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A NEW REFINEMENT OF JENSEN-TYPE INEQUALITY
WITH RESPECT TO UNIFORMLY CONVEX FUNCTIONS
WITH APPLICATIONS IN INFORMATION THEORY

YAMIN SAYYARI", HASAN BARSAM* AND LOREDANA CIURDARIU

(Communicated by S. Abramovich)

Abstract. In this paper, we establish a new refinement of Jensen-type inequality for uniformly
convex functios. Furthermore, we apply those results in information theory and we obtain strong
and more precise bounds for Shannon’s entropy.

1. Introduction and preliminaries

Jensen’s inequality probably plays a vital role in some aspect of mathematics
(such as inequality, indeed arithmetic-geometric mean inequality, Hermite-Hadamard
inequality, Holder inequality, Minkowski inequality, and Ky Fan’s inequality), statis-
tics, and information theory (such as approximate bound of entropies) and etc.

The well-known Jensen’s inequality (see [7], [17], [18], [19]) for convex function
asserts that:

Let f: 1 — R be a convex function. Then the inequality

n n
F Y pixi | <X pif(xi)
i=1 i=1
holds for each convex combination Y, p;x; of points x; € I (interval I).

DEFINITION 1.1. ([8]) Assume that X is a random variable. Also, the range
R ={xy,---,x,} is a the probability distribution of point p;, i =1,---,n, p; > 0, then
the Shannon entropy H(X) defined by

n
H(X)=—Y pilogpi.
i=1
The following definitions can be found in [3, 4, 15, 20, 21].
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DEFINITION 1.2. Let f : [a,b] — R be a function. Then f is uniformly convex
if there exists ¢ : [0,+o0) — [0, 4c0) with ¢(z) > 0 and vanishes only at 0, and

flox+(1=a)y) +o(l—o)d(lx—y[) <of(x)+ (1 —a)f(y)

forevery o € [0,1] and x,y € [a,b]. The function ¢ is called the modulus of f. Also,
if ¢(x) = cx? then f is called strongly convex with modulus c.

THEOREM 1.1. [12] Let f:I — R be an uniformly convex function with modu-
lus ¢ : R — [0,4o0] on I, {x;}}_, C [a,b] be a sequence and let T be a permutation
on {1,...,n} such that xz 1) < Xz(2) < ... < Xg(n). Then the inequality

n—1

f (2 kak) <Y pef (%) = D P Pt 1) ® (s 1) — (i) (1.1)
k=1 k=1 k=1
holds for every convex combination Y} _ | pixi of points x; € I.

2. Main results

In the following theorem we obtain new bound for Jensen’s inequality with respect
to uniformly convex functions. The proof techniques in this section are similar to the
proof techniques in [12].

THEOREM 2.1. Let f be a uniformly convex functionand 1 <k <n. If x; <x <
oK xy (or Xy <o < xp < x1 ). Then

f (im%) + (1= pi)¢ (lw —xkl)

i=1 1- Pk
i1 ik Pii

<(-por (F52

) + pif ()

d 'S pivin
194
< Ypifx)— Y, 1 O (Xiy1 —xi)
i=1 i=1,i£kk—1 + Pk
Pk—1Pk+1
i p—
where pop2(x2 — X0) = Pu—1Pn+19(Xnt1 —Xu—1) = 0, po = put+1:=0, xp 1= x2,
Xn1 = Xp—1-

(X1 —Xk—1),

Proof. Assume that 1 < k < n then

f(ZPiM‘) =f<(1 —Pk)w +kak)
i=1

Pk
< =pof (M) + it ()
Pk
_pk(l _pk)(P (‘ Zi=1fixi — PiXk _ka
— Pk
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Let us first assume that x; < xp < ... < x,. By the use of Theorem 1.1, we get

I —px

= =pf (M) + pif ()
Dk

no F(x; n—1 .
< (1 _pk) |:zll,17ékplf( l) PiPi+1

(1=pu)f (M) + pif (xk)

5 O (X1 — xi)
1= px imtiztk—1 (1 —p)?

- %‘P(’Wﬁ-l —xk—l)] + pif (xe)

C " pipis
194}
<Y pifa)— Y 1 O(xir1—xi)
i—1 i=1,itkk—1 + — Pk

Pk—1Pk+1
= ¢ (X1 — Xp—1)-

Similarly, the results hold if x, < ... <xy <x;. O

Another result with respect to Jensen’s inequality as follows:

THEOREM 2.2. Assume that f is a uniformly convex function with modulus ¢
also, x; <xp < - <x, with 1 <k<n—1 then

n k—1
f (2 pm) + X pipi19 (it —Xi) + prsid (kg1 — %)
=1 i=1

1 n k
<sef (g > pm) + > pif ()
i=1

i=k+1

n l n
<Y pif(x) — - Y, pipic19(xis1 — xi),
i=1

kj—k+1

where s =X ;.| Pi-

Proof. Let x; <xp <--- <Xy, | <k<n—1.Wehave

n n k k
S DiXi — Yo DiXi
=fI{ 2 pi ( = : 1 + > pixi| -
i=k+1 2i=l<-~-1 Di i=1
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In view of Theorem 1.1 we obtain

n n X k k=1
1< ( Y Pi) f(M) + Y pif(xi) = Y, pipis19(xiv1 —xi)

ikt 1 Xy Di i=1 i=1
2 pi ( i=k+1 PiXi _xk>
1
i=k+1 imki1Pi
1
Z pif(xi) — Z Pipit19(Xip1 — X; +prxz
i=k+1 ik+1Pi i
k-1
PiX,
- Eplpl+l¢(xl+l — Xi) 2 Di (M _xk) :
i=1 i=k+1 i=k+1 Pi

Finally, according to the following relations

Y1 PiXi  Xigaq PiXi
n ? n
ki1 Di Xiky1Di

XL <X < Sy < = Xk Z Xpr1 — X

and this fact that ¢ is increasing we conclude the result. [

PROPOSITION 2.1. Assume that f is a unifmly convex function with modulus ¢,
1<k<n, x < - < xp then

Zl'-': i Z, i Xi
r(35) e (IS )

<l (2"=1#"x"> 2 fw)
n— n

n 1
S s
Ton i=1 l l’l(l’l— 1) i=1,itkk—1 s ' n(n — 1) k1 k=15

where ¢(x3 —x0) = O (X1 —Xn—1) =0.
Proof. InTheorem 2.1 put p;=1,i=1,.-.n. O

LEMMA 2.1. Let ®: 1 — R be a twice-differentiable function and let
m:=inf{®"(c):cel}.

Then ®(x) — %x? is a convex function on 1.
In particular if m > 0 then @ is strongly convex, that is, ® is uniformly convex
m, 2

with modulus ¢(u) = Fu°.

Proof. Ttis obvious that ¢ is increasing and vanishes only at 0. We consider two
fixed points c,d € I and define

mA(l—A)

9(2) = 20(e) + (1= )@(d) — ®(Ae+ (1= A)d) = =

(c—d)*
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forall A €[0,1]. Now, we show that ¢(A) >0, forall A € [0,1]. Since @(0) =¢(1) =
0 and

9 =m(c—d)?—(d—c)*®"(Ac+(1—1)d) <0
dx{z - ~ i
®(A) >0 forevery ¢,d € [u,v] and A € [0,1]. Hence,
AD(c)+ (1 =2)D(d) = P(Ac+ (1—2A)d) + M(c—d)z.

Therefore, the proof is complete. [J
For example, it can be shown that the function f(x) = logx, x € [1,d] satisfies

m=inf{f"(c):ce€ [1 d}=-1

m 2

Therefore, g(x) =logx — =logx+ $x? is a convex function on [1,d].

EXAMPLE 2.1. [12] If > 0 and f : [a,b] — R defined by

[ xlog(x) ifx#0
f(x)_{o ifx=0

then f is strongly convex with modulus ¢ := 21_19 .

THEOREM 2.3. Assume that X ={py,---,pn}, |l <k<nand p; <--- < py then

H(X)+ 2n—1) 2 (pix1 — Pi)* + (Pt — Pr1)?
=1
n—1
< (1= pi)log 1 — prlog pi
— Pk
(1—npy)?
<logn — ———~,
ogn 2n(n—1)

where po := p2, Pn+1:= Pn—1-

Proof. Using Lemma 2.1 the function f(x) = xlogx on [a,b] is uniformly convex

with modulus ¢(r) = % In Proposition 2.1, put f(x) = xlogx, x; = p;, a=0,b=1
then by some calculus we have

I_PA 2
1 n—l( )

110 +
n gn n? 2
n—1 1-— 1— 1
S x —h1og —LE + ~ prlogpy
1 1 sl (pi — pi)?
< ——H(X)— % i=1,i#kk 1(pz+ P)
n nn—1) 2

1 (pk+1_Pk71)2' O
nn—1) 2
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In the following propositions we give new bounds for the Shannon entropy H (X)

PROPOSITION 2.2. Let X be a random variable as in Theorem 2.3 with p
P2 < ... < pn. Then

N

foreach 1 <k<n.

Proof. This is an easy consequence of Theorem 2.3. [

PROPOSITION 2.3. Assume that X ={pi,...,pu} is a random variable.
L Ifpr<pa<--<pp 1l <k<nthen

2 n—1 . )2 2
H(X)+ P1 (Pit1—Dpi) P1

o (Prs1 — Pr—1)?
2(1 _pk) i=1,ikk—1 PiPi+1 2(1 _pk)

Pk+1Pk—1

n—1

< (1=pi)logy — — prlogpy

pi 2
Slogn— ——————(npr — 1)7,
2pi(1 —Pk)( )
where py = po, Pni1 = Pn-1-
2. Let u =min gi<p{pi}. Then
2
H(X) <logn— H

2
2pk(1 = pr) (npe=1)

foreach 1 <k<n.
Proof.
1. Assume that p; < po <--- < p,. Let x; = 1%-' By the use of Lemma 2.1 in [12]
2.2
the function f(x) = —logx is uniformly convex with modulus ¢ (r) = 2

=5 on
1, %] . Now, put f(x) = —logx in Theorem 2.1 then by some calculus we have

logn+ pi(1 )xp%x n—1 1\2
—logn - 21 - =
&n T Pk Pr) % = T~

1—
n—

< (1 - pi)log plk + prlog pi

n—1 2 2
iDi 1 1
< —H(X) _ 2 PiDi+1 % & % < _ )

ikt L Pk 2 Pi Ditl

2 2
_ 1 1

_ Pk 1Pk+1xplx< _ )7
I=pr 2 \pa

Pi+1
which compelets the proof.
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2. Straightforward from 1. [
Proof. This follows from Proposition 2.3. [

PROPOSITION 2.4. If f is a uniformly convex with modulus ¢ and x; < x3 <
<K xp with 1 <k <n—1 then

A —k
7 (zt;ll_x ) + — z O (xip1 —x;) + n7¢(xk+1 —Xp)

Proof. For proof of the theorem, put p; = %, 1 <i<ninTheorem2.2. [

THEOREM 2.4. Assume that py < --- < pp, | <k <n—1 then

1 n—1

HX)+ 57— (piv1—pi)°
2(n—k) iz%l "
n—k &
< silog — > pilogp;
i=1
k-1
n—k
Slog"—ﬂ S (piv1—pi)* — o (Prs1 — Pe)*

i=1

Proof. In view of Lemma 2.1 the function f(x) = xlogx on [0,1] is strongly
convex with modulus ¢ = % . In Proposition 2.4 put f(x) = xlogx and x; = p; for each
i=1,---,n we have

n—k
Z (pis1— pi)* + (Pk+1 P’

<n_k2?:k+1pll ( i= k+1pl>
~

n n—k

k l n—1

1 1
+ =Y pilogp; < ——H(X) -
iz n i=

7

which completes the proof. [

COROLLARY 2.1. Assume that p1 < -+ < pp, |l <k<n—1 then

n—k
H(X) <logn— T(Pkﬂ — )%
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COROLLARY 2.2. Let f be a uniformly convex function on I, xy,..
X< <xo<xp, 1 <k<n—1. Then

n k—1
S (Z pm) + Y pipi+10(Xir1 — Xi) + Psid (X — Xiq1)

i=1 i=1

< Skf( 2 szz> +2ptf xz

k j=f+1

n

1
<2ptf (xi) — — 2 PiPi+19(Xi — Xi+1),
i=1 kimkt1

where s =Y, | i

Proof. Tt follows from Theoren 2.2. [J

THEOREM 2.5. Assume that p1 < p2 < -+ < py then

H(X)‘f’p—% ol (pi+1 _pi)2
2 .5 pipit
n—k &
< s¢log — Y pilogp;
Sk =l
2 k-1 2 2 2
1~ pi 11
<logn— 2L > (P p)” P s (- - —) :
25 pipit1 2 Pk Pi+1

xn €1 and

Proof. If p; < --- < p, then in view of [[12], Lemma 2.1] the function f(x) =

1

2.2
—logx on [1,5-] isa uniformly convex with modulus ¢(r) = 2~ . In Corollary 2.2

put f(x) = —logx, x; = — for each 1 < i< n we have
k=1 2 2 2
1 1 1 1
—10g"+2pipi+1&< ——> + PiSk <———>
= 2 \pit1 Di Pk Pir1

n—k k
< —silog e + Y pilogpi

i=1

1 201 1)
Zpl logpi — — Z PiPi+1—%" n <_ - )
5 Sk i1 2 \pi Ppit1

which s, = er-l:kJrl pi- U

Some applications to special means will be presented below.
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REMARK 2.1. Under conditions of Proposition 2.4(and Theorem 2.2), we have

f(ﬂ(xhxz,”"xn))_'_kn__zl.%((b(xz—xl),(b()g—X2)7-..,¢(xk—xk71))
+nn—_2k¢(xk+l — %)
< n;k (o (xk+l7xk+27-..,xk+n))+S%(f(xl)dc(xz)"”’f(xk))

S () f(o2)s-- 0 ()

n(_k A A (@ (k12 = X 1), @ (k13 — Xpr2) -+, O (X0 — Xn1)),

,_‘

X1 tx+.
xn): 1 2n n

where < (x1,x2,.. ., is the arithmetic mean of the numbers x,xp,...,Xx

EXAMPLE 2.2. If ¢ € [0, 1] then the function f(x) = (1 —x)?, x € [a,b] is strongly
convex with modulus c.

Proof. For x,y € [a,b] we define F : [0,1] — R by
F(t):=t(1—x)* 4+ (1 —=1)(1—y)? = (1 —tx— (1 —1)y)> = ct(1 — 1) (x —y)*.
It is obvious that F is twice-differentiable on [0,1] and
F"(t) =2(y—x)*(c—1) <0,

for every ¢ € [0,1]. On the other hand, F(0) = F(1) =0, thus F(r) > 0 for every
t €[0,1] or f is strongly convex with modulus ¢. O

EXAMPLE 2.3. The function f(x) = x>, x € [1,2] is uniformly convex with mod-
ulus ¢(1) =13.

Proof. For x,y € [1,2] we define F : [0,1] — R by
F(t) = (tx+(1—=0)y) +1(1—t)x—yP—1x* = (1 —1)y?
It is obvious that F is twice-differentiable on [0,1] and
F'(1) =2(x—y)*3(tx+ (1—1)y) =[x —y) > 0

for every ¢ € [0,1]. On the other hand, F(0) = F(1) =0, thus F(¢) < 0 for every
¢t €[0,1] or f uniformly convex with modulus ¢(¢) =¢>. [



1320 Y. SAYYARI, H. BARSAM AND L. CIURDARIU

REMARK 2.2. If p; < p» <... < py, then by using Proposition 2.1 for the func-

tion f(x) = (1 —x)? with x; = p;, a=0, b= 1, we have

(S, (1=p))? | 1 (S api—pi)?

n2 te ‘2 n—1
1l a(l—pi 1
<= (zz—l,t#k( pl)) + _(1 _pk)2
n (n—1)
1 c n—1 ) c )
<=Y(1-p) - (Pi+1—Pi)" — ——~ (Pr1— Pk-1)"
n 2{ nn—1) i=1.,i;é2k,k—1 ! nn—1)

i
where Po = P25 Pn+1 = Pn—1-

REMARK 2.3. Under conditions of Proposition 2.1 for the strongly convex func-
tion f(x) = x> with modulus ¢ = 1, we have

(s | 1 (Fuats )

n? n? n—1

(2?=17i;ék(xi)> ’ N X2

1
< _ X
n (n— 1) n
1 n n—1 1
- (Xit1 —xz')2 — (k11 _Pk>2~
~n ; n(n— 1) i=1,i%,k—1 ! nn—1)

REMARK 2.4. Under conditions of Proposition 2.4 for the strongly convex func-

tion f(x) = —logx with modulus ¢(r) = plr on [1, —} we have
o
log _— (x17x27 oy n)
G (X 15 Xk425 -+ %Xn)
k P% < 2 2
>ZlogG(x1,x2,...xk)+ﬁ 2(xi+l_xi) +(n—k) O —x0)7 |
i=1
and
k
n—k G (x1,x,...X) p% nl )
log &/ ey Xn) +1 > =),
og ('xk+17~xk+27 5 X )+ 0g G(x17x27...xn) Zn(n—k) iz%l(XH_l )C)

when x; < <...<x, x; =20and 1 <k<n—1.

REMARK 2.5. Under conditions of Proposition 2.4 for the strongly convex func-
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tion f(x) = 1, x € [A1,&] with modulus ¢ € (0, %), ¢(r) = cx?, we have
1

! <5 2, n—k )
m+n_2i§{(xi+l_xl) +cn—2(xk+1 —xz)
(n—k)? 1 k {
< Lk
no A (1, X2, -0 Xn)  nH(Xp LX)
1 c n—1 5
s B Xip1—X;)",
H(xl,...,xn) l’l(l’l—k) i=%—1( + z)
where H(x1,...,0%,) = 7" when x; S <... <x, xi >0 and 1 <k <n—1.
T
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