 7 is an
integer, then |x|, = p~7. Itis not difficult to prove that the norm satisfies the following
properties:

ylp = Ixlplylp  and eyl < max{[x]p, [y]p}-

From the second property, there is |x +y|, = max{|x|,,|y|,} when |x|, # |y|,. From
the standard p-adic analysis [22], we see that any non-zero p-adic number x € Q, can
be uniquely represented as the standard series:

x=p"Y ajp!, y=yx) €Z, (1.1)
j=0

where a; are integers, and 0 < a; < p—1, ap # 0. We calculate that |a~,'p~"|p =p7,
so the series (1.1) converges in the p-adic norm.
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This space Q) is formed by points x = (x1,%2,...,x,), Where x; € Q,, j=
1,2...,n. The p-adic normon Q7 is
X|p = max |x xeQ".
il = max x|, < Q)
Denote the ball whose center at a € QY radius p” is By(a) = {x € Q},: [x—al, <

p’}, the sphere with center at a € Q) radius p? is defined as Sy(a) := {x € Q) :
|x—al, = p"}. Itis clear that Sy(a) = By(a)\By—1(a), and

a) = Sk(a)

k<y

We set By(0) = By and Sy(0) = S,.

Q), is a locally compact commutative group under addition, it follows from the
standard analysis that there exists a unique Harr measure dx on @}, which is a transla-
tion invariant. We normalize the measure dx so that |By(0)|y =1, where |E|y denotes
the Harr measure of a measurable subset E of Q.

From this theory of integral, it is easy to obtain that |Sy(a)|y = p" (1 —p~") and
|By(a)|n = p™ for any a € Q. For a more complete introduction to p-adic field, see
[13, 22] and the references therein.

Many researchers introduce a lot of cutting edge knowledge about Fourier analysis
(cf. [8], [12] and [20]), which has enriched our knowledge and broadened our horizon.
In this paper, we study some properties and applications about Hausdorff operators (cf.
[25] and [24]), and we generalize some known results to the p-adic field.

In [4] and [6], we realize many theorems and properties of Morrey spaces, and
some professors think about the problem of boundedness of operators on function
spaces (cf. [5], [10], [14], [16], [19] and [23]). These papers provide some ideas
for us to solve this problem.

In [15], the authors study the sharp bound of p-adic Hardy-Littlewood-pdlya op-
erators on p-adic Morrey spaces, and they prove that the sharp bound is

—nh+ B (o
/n /Kyl, S Ym Hlyz ity +”’)a’yl “dypm,

In [25], Zhang, Wei and Yan study the Hausdorff operators on Morrey spaces. The
n-dimensional Hausdorff operator is defined by

Hof)= [ T (S—O d.

_ D(y)
- /R,, |y|n+(a+n)A dy <e

Inspired by [15] and [25], we study the sharp bound of m-linear n-dimensional
p-adic Hausdorff operators on p-adic Morrey spaces, then we extend their results to
the p-adic field.

and the sharp bound is
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DEFINITION 1.1. The n-dimensional p-adic Hausdorff operators is defined by

[ D) ( ) .
5 - dy,
ofx) @mmfh » o veQp

and the m-linear n-dimensional p-adic Hausdorff operators is defined by

AR X
A S 1) = [ / by y’",,)fl( )f( )dyl -dym,
h h ‘y1| |ym‘p |yl‘p |ym‘p

where x = (x1,...,%,) € Q) x - x Q).

DEFINITION 1.2. Let 1 < g <eoo and 1 7 < A < 0, then the weighted p-adic Mor-
rey space L‘M( ,wi,wy) is the set of all f € L}, (@) for which the norm

B ()H' %) q
Wl (mz) = yeZaeQ </By(“) " (x)dx> </By(a) )t (x)dx)

< oo,

If By replaces with By(a) in the above definition, L‘1=7“(Q?,,w17wz) becames the

weighted p-adic central Morrey spaces B‘M(
research the norm

-(3+4) o\
i = su x| dx / x)|9]x dx)
W) = 30, (o 595) 7 (b0

%sw1,w2). In this paper, we particularly

and

() é
— o B
Hf”BqJL (@’;JX\%JXIﬁ) - ?/EIZ) <~/By xde) </By |f(X)q|X|pdx>

In this paper, we expound our results in the setting of L ( s X |x|€> and

B ( i | x|g‘, |x|g>, and we obtain the operator norm of m-linear p-adic operators

as well as the one for the Hausdorff operator .77 . Next, we will prove the following
results.

THEOREM 1.3. Let 1 <g<oo, —1/g< A <0,and o0 >0, if

n(A—
Csharp = /@n d)(y)|y|p
P

1‘* a(d
et

then % is bounded from BT ( s X |x|§> 10 B9+ ( s X |x|§> with its oper-
ator norm not more than Cgpqrp. Moreover,

1700 g0 (g g ) 0 (g i) = Cotrr
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COROLLARY 1.4. Assume that g, A, o and Csharp as in Theorem 1.3. Then 5%
is bounded from L4* (Q;, x[5, |x|§> 1o LI* ( e XI5 |x|§> with its operator norm
not more than Cggpp. Moreover,

”%HU,A (@ZJH%JﬂQ)HU’A <@Z7|x|g7|xlg) = Csharp.

THEOREM 1.5. Let 1 <g<gqi<oo, 1/q=1/qi+ -+ 1/qm, B=B1+ -+ Bm,
A=A+ 4y, —1/gi<Ai<0and o >0, withi=1,...,m.

(i) If
o =)= Eipa(a )
Cm:/n---/@nq)(yl’...,ym)l_[|yi|p a & dyl"'dym<°°a
i=1
v v (1.2)

uby P
then A" is bounded from BN s [l X[ ) X -+ x B ( o XI5 Xl )

10 B ( m X[ |x|g) with its operators norm not more than Cy,.

(ii) Assume that Aq=Aiq1 = -+ = Auqm. In this case, condition (1.2) is also neces-
a1y
sary for the boundedness of A" : B ( s [l X[ ) x e x BamAn ( Xl
amPm

Ix|p* ) — Ba( o X1 |x|§) Moreover,

m —
H% || 915 amPm B - Cm'
BIAL Q| [x]p T ) BamAm (Q % x|, ) —BEA (Qp|x[g )

COROLLARY 1.6. Let . >0, 1 <g<gi<eo, 1/g=1/g1+ -+ 1/qm, B =
Bi+-4Bu A=A+ +Ay and —1/q; < X <0 with i = 1,...,m. Then

ab gmPm
A is bounded from L1 ( T X[ s [ p ) X e x LamAn( e XI5 Xl 1) to

L4 ( x5 |x|€) with its operators norm no more than C,,, where Cy, is defined

as in (1.2). Furthermore, assume that Aq = Ayqy = -+ = Auqm. In this case, condition
211
(1.2) is also necessary for the boundedness of A" : L1 ( s XI5 xlp ) X
qmPm

LamPn ( }7,,|x|1‘f,|x|pT) — L9*( ;,|x|1",‘,|x|§). Moreover,

”%nu a1B1 gmPBm =GCpn.

LI (Qx|S [l T ) LamoPm Qx| &l ) —LoH (Q1 x|, x5 )
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2. Proof of the main results

Proof of Theorem 1.3. Using the generalized Minkowski’s ineauality and the scal-
ing law, we have

cI’()

Iyl"

— 1

BoH (Q,[x|% x[B)

D)
< /@ o 105" g oy @

According to Lemma 2 in [15], we obtain

+a(A+d)

||f(|y|p ')“Bql (Qu.Jxl%, |x|p |y|17 Hf”Bq)L(@n g, leﬁ)

It gives that

D(y)
10 v 1) <y Tyt I
BQ#)L(valxlplelp) QZ |y|n p

= Csharp - Hf”BM (@75=|x|,‘3‘-,IXIg)'

+a(a+l)

y- HfHB‘M(Q;;.,lxl,O,‘,lxlﬁ)

Next, we will prove Cgparp is the sharp constant. Define

ni—Lra(a+l )

) = I

By a simple compute, we obtain

(A+1)
NE B
P gty =202 7|x|,,dx) ( , e dx)
1
( e x) (/ |x|nq/1 ~B+al ), |ﬁdx>
1
q
_ sup( |x| .X) (/ | |nql+a ql+1)d )
veZ
l
) Y q
— sup pak/ d ¥ p(nqlJra(q)LJrl))k/ dx
YezZ Sk p— Sk
1
(/sk

~2 y —(l"‘é) y 7
dx) ( 2 pak> ( 2 p(nql+a(ql+l))k> )
k=—oo k= —oo

= sup
YEL

<

= sup
veZ
Note that [ dx=1—p™" L3 p*= leLX and

Y(ngA+a(gh+1))

Y
(ngh+o(gh+1))k _ P
kzwp 1 —p*("fMJrO!(q?LJrl))' (2.3)
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Thus, we have

(1-p ™" .
(1= p-o)~AFa)(1 — p-(nar+algh+D))g

10 g (o ) =

It implies that f(x) € B4 ( n x|, |8
By the definition of /73 , we calculate that

Wiz
[ ‘Df||Bq‘l(Q7§,\x\g~,|x|g)

(+3) g
_ sup( |x|adx) ( / |%f<x>|q|x|,€dx)
YeZ \/By By

1

S
D(y ) s,
—sup ([ gae) ) f(bl, | e
yez<3,"1’ ( Jo i v
m-Brary | g
—sup ([ ) L, b0y T s
y€Z \/By
—sup< |x|°‘dx>
veZ
1
.
n(a-1)-Lra@+l) na-Liam+}) 1
X (/ D()lylp Vil Tdy| |x|Pdx
By Q’I’,

(AJF A— A+1) 7
= Cawpsup ([ ) ([P e )
YELZ \/By

Using the above argument, we have

ag) B A é 11
)s/lelrz) /By |x|p X /By X|p Xpdx - Bql(@;;,|x|,0;,|x|g)'

Therefore, we show that

Cgharp ||%f||3ql (Q. % \x\ﬁ HB“(@ZJX\%,\x\ff) < o0

This finishes the proof of Theorem 1.3. [

Proof of Corollary 1.4. Similar to prove Theorem 1.3, it is easy to obtain that

H < Coparp-
170 0 qp g 1yt g ey S G

A—L i+l
Let f(x) = |x|;l7 atel +q), then for any By(a) = B(a,p”), we need to show that

x) € L (Q", |x|%, |x By. Considering the following two cases.
p> WlpsHp
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(i) If |a|, > pY and x € By(a), then |x|, = max{|x—alp,|a|,} = |a|, > p¥, so we
have

Hf||Lq‘A(@;7|xI37|xlg)

—(+3)
sup (/ |x|f,‘dx> ! (/ lx |"‘17L B+a(Ag+1) |x |/3dx)
acQyyeZ \/By(a)

= sup |aly*[By(a)l;*
acQ} veZ
= sup |a|;'77“p_”M<l.
acQf,veZ

1

(i) If |a|, < p? and x € By(a), then |x|, = max{|x —alp,|a|,} < p?. Therefore

x € By. Recall that two balls in QY are either disjoint or one is contained in the other

(see [2]). So we have By(a) = By, thus

Hf“LqJL (Q’;leglxlg)

(A+3) i
= sup (/ |x|adx> K (/ I |nq7L B+of 7L£1+1| |ﬁdx)
MEQZ,}IEZ By( a)
1
sup (/ |x|°‘dx> (/ | |nq7t+a lq+l )q
yeZ \J By

According to the proof of Theorem 1.3, we have that for |a|, < p? and x € By(a)

1102 g iy <

This gives that f(x) € L9*( x5 |x|,€) By the similar argument to prove Theorem
1.3, we have

qhal‘p H%fHqu (Qx, Mﬁ\ﬂﬁ HLq}L((@,Ilﬂl)cll,;,?I)clg) < oo
Then we finish the proof of Corollary 1.4. [

Proof of Theorem 1.5. By using Minkowski’s inequality, we have

||=%i1;n(fla afm)Hqu (@132, |x|,,)

[@ :

n
P

<[ -
Q

n
P

D(y1,...,Ym)
fillyil, U)dyy ---dy
[@7, Vuls- o [yml H ne "

Bo-H (Q % x|5 )

D(y1,..,y
L s T L o
QZ Y1 |ym P i= qu#li((@%‘x‘glelpq )
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According to Lemma 2 in [15], we have

~ nhi= B ot
13yl ) = yily Hﬁll g

B""‘l’(@wﬂgv\ﬂp ) BIiH (Qp x| x|

(2.4)

1?*

.

N

Inequality (2.4) gives that

m
”% f(xla"-axm)HBq.x(Q;me"x‘g)

" nhi— P a2+ L)
< [ @ Iy g i 1y
P P i=1

B (Q[x(|xl, T )

m
=G [Tl abi -
i=1

B (Qp ||, T )

. nri~B o2+ L)
For the necessity, when Ag=A1q1 =--- = Aqn and o >0, let fi(x) = |x|, !
(i=1,...,m). Then, by a simple compute and equality (2.3), we have

£l aiki

B (Q x| g x|, )

1
nqiti— 9iti ili 1 9iti g
(f wgas) ( T dx)
1
(/ |x|adx> ( e )
By

—Hd) sy %
— sup ak 3 pluaitiralaii+ )k / dx
YEZ k=—co Sk

= sup
YEZ

= sup
YEL

1

~Wt) £y i
dx) (2 e ) (Z p<nqiz,~+a<qm,-+1))k>
Sk k= —oo k= —oo

(l_p_ )_)Li (25)
P G ) nadita(ad i) o ’
(l_p ) qj (1_ ( qiti+ (ql i+ )))‘11

= sup
YEL

S

gi%i
It infer that f; € qu’k"( el x[p" ) with (i = 1,...,m). Note that

A (f1s--- 5 fm) (x)

a(di+1)

q)yl7 aym 1 q;
=/ - [[vil, | Vdyy---dy
o /@ Wil ol ,H o :
q)yl, 7ym lJr ni;— ﬁUrOt(lJr )
=/ - ly | ” | | “dyy---dy
Q; /@7, il [yml ,H w i "
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B ralai ) me D)= Ba L)
/,1---/Qnd><y1,...,ym>1‘[|yi|p iy, ---dyn
P i=1

By the definition of the central Morrrey space B4 ( s XI5 |x|€), we have

”% (fla"' 7fm)HBq.x(erzﬂ|x|%7‘x‘g)

-G+ :
—sap ([ agax) (| %"(fl,...,fm><x>|q|x|§dx)
YeZ \/ By By

=Cy, sup
YEZ

=Cy, sup
YEZ

=C,, sup
YEZ

From (2.5), it is

1

1
(A+1) o)) ? q
() wigar) (/ <H| o ) s
Y
1
T nahi—Bito(qhit ) ?
([ wza) ™ ( f, X1t ||,€'dx>
Y By =
A+l 1
(/ |x|adx) v (/ |x|"q“a(q”1)dx>q
By B

calculate that

m
H”fl” qiki
i=1

B (Qi x| el 7 )

(it ) PR "
_ SupH( |x|06dx) (/ |x|;l711: l+a(ql i+ )dx)
YEZ j=1 B
1
:sup< |x|adx) (/ |x |nql+a (@ lq )q
YeZ

Therefore,

||%m(fl7 7.]‘;?1)”qu (@12, leﬁ C’”HHfl” ai% -
i=1

Thus, we have

Con < || (f1, -

< oo,

This finishes the

B (Qi x| x|, )

7fm)|| ‘11/31 qmPm

BICA(Q x|l T ) BamoAm Qx| Jxl, T )—BIA (Qi, (% x]h)

proof of Theorem 1.5. [
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Proof of Corollary 1.6. This proof is similar to the proof of Corollary 1.4, so we
omit the details. [J

Acknowledgements. This work was in part supported by National Natural Science
Foundation of China (Grant. Nos. 12071473 and 12271232) and Shandong Jianzhu
University Foundation (Grant. No. XNBS20099).

REFERENCES

[1] S. ALBEVERIO AND W. KARWOSKI, A random walk on p-adics: the generator and its spectrum,
Stochastic Process. Appl. 53 (1994), 1-22.

[2] S. ALBEVERIO, A. YU. KHRENNIKOV AND M. SHELKOVICH, Theory of p-adic distributions: lin-
ear and nonlinear models, London Mathematical Lecture Note series, vol. 370, Canbridge University
Press, Cambridge, 2010.

[31 A.V.AVETISOV, A. H. BIKULOV, S. V. KOZYREV AND V. A. OSIPOV, p-adic models of ultrametric
diffusion constrained by hierarchical energy landscapes, J. Phys. A: Math. Gen. 35 (2002), 177-189.

[4] T. BATBLOD AND Y. SAWANO, Sharp bounds for m-linear Hilbert-type operators on the weighted
Morrey spaces, Math. Inequal. Appl. 20 (1) (2017), 263-283.

[5] A.BENYIAND C. T. OH, Best constants for certain multilinear integral operators, J. Inequal. Appl.
2006 (2006), 1-12.

[6] Y. DENG, D. YAN AND M. WEI, Sharp estimates for m-linear p-adic Hardy and Hardy-Littlewood-
Pélya operators on p-adic central Morrey spaces, preprint, 2021.

[7]1 G.L.GA0, X. M. WU AND W. C. GUO, Some results for Hausdorff operators, Math. Ineq. Appl. 18
(1) (2015), 155-168.

[8] G. H.HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge University Press, Cam-
bridge, 1952.

[91 Q.J. HE, M. Q. WEI AND D. Y. YAN, Characterizations of p-adic central Campanato spaces via
commutator of p-adic Hardy type operators, J. Korean Math. Soc. 56 (3) (2019), 767-787.

[10] Q.J.HE, M. Q. WEI AND D. Y. YAN, Sharp bound for generalized m-linear n-dimensional Hardy-
Littlewood-Polya operator, Anal. Theory Appl., 39, (2023), 28-41.

[11] A. KHRENNIKOV, p-adic valued distributions in mathematical physics, Kluwer, Dordrechht, 1994.

[12] A.KHRENNIKOV, Non-Archimedean analysis: Quantum Paradoxes, Dynamical Systems and Biolog-
ical Models, Kluwer, Dordrechht, 1997.

[13] Y. C. KM, Carleson measures and the BMO space on the p-adic vector space, Math. Nachr. 282 (9)
(2009), 1278-1304.

[14] Y. C. KiM, Weak type estimates of square functions associated with quasiradial Bochner-Riesz means
on certain Hardy spaces, J. Math. Anal. Appl. 339 (1) (2008), 266—280.

[15] X. LI, X. R. ZHANG AND Q. J. HE, Sharp bounds for generalized m-linear n-dimensional p-adic
Hardy-Littlewood-Pdlya operator, J. Funct. Spaces, 2021, Article ID 5366843, 8 pages.

[16] K. S. RIM AND J. LEE, Estimate of weighted Hard-Littlewood averages on the p-adic vector space,
J. Math. Anal. Appl. 324 (2006), 1470-1477.

[17] K. M. ROGERS, A van der Corput lemma for the p-adic numbers, Proc. Amer. Math. Soc. 133 (12)
(2005), 3525-3534.

[18] K. M. ROGERS, Maximal averages along curves over the p-adic numbers, Bull. Austral. Math. Soc.
70 (3) (2004), 357-375.

[19] S. G SHI, Z. W. FU AND S. Z. LU, On the compactness of commutators of Hardy operators, Pacific
J. Math., 307 (2020), 239-256.

[20] M. H. TAIBLESON, Fourier analysis on local fields, Princeton University Press, Princeton, 1975.

[21] V. S. VARADARAIJAN, Path integrals for a class of p-adic Schridinger equations, Lett. Math. Phys.
39 (1997), 97-106.

[22] V. S. VLADIMIRON, I. V. VOLOVICH, E. I. ZELENOV, p-adic Analysis and Mathematical Physics,
Series on Soviet and East European Mathematics, vol. I, World Scientific, Singapore, 1992.

[23] Q. Y. WU AND Z. W. Fu, Sharp estimates of m-linear p-adic Hardy and Hardy-Littlewood-Pdlya
operators, J. Appl. Math. 2011 (2011), 1-20.



SHARP BOUND OF HAUSDORFF OPERATORS 1221

[24] X.M. Wu, G. L. GAO AND X. YU, The boundedness of Hausdorff operators on Campanato spaces,
Acta. Math. Sin. (Chin. Ser.) 57 (1) (2014), 1-8.

[25] X.S.ZHANG, M. Q. WEI AND D. Y. YAN, Sharp bounds of Hausdorff operators on Morrey spaces
with power weights, J. Univ. Chinese Academy Sci., 38 (5) (2021), 577-582.

(Received October 4, 2022) Xiran Zhang
School of Science

Shandong Jianzhu University

Jinan 250000, P. R. China

and

School of Mathematics and Statistics

Lanzhou University

Lanzhou, Gansu 730000, P. R. China

Qianjun He

School of Applied Science

Beijing Information Science and Technology University
Beijing, 100192, P. R. China

Xiang Li

School of Science

Shandong Jianzhu University

Jinan 250000, P. R. China

e-mail: 1ixiang20@sdjzu.edu.cn

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com



