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HOLDER TYPE INEQUALITIES FOR MATRICES

TSuYOSHI ANDO AND FUuMIO HIAI

(communicated by R. Mathias)

Abstract. We discuss Holder type inequalites involving (A” + BP )1/ P for positive semi-definite
matrices A, B. Matrix or trace inequalities of Holder type as well as weak majorizations of
similar type are obtained. Also we give counter-examples for expected Holder type inequalities.

0. Introduction

When 1 < p,q < oo and 1/p+ 1/q =1, the simplest form of numerical Holder
inequality is written as

(la? + [BI7) 7 (|e]? + [d[*)"9 > |ac + bd| (0.1)
for a,b,c,d € C. Moreover, we have the variational expression
(lalfP + |b\”)1/” = max{|ac+ bd| : |c|T+ |d|? = 1}. (0.2)
Another formulation of Holder inequality is
(a1 + @) "P(by + b2)" = a\/"b}/* + a}bY/ for aj,b; >0, (0.3)

which means joint concavity of the function (a,b) — a'/?b'/4 in a,b > 0.

A well-known Holder inequality for matrices (or operators) is that for the Schatten
p-norms and is not viewed as a genuine matrix inequality. Although many kinds of
matrix inequalilties, trace inequalities, and (weak) majorization relations are known so
far as summarized in [3], we have very few ones of Holder type. The aim of this paper
is to make the first step to develop Holder type inequalities for matrices themselves.
Namely, we want to get inequalities involving (|A|” 4 |B|?)'/? or (A? + B)'/ for
(positive semi-definite) matrices A, B.

A direct generalization of (0.1) or (0.2) to matrices may be formulated as follows:
If 1l/p+1/qg=1 and |C*|?+ |D*|? =1, then

(AP + |B|")!/? > |CA + DB| (0.4)
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2 T. ANDO AND F. HIAT

holds in the order of positive semi-definiteness. As is well known to experts, the case
p = 2 (or a matrix Cauchy-Schwarz inequality) is shown in this form by the method
of 2 x 2 block matrices (see the beginning of Sec. 1). However, the matrix inequality
(0.4) turns out to be false for any 1 < p < oo except p = 2 (see Proposition 3.1),
so that some obstacles must be encountered in our study. Nevertheless, we can obtain,
related to (0.1) and (0.2), several (trace) inequalities and weak majorizations of Holder
type for matrices.

In connection with (0.3) it is well known [12] (also [1]) that the function (A, B)
Tr(A'/?B'/4) is jointly concave in A, B > 0 whenever 1 < p,q < oo and 1/p+1/q=
1. On the other hand, even when we consider B'/24A'/PB'/24 instead of AY/PBY4 it
is impossible to generalize (0.3) to a matrix inequality. In fact, B — B'/24A!/PB/24 is
not operator concave for any g > 0 (see Proposition 4.1). So our concern is to obtain
weak majorization relations for eigenvalue products generalizing joint concavity (0.3).

The paper is organized as follows. In Sec. 1, we prove a matrix Holder inequality

(JAPP +|B]P)*? > |a'/"CA + (1 — &) /" DBJ?

if 0 < o<1 and |[C*|7+ |D*|9 < I, where 2 < p,qg < o0, 1| < r < oo, and
1/p+1/q = 1—1/r. This may be unsatisfactory in the points that an additional
parameter ¢ is contained and that the case 1 < p < 2 is excluded. But there must be
some weakening for a matrix Holder inequality because the best form (0.4) is false.

In Sec. 2, we discuss Holder type inequalities for matrices under trace. For
A, B > 0 amain trace inequality presented is

Tr(A? + B”)'/? > Tr(CA + DB)

if C,D >0 and C7+ D7 < I,where 1 < p,g<ooand I/p+1/g=1. Asa
corollary we have

n
Te(a? + B7)7 > 3 (a4 1)
i=1
and this can be strengthened to a form of weak majorization. Furthermore, we compare
Tr(A? + BP)'/P with some variational expressions such as

max{Tr|CA + DB| : |C*|? 4+ |[D*|? < I},
max{Tr(CA+ DB) : C,D > 0, C'+ D? < I}.

In Sec. 3, we take as A, B two non-commuting orthogonal projections of rank one
to give counter-examples for expected matrix or trace inequalities of Holder type. In
particular, all possible candidates of variational expressions of Tr(A? + B” )1/” fail to
hold true for any 2 < p < oo. This tells us that an attempt to prove joint concavity of
(A, B) — Tr(A? + B?)'/? via variational expression seems hopeless. Indeed, we show
that Tr(A? + B”)l/” is not jointly concave in A,B > 0 for any 2 < p < oo, while
this is the case for p = 2 because of variational expression. The case 1 < p < 2 isa
challenging open problem.

In Sec. 4, we obtain a Holder type inequality given under taking eigenvalue prod-
ucts Hf.;l An—it1(-) where Ai(A),...,A,(A) are the eigenvalues of A in decreasing



HOLDER TYPE INEQUALITIES FOR MATRICES 3

order. This is a kind of weak majorization viewed as an extension of (0.3) and also a
generalization of the Oppenheim inequality [14]. For the proof the technique of anti-
symmetric tensor powers and the concavity property given in [12] and [1] are useful. In
Sec. 5 and 6, we further give similar weak majorizations involving ¢ -power mean and
Hadamard product.

Acknowledgments. We thank Professor D. Petz who suggested us the problem on
joint convexity of Tr(A? + B”)!/? when p > 1. Our study was motivated by this
problem. We are grateful to Professor M. B. Ruskai who informed us that E. A. Carlen
and E. H. Lieb studied the same problem. But we do not know the details.

1. Matrix inequalities of Holder type

In this paper we always consider n X n complex matrices, which are denoted by A,
B, C,etc. We use the usual notations: the identity matrix I, the adjont A*, the absolute
value |A| = (A*A)'/?, the operator norm or the spectral norm ||A||, the trace TrA, the
determinant detA, and so on. Matrix inequalities (between Hermitian matrices) mean
those with respect to the order of positive semi-definiteness; in particular, A > 0 means
that A is positive semi-definite.

Let f be a real continuous function on an interval J. Recall that f is said to
be operator monotone if A > B implies f (A) > f (B) for any Hermitian matrices (of
any size) A, B whose eigenvalues are in J. Also, f is said to be operator convex if
flaA+(1—a)B) < of (A)+ (1 — a)f (B) forevery Hermitian A, B with eigenvalues
in J, and operator concave if inequality sign is reversed.

As is well known, the trick of 2 x 2 block matrices is quite useful when one
discusses matrix inequalities. This is based on the fact that if A, B, C are matrices

and A,B > 0, then [é C]; } > 0 if and only if C = B'/2WA'/? for some W with
C*

A

c 1
following is a typical example of 2 x 2 arguments. For any matrices A, B,C,D we
have

||[W| < 1. This says in particular that > 0 ifand only if A > C*C. The

CA + DB cc*+DD* |  |B D* B D*
so that if CC* 4+ DD* =1 (or more weakly CC* 4+ DD* < I), then

{A*A+B*B A*C*+B*D*]{A C*]*{A C*} 0

A*A+ B*B > |CA + DBJ? (1.1)
and hence by operator monotonity of 7'/2
(A*A+B*B)'/?> > |CA + DB (1.2)

Furthermore, when C = (A*A + B*B)~'/?A* and D = (A*A + B*B)~'/?B* (with a
slight modification if A*A + B*B is not invertible), we obtain CC* + DD* = I and
equality occurs in (1.1). Inequality (1.1) or (1.2) under CC* + DD* = [ is regarded
as a matrix Cauchy-Schwarz inequality.
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One may expect the generalization of (1.1) or (1.2) to a matrix Holder inequality.
Namely, if 1 < p,qg < 0o, 1/p+1/q =1, and |C*|? 4 |D*|? = I, then does the
inequality

(|A]P + |BFP)'/P > |CA + DB (1.3)
hold true? Unfortunately, this is false for every 1 < p < oo except p = 2 as we shall
explicitly see in Sec. 3. So one has to weaken (1.3) to get some matrix inequality of

Holder type. The aim of this section is to establish an inequality of this type.
The next simple lemma will be sometimes useful in this paper.

LEMMA 1.1. If 1 <p < oo and 0 < o0 < 1, then for every A,B > 0
(AP + BPYYP > o' VPA 4+ (1 — )7 PB.

Proof. We may assume 0 < o < 1 because the result for &« = 0,1 is obtained
by taking limit (or obvious by operator monotonity of 7'/7 ). We have

(A7 + B = {ao PAY + (1= @)(1 = @) By
> o' " PA (1 - )7 rB
by operator concavity of /7. [

THEOREM 1.2. Let 2 < p,g< oo and 1 <r < oo with 1/p+1/g=1—-1/r.
Then for any A,B,C,D and 0 < a < 1,

(AP + |BIP)*P > |a!/"CA + (1 — &) " DBJ?
whenever |C*|7 4+ |D*|7 < 1.

Proof. Since the case r = oo (hence p = g = 2) is (1.1), we may assume
1 < r < oo. It suffices to show that for every A, B, C, D

(AP + BPYP  alrAC* 4 (1 — a)VrBD*
l/ 1/ * * 2/ = 0 (14)
a'"CA+ (1 — «)'/"DB (|C*|7 + |D*|7)*/4
Since (1/2—1/p)+(1/2—1/q) =1/r, we get
ol 2P A*A + (1 _ a)1—2/PB*B allTA*C* + (1 . O!)l/rB*D*
a'"CA+ (1 - )/’ DB a'~?9CC* + (1 — a)'>4DD*

B al/2—l/pA* (1 _ a)l/Z—l/pB* al/Z—l/pA al/2—l/qc*
a1/271/qC (1 _ a)l/Zfl/qD (1 _ a)l/Z—l/pB (1 _ a)l/Z—l/qD*
>0.

Since Lemma 1.1 gives
(JA]? + |BP)?? > o' =*PA*A + (1 — a)'~*PB*B,

(IC*|? + |D*|9)4 > o' =2/1cC* + (1 — ) ~2/“DD*
we obtain (1.4). O
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In particular, let » = 2 and replace p, g by 2p,2q. Then the theorem says that if
1<p,g<oo,l/p+1/g=1,and 0 < ax < 1, then

(|| + |B*)? > |/ CA + V1 — a DB

whenever |C*|% + |D*[% < 1.
It is known that for every A, B > 0 the increasing limit of {(A? 4 B?)/2}'/? as
p — oo exists. So (AP + B)!/P converges to the same limit as p — co. We write

1/p
AP + BP
AVB= lim ( er ) = lim (A? + B")'/P. (1.5)

p—00 p—00

In fact, this A V B is the supremum of A, B with respect to some spectral order among
Hermitian matrices (see [9], 2, Lemma 6.5]). For instance, if P and Q are orthogonal
projections, then P V Q coincides with the usual supremum of projections.

COROLLARY 1.3. Let 2 < p< oo and 1 <p' <2 with 1/p+1/p’ = 1. Then
forany A,B,C,D,

(ICIP” + DI (jAp + |BI)*? > |CA + DB . (1.6)

Moreover,
(Icll+ IDI)*(1A] v |B])* > |CA + DB|*. (1.7)
Proof. Taking the limit of (1.4) as ¢ — oo with p fixed (hence r — p’) we get

(JAJP + |BJ)/» /P’ A*C* + (1 — )P B*D*

/ / 2 0
a'” CA+ (1 — a)'’ DB |C*| v |D¥|

Note that |C*| vV |[D*| < I if and only if |C*| < I and |[D*| < I, thatis, ||C|| < 1 and
IID|| < 1. Hence, if ||C]| < 1 and ||D|| < 1, then forevery 0 < o < 1

(|AP +|B")>? > [P CA + (1 — o) /7' DBP.

By replacing '/?'C and (1 — &)"/?'D by C and D respectively, this means that if
IC|I" + |D||IP" < 1 then (JA|P + |B|P)?/? > |CA + DBJ?. This is equivalent to (1.6).
(1.7) is the limit of (1.6) as p — co. O

Here let us give a simple but worthwhile remark. Let A = U|A| and B = V|B| be
the polar decompositions with unitaries U, V. If we set C; = CU and D; = DV, then

[C*l =il [D*[=[Di], [CA+ DB|=[Ci|A|+ D1 B[]

This says that when one discusses Holder type inequalities such as (1.3) as well as
similar trace inequalities, it may be assumed without loss of generality that A, B are
positive semi-definite.
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2. Trace inequalities and weak majorizations of Holder type

Hereafter, according to the remark above, we shall assume that A, B > 0. Another
way of weakening (1.3) is to consider it under trace. A tracial Holder inequality may
be proposed as follows: If 1 < p,g < oo, 1/p+1/g=1,and |C*|? + |D*|? =1 (or
|C*|7 4+ |D*|9 < I), then does the inequality

Tr(A” + B")'/? > Tr|CA + DB| (2.1)
hold true? To consider this question, it is convenient to use the following variational
expressions associated with A,B > 0:

V,(A,B) = max{Tr|CA + DB| : |C*|? + |[D*|? < I}, (2.2)

V,(A,B) = max{Tr|CA + DB| : |C*|? + |D*|? =1}, (2.3)
where 1 < p < oo and 1 < ¢ < oo with 1/p+1/g = 1. Then the problem consists of
the comparison of Tr(A” + B?)'/? with V,(A, B) (or V,(A,B)). Here Tr(A? + B")!/P
when p = oo means Tr(A V B) according to (1.5). Also, in case of p = 1 we may
define

Vi(A,B) = lim V,(A, B)
p—)

— max{Tr|CA + DB| : ||C||, |ID|| < 1} (2.4)

due to (1.5) and equivalence of |C*| V |D*| < I and ||C||,||D|| < 1. But the problem
is trivial in this case because Tr(A + B) = Vi (A, B) is obvious.
From the argument at the beginning of Sec. 1 it is clear that
Tr(A? + BY)Y? = V,(A,B) = V»(A,B) . (2.5)

But it seems that this variational equality fails to hold forany 1 < p < oo exceptp = 2.
Indeed, we shall explicitly show in Sec. 3 that for each 2 < p < oo there is no relation
between Tr(A? +B)!/? and V,(A, B) ; more precisely, both Tr(A” + B?)!/? > V,(A, B)
and Tr(A? + BP)!/P < V,(A, B) can occur. So one needs to modify (2.1) to get some
trace inequality of Holder type (at least when 2 < p < oo). In this section we shall
obtain a weaker version of (2.1) as well as related inequalities.

First, let us give equivalent expressions of V,(A,B) and V,(A, B), while they are
not essential in our later discussions.

PROPOSITION 2.1. Let 1 <p < oo and 1/p+1/qg=1. Thenfor A,B >0,
V,(A,B) = max{Re Tr(CA + DB) : |C*|? + |D*|? < I}
= max{Tr(|CA| +|DB|): C,D >0, C' 4+ DI < I}.

The analogous expressions hold for V,(A,B) too. Moreover, V,(A,B) = V,(A,B)
when 1 <p < 2.

Proof. If |C*|? + |D*|7 < I and CA + DB = U|CA + DB| is the polar decompo-
sition, then we have

Tr|CA + DB| = Tr(U*CA + U*DB) ,
((UC) [T+ [(UTD)*|* = UF(IC™|* + [D* 1)U < 1.
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Hence the first equality is obtained.
Let C,D > 0 and C? + D? < I. Taking the polar decompositions CA = V|CA|
and DB = W|DB| we get

Tr(|CA| + |DB|) = Tr(V*CA + W*DB)
— Tr(ACV + BDW)
— Tr(CVA + DWB),

(V)] + [(DW)*[ = [CT[? + D1 < 1.

Moreover, for any C, D with the polar decompositions C* = V|C*| nad D* = W|D*|
we get

Re Tr(CA + DB) = Re Tr(A |C*| V* + B |D*| W*)
< Tr(JA[C*[ [+ [BID™|])
=Tr(|[C*|A| + [ |D*| B]).

Hence the second equality is obtained.
In the same way as above we have also

V,(A,B) = max{Re Tr(CA + DB) : |C*|? + [D*|? = I}
= max{Tr(|CA| +|DB|): C,D >0, C'+ DI =1T}.

Assume 1 < p <2 andso 2 < g < oco. When C,D > 0 and C?7 4+ D7 < I,
if we set C; = (I — D99, then C{ + D7 =1 and C? < C{ so that C*> < C?
by operator monotonity of >/¢. Hence |CA|> = AC?A < AC}A = |C1A[? so that
Tr|CA| < Tr|C1A|. Thanks to the equivalent expressions of V,(A,B) and V,(A,B)
this implies that V,(A,B) = V,(A,B). O

The following is our trace inequality of Holder type, where C,D as well as A, B
are restricted to positive semi-definite matrices.

THEOREM 2.2. Let 1 < p,qg < oo and l/p+1/q = 1. If C,D > 0 and
C1+4+ D1 <1, then
Tr(A? + B”)'/? > Tr(CA + DB)
forevery A,B > 0.
Proof. When C,D >0 and C/+D7 < 1,if C; = (I—D9)"/4  then C{+ D7 =1
and C? < Cf, implying C < C; by operator monotonity of /4 and so TrCA <

Tr C;A. Hence we may assume that C? 4 D7 = [ so that C,D are commuting. Since
Tr is invariant under unitary similarity, it suffices to assume that

C = diag(c?,..., a}/9),
D = diag((1 — o)"?, ..., (1 — 05,)"/9),
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where 0 < o < 1 (i =1,...,n). With the canonical basis ey, ..., e, we have

n

Tr(CA + DB) = Y {(Ae;, Ce;) + (Bei, De;) }
i=1

= {a}/"(Aei,e;) + (1 — )" /4(Bei, e:) }
i=1

n

<D (A +B) ey e)
i=1

= Tr(A? + BP)'/P.
Lemma 1.1 was used for the above inequality. [

COROLLARY 2.3. If A = [a;]] > 0 and B = [bj] > 0, then for every 1 < p < o0

Tr(A? + BP)'/P > Z(a?i + )P

i=1

Proof. The proof of Theorem 2.2 implies that

Te(A? + B))'? > > {0/ + (1 — o) /9b;i} (2.6)
i=1
forall 0 < oy <1 (i=1,...,n). Take the maximum on the right-hand side of (2.6)
for 0 < o; < 1 to obtain the inequality required. [J
Indeed, the above corollary can be stated in a bit stronger form. To do so, we need to
introduce the notion of weak majorization. Let d = (a1, ...,a,) and b = (by,...,b,)
be real vectors. We say that @ weakly majorizes b, writtenas @ >,, b, if the inequalities

k
>_ar=) b (27)
i=1 i=1
hold forall k =1,...,n, where a% > > a,ll and b% > > b,l, are the decreasing

rearrangements of the components of @ and b. Also, we write d =" bif —d = —b s

equivalently
k k
Stat i <Y bl fork=1,...,n.
i=1 i=1

Furthermore, it is said that @ majorizes 5, written as d > l;, if d >, b and equality
holds in (2.7) for k = n. An important fact is that @ >, b (resp. @ »" b) implies
Yo flai) =00, f(bi) (resp. Yo, f(ai) < o1, f(bi)) for any increasing convex
(resp. concave) function f on an interval containing all a;, b; (see [13] and [2]).

For a Hermitian matrix H let

A(H) = (M(H), ..., (H))
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denote the eigenvalues (with multiplicities) of H in decreasing order, i.e. A;(H) >
- 2 A,(H). Many (weak) majorization results are known so far for eigenvalues and
singular values of matrices (see [13] and [2, 3]), which are useful in deriving various
norm and trace inequalities for matrices.
Now a stronger form of Corollary 2.3 is the following:

COROLLARY 2.4. If A,B > 0, then for every 1 < p < oo
A((A7 +B)0) s (g + 070 ()7

Proof. Forany 1 <ij <ip <--- < i <n wehave

k k
)/ 1
Z “zt] +b ’J’J "< Z Ap +Bp) pe,],e,])
j=1

>~

<D M@+ B)').
i=1

In the above, the first inequality follows from the proofs of Theorem 2.2 and Corollary
2.3, and the latter is due to the well-known theorem of Ky Fan [13, p. 511]. Hence the
stated weak majorization is obtained. [

This corollary shows that the inequality

n

Tof (A7 +B)'7) = D f ((af + 05)'77)

i=1

holds for every 1 < p < oo whenever f is an increasing convex function on [0, o) .
In particular,

TR+ B) > D (e + B
i=1
forevery 1 < p < oo and 1/p < r < oo (the case r = 1/p is Corollary 2.3).
Although we are mostly concerned with Tr(A? + B)!/? for p > 1, the above
theorem and corollaries can be reversed when 1/2 < p < 1.

THEOREM 2.5. Let 1/2 < p < 1 and q < —1 with 1/p+1/q = 1. Let
A = [a;] 2 0 and B= [b;] > 0. If C,D > 0 are invertible and C?+ D? < I, then

Tr(A? + B”)'/? < Tr(CA + DB) .
Furthermore,

(AP + B7)P) = () + )P, (ahy + 0,)'P) (2.8)

Proof. First, note the elementary fact that for any a,b >0 and 0 <p < 1

D Ip _ 1/q _ o\
(@ + 1) 0<12f<1{05 a+ (1 —a)’b}.
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Since ¢!/7 is operator convex thanks to 1 < 1/p < 2, the reversed version of Lemma
1.1 holds as follows:
(A7 + B = {aa Ay + (1 - a)(1 — @)~ By}
<aZA+(1—a)/B (2.9)
foral 0 < a< 1.
Let C,D > 0 be invertible and C? + D7 < I. If C; = (I — D?)'/9, then
C‘f + D% =1 and C > C; sothat Tr CA > Tr C;A . Hence, as in the proof of Theorem
2.2, we may assume that
C = diag(a/?, ..., a'/7)
D = diag((1 —ou)"4,..., (1 — o5,)"9),

where 0 < oy <1 (i=1,...,n). Then
Tr(CA + DB) = Z{al/q Aej e) + (1 — ;)9 (Beje;) }

> Tr(A” + Bp)l/p

by (2.9). Next, forany 1 <i; <ip < --- < i <n we have

0<a]<1

k
Za{jl]—l- l],] )P = inf Z{O{ (Aeij, e —&—(l—aj)l/"(Be,-j,eij}}
j=1

k
>3 (A + B ey e;)
j=1
k
>3 duia (47 + BY)P)

i=1
by the theorem of Ky Fan. This means the weak majorization (2.8). O

When 1/2 < p <1 and 0 < r < 1/p, apply (2.8) to the increasing concave
function #” on [0, c0) to get

n

Te((AP +B)) < > _(dh +b5)

i=1

We do not know whether Theorem 2.5 is true or not when 0 < p < 1/2.
In the rest of this section let us consider some other variational expressions and
their relations to Tr(A? + BP)'/? in particular when 1 < p < 2.

LEMMA2.6. Let l <p<2and2<qg<oowithl/p+1/qg=1,and A,B > 0.
Then there exist C,D such that

CA+ DB = (AP + B?)\/P (2.10)
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and
o' icct + (1 — a)'=¥9DD* <1 forall 0 < a < 1. (2.11)

Proof. Let
C= (A" Jer)—l/qu—l , D= (A" Jer)—l/qu—l )

Here, when A? + B? is not invertible, (A? + B?)~'/4 is defined as (A? 4 B?)~'/4P
where P is the projection onto the range of AP + B?. Then (2.10) is clear. For any
0 < o <1 we have
o' =2acc + (1 — a)'=?4DD*
= (AP +Bp)—1/q{al—2/qA2(p—l) +(1— a)l—Z/qB2(p—l>}(Ap + Bp)—l/q
< (ar _|_Bp)—1/q{(A2(p—1))f1/2 + (BZ(p—l))q/Z}Z/q(Ap + Bp)—l/q
<.
Above we used Lemma 1.1. [
THEOREM 2.7. Let 1 < p <2 and 2 < q < oo with 1/p+ 1/q = 1. Then for
every A,B >0,
max{Tr(CA+DB):C,D >0, C'+ D < I}
{ Tr(A? + BP)'/P
V»(A,B)
< max{Tr|CA + DB| : a'72CC* + (1 — a)'">DD* < 1(0 < o < 1)}

< min{Z(|Aei||” + ||Beil|P)7 : {e;} is an orthonormal basis} .
i=1

Proof. We denote the two maximum expressions and the minimum expression in
the theorem by M;, M, and M3, respectively. Theorem 2.2 means M; < Tr(A? +
B)'/P  and M, < V,(A, B) is trivial. Lemma 2.6 implies Tr(A? 4+ B?)!/? < M, . Since
by Lemma 1.1

(|C*| 4 |D*|9)*4 > a'~¥1CC* + (1 — o) 29DD* for 0 < o < 1,
we get V,(A,B) < M. As in the proof of Proposition 2.1 it is immediately seen that
M, is equal to the maximum of | Tr(CA + DB)| over C, D satisfying (2.11). Moreover,
condition (2.11) means that
o I CelP + (1 — o) 72| |Dre]| < 1
forall 0 < o < 1 and |le|]| = 1, which is equivalent to

IC¥e]|? + D[ < 1 for |le]| = 1. (2.12)
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When C, D satisfy (2.11) and {e;} is an orthonormal basis, we have

| Tr(CA + DB)| = |Y {(Ae;,C*e;) + (Be;,D"e;) }
i=1

n

< (lAell [C*erll + |1Bei] [D*er])
i=1

< (lAeil? + [1Be?) P (IC el]|? + D i)
i=1

< (lAeil? + [1Be|) 7
i=1

by (2.12). This completes the proof. [

The above theorem implies in particular that

Te(A” + B)'7 < S (JAell” + |[Beill?) (2.13)
i=1

for any orthonormal basis {e;} . Indeed, this can be strengthened to a weak majorization
as Corollary 2.4 and Theorem 2.5.

PROPOSITION 2.8. Let A,B > 0 and {e;} be an orthonormal basis. Then for
every 1 <p <2,

@+ 5)'7)
= (Al + 1B ), (el + [Beal?)'). (2.14)

Proof. Set a linear map @ on the n X n matrices into itself by
®O(X) = diag((Xeq,e1), ..., (Xen en)) .

Then @ is a doubly stochastic map on the n X n matrices; namely @ is positive,
®(I) = I, and preserves Tr. In fact, @ can be written as ®(X) = ZJI.CZI UiXU;

where ¢o; > 0, Zj;l o; = 1, and U; are unitaries. Since /P is operator convex, we
have for X > 0

k 2/p
(D(XP)Z/P _ (Z ajijpU;‘>

j=1
<D UXTU) = o(x),
j=1
and hence thanks to operator monotonity of #/2

D(XP) < D(X2)P/? (2.15)
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For X > 0, since A(X) = A(®(X)) (see [2, Theorem 7.1]) and 7'/7 is concave, we get
A(XUPY = X (D(X))VP
Therefore for A,B > 0,
A((A? + BP)/P) - X (D(AP + BY))'/P
<A@ + (B

by (2.15). The latter vector is nothing but the right-hand side of (2.14) (up to a
component permutation), and we have the result because d@ =" b < ¢ implies d ="

c. O
The above weak majorization implies in particular that
TH((A + B)) < D (lAeil? + By
i=1
whenever | <p<2and 0<r<1/p.
When p > 2, inequality (2.13) is false even when A, B are commuting. In fact,

let
a8
n V2 1/V2
=[] =[5
Then
Tr(A” + BP)Y/P = Trl =2
while

2
D (Al + |Bedr) = 22410,

i=1

3. Counter-examples from two projections

The aim of this section is to give counter-examples which show that Holder inequal-
ities as stated in (1.3) and (2.1) are false. To do so, we take as A, B two non-commuting
orthogonal projections of rank one and examine the validity of those inequalities in de-
tail.

Now let

P_{l 0] Q—{ 7 1-12
0 07 * |t/1-£2 1-7

for 0 <t < 1. Then P and Q; are rank one projections and

(P + Q)1 = (P+ Q).
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The diagonalization of P + Q; is

P+Qt:Utdiag(l+t717t)Ut

e 1
2 T
U;
1—¢ Lyt
2

C=P+0) P, D=P+0) "0,

where

a Hermitian unitary. Set

sothat C,P + D,;Q, = (P + Q,)'/?.
The next proposition says that matrix Holder inequality (1.3) is false for any
1 <p < oo except 2.

PROPOSITION 3.1. Forevery 0 < g < o0,
ICr" + D7 =1. (3.1)
But for every 0 <p < oo withp #2 and 0 <t < 1,

(P+ Q)P #|CP+ D,Q|.

Proof. A direct computation gives

sccu-[[ . v (13, 1]

Hence |C;| and |Dj| are projections such that |C;| 4 |D}| = I and (3.1) holds for any
q > 0. On the other hand, the eigenvalues of (P + Q,)l/” — |CP + D,Qy| are

1£)P —(1+0)'/2,

one of which is strictly negative for any p > 0 with p £2. [

Next, to examine trace inequality (2.1),for 1 < p < oo and 0 <t < 1 put

fi(p) = Te(PP + Q)P = Tr(P + )",

and compare it with V,(P,Q,) (or V,(P,Q,)) defined in (2.2)-(2.4). The following
are clear by (2.4) and (2.5):

ft(l) :ft(oo):Vl(P>Qt) =2, (32)
fi(2) = Va(P, Q). (3.3)
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LEMMA 3.2. V,(P,Q;) is decreasing in 1 < p < 2 and V,(P,Q;) = V,(P,Q;) =
Vo(P,Q;) forall 2 < p < oo.

Proof. When 1 <p<p'<ocand 1/p'+1/q =1 aswellas l/p+1/q=1,
since |C*|7 + |D*|9 < I implies |C*|9 + [D*|7 < I, we get Vo(P, Q1) = Vi (P, Q).
Hence V,(P, Q) is decreasing in 1 < p < co. Moreover we have by (3.1) and (3.3)

Vp(P7 Qz) = Vp(P> Qt) = Tr|CzP +D1Qz‘ = V2(P7 Qt)
forall 1 <p<oo. O

LEMMA 3.3. There exist 2 < po(t) < pi(t) < oo such that

(i) fi(p) is strictly decreasing in p € [1,po(t)] and strictly increasing in p €
U’o( ); 0],

(i) fi(2) = fi(pi(2),

(iif) po()—>ooast—>1andpl(t)—>2ast—>0.

Proof. For simplicity write

g(x) =fi(1/x) = (1+1)"+ (1 —1)*

for x>0 and 0 <t < 1. Since

gi(x) =1+ 1) log(1 +1) + (1 — 1) log(1 — 1),
we get
2,(0) =log(1 — ) < 0.
To show g/(1/2) > 0 let
o(1) = (140" log(1 +1) + (1 —1)"*log(1 — 1) for 0 <1 < 1.

By differentiating ¢ up to the fourth degree one can easily show that ¢(r) > ¢(0) =
for 0 <t < 1. Hence g/(1/2) > 0. Since

8/ (x) = (1 +1)(log(1 +1))* + (1 — 1)*(log(1 — 1))* > 0,

there exists a unique xo € (0,1/2) (depending on ¢) such that g/(xo) = 0. Since
8:/(0) = g,(1) = 2 by (3.2), there exists a unique x; € (0,x) (depending on ) such
that g,(x;) = g/(1/2). Then (i) and (i{) hold with po(¢) = 1/xp and p,(¢) = 1/x;.
Now it remains to show that xp — 0 as 7 — 1 and x; — 1/2 as + — 0. The first
is seen because lim,_,; g/(x) > 0 for any x > 0. To see the second, take the Taylor
expansions in ¢ up to the second order of both sides of the equation

(Lo + (L=t = (1+0)"2 4 (1 1),

Though x; depends on 7, since the Taylor coefficients of the left-hand side are uniformly
bounded for 0 < x; < 1/2, we get

1
xi(x) — D24+ 0(F) = —th +0(7)



16 T. ANDO AND F. HIAI

and hence (x; — 1/2)? = O(¢). This implies that x; — 1/2 as t — 0. O
By Lemmas 3.2 and 3.3 together with (3.3) we have
{ft(l)) <Vp(PQr) if2<p<pi(r),
filp) > Vp(P,Qy) if pi(t) <p < cc.
Thanks to Lemma 3.3 (iii) this shows the following:

PROPOSITION 3.4. For each 2 < p < oo, both Tr(P + Q,)'/? < V,(P,Q,) and
Tr(P + Q)7 > V,(P, Q;) can occur when t varies in (0,1).

In this way trace inequality (2.1) does not hold when 2 < p < oo.
Though we could not settle (2.1) for 1 < p < 2, numerical computations strongly
suggest that
Tr(P 4+ Q)7 > V,(P,Q)) for 1 <p < 2.

The next proposition is concerned with another variational expression in Theorem
2.7.

PROPOSITION 3.5. Foreach 1 < p < 2, strict inequality
Te(P 4 Q)7
< max{Tr|CP +DQ,| : a'~?9CC* 4+ (1 — )" "¥9DD* < I1(0 < o < 1)}
can occur when t varies in (0,1).

Proof. Let 1 <p <2 and 1/p+ 1/q = 1. By Lemma 2.6 and its proof, if we
setfor 0 <r <1

¢ =P+o)p, Df =(P+0) 0,
then C”P+DP'Q, = (P + 0,)'/7 and C’, DY) satisfy (2.11), so that
Te(P + Q)7 = Tr(C”' P+ D Q,).
Now define

Fi(x) = Tr(CP P 4+ DP Q) for 0 < x < 1.

Since Tr(P + Q,)'/P = F,(t), the result follows if F/(¢) # 0 is shown. A simple but a
bit tedious computation yields

27 (1) = (; - é){(l LoV (1)

which is strictly negative dueto p <2 <g. U

One may expect to get more information from two projections of higher rank.
But this is not so. In fact, when P, Q are two projections such that PV Q = I and
P A Q =0, it is readily seen from the structure theorem for two projections (see [15,
pp. 306-308]) that the eigenvalues of P+ Q except 1 are 1+ oy,...,1 + o with
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0 < o < 1. So we can have no better results than the above propositions from two
projections.

We end this section with a brief discussion about joint convexity of the function
(A, B) +— Tr(A? + B?)'/P . Note that variational expressions such as (2.2) are jointly
convex in (A, B) because so is Tr|CA + DB| (the trace norm of CA + DB). Our
motivation of comparing Tr(A? + BP)!/P with such variational expressions in Sec. 2
came from the search for joint convexity of Tr(A” + B? )1/ P namely

Tr((A; + A2)? + (By + B2)P)'/P < Tr(A? + BY)YP 4 Tr(AL + BY)Y/P (3.4)

for A;, B; > 0 (i = 1,2). However, the proposition below says that this is negative for
any 2 < p < oo, while of course it is true for p = 2 by (2.5) and trivial for p = 1.
So it may be conjectured for 1 < p < 2 only. But the negative results shown above
in this section as well as numerical computations suggest us that the way of proof via
variational expression is hopeless.

PROPOSITION 3.6. Let

1 1 2¢ 0 0 0
Ai=5B1= [1 1]’ A= {0 0]’ By = {0 28}
for € > 0. If 2 < p < 00, then (3.4) fails to hold for € small enough, that is,
Tr((A; + A2)P + (By + B2)P)'/P > Tr(A% + B))Y/P + Tr(AL + BY) VP . (3.5)

Proof. Firstlet p < co. Theright-hand side of (3.5) can be immediately computed
and it is equal to 2'*1/7 4+ 4¢ . The eigenvalues of A; + A, (also B; + B, ) are

og=1+e+V1i+e*, mp=1+e—+1+¢€%,
and A; + A, is diagonalized as A; + A, = U diag(oy, o) U with a Hermitian unitary

1 {(L4+ )24 e}'2 {(1+e2) /2 -}/
\/5(1 —|—£2)1/4 {(1 +£2)1/2 78}1/2 7{(1 +82)1/2+8}1/2

Hence we get

U =

o +of e —db) of —of

2 2V 1+€2 2v/1+4¢€2
AL+ A = P_oP P ol P_of
( ) o —oy ooy E(oy —ay)
2V1+¢2 2 2V1+¢2

Also (B;+B,)? isanalogously computed, where the diagonal entries are just exchanged.
Therefore

P_ P
of +of 94 —%
AL+ Ay + Bi+BoY = | 0 VHE
9 —% P P
1+¢2 o+ 0
and its eigenvalues are
of —of of —of
Br=of +od + 5 —=, Pr=of +0of - —=.
R e T T e
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Since y
p
P> <1 + ¥> oy =2 L o(e),
V14 g2
1p 1 v 1=1/p 22/
> (11— ——— ) oy =2 Yre2r 4 0(e),
2 ( ¢1+—52> : (®)

the left-hand side of (3.5) is bounded below by 2!+1/P 4-21=1/Pg2/P 1 O(¢) . This proves
(3.5) for small € hence (3.4) does not hold for 2 < p < c0.
Next when p = oo, since A, V B, = 2¢l, (3.5) means that

Tr((A; -‘rAz) V (Bl —‘rBz)) > 2+ 4¢e. (3.6)
Set A= (A +A2)V (B +B;) and A — A = {ch Z} . Since A —A; > A, and

A—A; =A—-B; > B, we get
a>2¢, (a—2&)b>|c,

b>2¢e, alb—2¢) >|c]*.
If (3.6) does not hold, then @ + b = Tr(A — A;) < 4€, so that a = b = 2¢ and
c=0. Hence A = A, + 2¢el. Moreover we have A?> > (B; + B,)? by definition of
. o [de44e? 2e
V in [9], which implies [ e 0

e>0. O

] > 0, a contradiction. So (3.6) holds for any

For the operator norm ||(A? 4 B”)!/?|| we have the following positive result.
PROPOSITION 3.7. If 1 < p < 2, then ||(AP++BP)'/?|| isjointly convexin A, B > 0.
Proof. Let A;,B; >0 (i =1,2) and show that

1((As + A2)? + (By + B2)") 7| < [ (AT + BY)YP ) + (A5 + B5)' 7). (3.7)

Put a; = ||(A? + BY)'/?|| and o = a;/(a; + ay). Then a; is the largest eigenvalue of
(A? + BY)'/P . Since # is operator convex and A} + BY < diI, we get as (2.9)
(A1 +A2) + (By + Bo)P < ' P(AF + BY) + (1 — o) P(AS + BY)
<+ (1 - @) P
= (a1 + w)’I,

implying (3.7). O

4. Multiplicative weak majorizations of Holder type

The aim of this section is to search how we can generalize joint concavity
stated in (0.3) to matrices. First the next proposition shows that the map (A,B) —
(B'/?4A1/PB1/24)1/7 has a rather poor property of operator concavity.
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PROPOSITION 4.1. Let p,q,r > 0. The map A > 0 — (BAl/pB)l/’ is operator
concave for every B > 0 if and only if p,r > 1. For every q,r > 0 and for some
A >0 the map B (BY/?1AB'20)'/" is not operator concave.

Proof. When p,r > 1 operator concavity of A +— (BA'/?B)!/" is clear because
1'/7 is operator concave and operator monotone. Conversely, suppose it is operator
concave for every B > 0. Since

1/p 1/r
I I|]|A O I 1 _ol/r1 X X
I I|/|0 B I 1 o X X
where X = (A'/? +BY/P)1/r it follows that (A, B) — (A'/?+B'/P)1/" is jointly operator
concave. Hence if P, Q are projections, then we get

1/p 1/py 1/r

Since any x € (0,1) can be an eigenvalue of P 4 Q, we must have x!/7~! > 21/rr—1
for all 0 < x < 1. This imples r > 1. Moreover, since the numerical function
(x'/7 4- 1)V/7 is concave in x > 0, we get

2
d_(xl/l’ + 1)1/f

dx?
1 1/p—=2¢.1/p 1/r—=2 1 1/ 1
= —x (x'? 4+1) ——1|x?P+[(=-=1);,<0
pr pr P

for every x > 0. This implies p > 1, and hence the first assertion is shown.
Next, let

S R A

Then
M((By + By)YA(B, + By) /1) = 0

while
Ja((BY*1ABY*1)1/r 1 (B *1AB)*1)!/r) > 0.

These prove the second assertion. [

Now we are concerned with a Holder type inequality for positive semi-definite
matrices under taking eigenvalue products Hf;l An—i+1(+). It is some kind of multi-
plicative weak majorization and also considered as a matrix version of joint concavity
(0.3).

In the sequel of this paper let A, B, A;, B; be positive semi-definite n x n matrices.
We may write A;(AB) instead of A;(B'/?AB'/?) because AB is similar to B'/?AB'/? .
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LEMMA 4.2. Forevery 1 < p,q < oo,
(A7 +A’2’)1/”(B‘{ + Bézl)l/q)pq/(pﬂ)
> An(AlBl)”q/@*‘” + )Ln(Asz)”q/<”+‘1) ) (4.1)
Proof. Put a; = /l,,(A]'Bj)”q/(f”*q> and @ = ai/(a1 + az), a1 + a; > 0 being
assumed. Note thatif A,B >0 and a > 0, then A,(AB) > a (i.e. AY?BA'? > al) is

1/2
A a I] > 0. Since

equivalent to { JA21 B

o2~ PraPapl g AL > 2t pag PRI — o2 (g, - qp)Pra)/Pag

we get
{ al~lra, a(a +a2)(p+‘1)/2p‘11] S0
aay + ap)Pto/2rag ol—1/ap, Z
and similarly
Ay @)A1 a)(a + a2><P+q>/2MI] -
(1 —a)(a; + ay)wra)/ag (1—oa)'=1ap, -
so that
[all/”Al + (1 — a)'=/r4, (ar + ap)P*a)/2ray ] 0
(a) + az)(erq)/qu[ o'=1ap, + (1— a)l—l/qu z

Therefore by Lemma 1.1

(A7 —l—Ag)l/P (ay + az)(p+q)/2pq[
(a1 + ap)Pta)/2raf (BY + Bg)l/q ’

which is equivalent to
D (AT + AP (B + BY)') > (a1 + an) PHOP,
as desired. [J

In the following proof we use the technique of antisymmetric tensor powers. For
each n x n matrix X and k = 1,...,n, the k-fold antisymmetric tensor power (or
the kth compound) of X is denoted by AKX. This is the restriction of the k-fold
tensor product ®*X on ®@*C" to the antisymmetric tensor product subspace A*C" of
dimension (}) . What we need are the following basic properties (see [13, 19.F] and [5,
L5]):

(i) AKXY) = (AFX)(AFY) and AR(X*) = (ARX)*.
(ii) For A>0 and r >0, AKA > 0 and AF(A") = (AFA)".
(iii) For A >0, Aj(A*A) = [T, A(A) and Ay(A*A) = TTo, Aw_i11(A) where
N=()
For every A, B > 0 these properties give

AN((/\kA)(/\kB)) = ﬁkn—iJrl(AB) for N = (Z) (42)

i=1
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It is known [1, Corollary 6.2] (also [12]) that A > 0 — ®*A'/¥ is operator concave
forany k € N. Since A*A/* = @*Al/ K] Akcn » WE state another important property:
(iv) A =0 AFAVK is operator concave.

THEOREM 4.3. Forevery 1 <p,gq<ocand k=1,...,n,

k pa/(p+q)
{H (A A9) P8 B';)l/qk)}
i=1

k r4/(p+4q) k r4/(p+q)
A {Taoarmn )

i=1 i=1

Proof. Fork=1,...,n and N = (}), by (4.1) applied to /\"A;/k7 /\kB}/k instead

of A;, B; we have
AN((AkAf/k + /\kAg/k)l/”(/\kB‘f/k + /\kBg/k)l/q)pq/(Pﬂ)
> A (VA (VBP0 4 d () (n By el "
4.4

By property (iv) stated above we get
k i
NEADIE . NRABTE < NR(AR 4 ADYVK

NBI 4 ARBIR < AR(BY + BY)VE.

Thanks to operator monotonity of 7'/7 and r'/9, it follows that A;(A'/?B'/4) is jointly
increasing in A, B > 0. So the above inequalities imply that

)LN((/\"A’f/k + /\kAg/k)l/P(/\kB‘II/k n /\kBg/k)l/q)
< A (NS (AT + A5) PR AR (B + BY)Y)
k
= [T A (A5 + A5) VP (B + BY) /%)
i=1

by (4.2). Also by (4.2) the right-hand side of (4.4) is equal to that of (4.3). Hence we
obtain (4.3). O

By taking the limit of (4.3) as p — oo we see that (4.3) holds true for p = co
and 1 < g < oo too, that is,

k q
{H dn—iv1 ((Ay V A) V¥ (BT + Bg)l/qk)}

i=1

k q k q
> {Hln—m(Ai/kB}/k)} +{ )Ln—iJrl(Aé/kB;/k)} :

i=1 i=1
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So, weak majorization (4.3) becomes a proper form of Holder type when 1 < p, g < oo
and 1/p+1/qg=1.

Let p = g = 1/r andreplace A7, B! by A;, B; in (4.3). Thenforevery 0 < r < 1
and k = 1,...,n we have the superadditivity

X 1/2r
{H i1 (A1 +A2) " (B1 + By)"") }

i=1

i 1/2r X 1/2r
P {H A’n—iJrl (A;/kB;/k) } + {H A’n—iJrl (A;/kB;/k) } ’ (4'5)

i=1 i=1

which means that when 0 < r < 1 the map (A,B) — {[], Au_is1(A7/*B/5)}1/2
is jointly concave (and jointly increasing). In particular, when A; = B; = A and
A, = B, = B, this reads as

k 1/k k 1/k k 1/k
{HAHFH(A + B)} 2 {Hxnt#l(A)} + {HﬂfniJrl(B)} ) (46)
i=1 i=1

i=1
which is the Oppenheim inequality [14] (or [13, p. 475]). Moreover, (4.5) can be stated

in a formally more general form that if f, g : [0,00) — [0, 00) are operator monotone
(hence operator concave, [7]), then forevery 0 < r < 1 and k =1, ..., n the function

k 1/2r
(4,B) v {Han_,-H(f(A)f/kg(B)f/k)}
i=1

is jointly concave. This is obvious because for 0 < o < 1
Mi(f (0A; + (1 — a)Ay) " g(aB) + (1 — a)B,)"/%)
> hi((of (A1) + (1 — a)f (A2)) " (arg(Br) + (1 — ct)g(Ba))"¥) .

Since logt (¢ > 0) is concave and increasing, (4.5) shows that for every 0 < r < 1
and k= 1,...,n the function

k
(4,B) - log{Hxn_MA’/kB’/")}
i=1
is jointly concave. In particular, when A = B, this implies Ky Fan’s result [6] (or [13,
p. 476]) that A — log{l—[f.;1 An—i+1(A)} is concave.
When A, B > 0 are invertible, the (continuous parameter version of) Lie product
formula says that
}iil(l)(B’/zA’B’/z)l/’ = exp(logA + logB) . (4.7)

Also, note [8, Sec. 4] that for general A,B > 0 the expression exp(logA + log B) is
meaningful and given as

exp(logA +logB) = liflol exp(log(A + €I) + log(B + €I)) . (4.8)
€

The following is one more consequence of (4.5).
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COROLLARY 4.4. Forevery k= 1,...,n the function

k

1/2
(A,B) — {H An—iv1(exp(logA + log B))}

i=1
is jointly concave.

Proof. Thanks to (4.8) we may assume that A;, B; are invertible. Then by (4.7)
we get
. r/k r/k r
}g’[(l))ki(Aj/ BJ./ )T = Ai(exp(log A; + log B)) V¥

Hence the limit of (4.5) as r — 0 is

k 1/2k
{H An-iv1(exp(log(Ar + Az) + log(B1 + B2))) }

i=1

i 1/2k
> {H An—it1(exp(logA; + log By)) }

i=1
X 1/2k
+ {H%—iﬂ(eXP(lOgAz + long))} )
i=1
which means the stated joint concavity. [

The next proposition illustrates that the assumption 0 < r < 1 is essential for
(4.5).

PROPOSITION 4.5. If 1 < r < oo, then (A,B) +— A,(A"B")'/?" is not jointly
concave.

Proof. Let r > 0 and suppose that (A,B) — A,(A"B")'/?" is jointly concave.
Then for any invertible Aj, A, we get

A’n((Al +A2)r(Al_1 +A2—1)r)l/2r 2 A’n(A}iAl_r)l/zr _’_A’n(AgAz—r)l/zr — 2’
which implies that

AT+ AT (A + A (AT + AP = 271

At A\ ATV AT
2 - 2 '

Now let A = A}/ *and B = Afl/ 2A2Af1/ > . Then the above inequality is written as

and hence

{A(I+B)A/2}" > {2AB(I + B)"'A}",

which holds for all A, B > 0 by continuity. For instance, take

1 1 a 1 0
A_7(1+a2)1/4 {a 1] (0<a<l), B_{O 0],
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and put X = A(I + B)A/2 and Q = 2AB(I + B)~'A. Then
& 3a
xe L [HE ¥ oo L 1],
Vita? | ¥ 3+ Vita?la a
sothat Q is arank one projection, X > Q, det(X—Q) = 0,and X" > Q. Transforming
by unitary similarity we can get

X:{g g} (> B >0), Q:L ltzitz tW] 0<zr<1)

such that X > @, det(X — Q) = 0, and X" > Q. Therefore
aff = a(l — %) + B,
Olrﬁr 2 OCr(l o t2) + ﬁrt27
so that
{a(1-=2)+ By > a' (1 —12)+BF.
This does not hold for » > 1 and we musthave r < 1. 0O

We end this section with a small remark. For any n x n matrix X let 5(X) =
(s1(X), ..., s:(X)) denote the singular values (with multiplicities) of X (i.e. the eigen-
values of |X|) in decreasing order. When r = 1/2, (4.5) may be viewed as a sort of
Cauchy-Schwarz type inequality. As was discussed in [10], there is a more natural weak
majorization of Cauchy-Schwarz type as follows: Forevery X;,Y; and k =1,...,n,

k k
T s %0+ X5%0) 2si(Y Y1 + Y3 1) 2 = [ [ s:(Xi Y1 + X5 7a)
i=1 i=1
This can be proved by a nice application of 2 x 2 trick and the Horn theorem on
majorization.

5. Weak majorizations involving o -power mean

In this section let us discuss inequalities similar to (4.3) and (4.5) involving o -
power mean. When A, B are invertible, the parallel sum A : B is defined by

A:B=A"+B"NH"",
and for 0 < o < 1 the o -power mean A #, B is defined by
A#aB — AI/Z(A—I/ZBA—I/Z)OCAI/Z .

For general A,B > 0, A : B is given as the decreasing limit of (A + €I) : (B + &l)
as € | 0, and similarly for A#,B. We already treated parallel sum in the proof
of Proposition 4.5. The harmonic mean is 2(A : B) and the geometric mean is
A#B=A#,,B. Also, A#yB=A and A#, B = B. As properties of general operator
means, the map (A,B) — A#qB is jointly operator monotone and jointly operator
concave. (See [11] for general theory of operator means.)

The next proposition gives a variant of (4.3) when usual product is replaced by
geometric mean.
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PROPOSITION 5.1. Forevery 1 < p,g< oo and k=1,...,n,

k 2pq/ (p+q)k
{H?tn,-+1((A’i + AP # (B + BZ)“‘])}
i=1

k 2pq/(p+q)k k 2pq/(p+a)k
> {Hln—iﬂ(Al#Bl)} +{Hln—i+1(A2#BZ)} :

i=1 i=1

Proof. Put a; = {T]._, An_ir1(A;#B))}>?/ 40k and o = a;/(a) + az). Then
we have

k 1/k
{H Anis1 (A} + A5) /P # (B + Bg)l/q)}

i=1

k
> {Hln—m((al_l/pz‘h + (1 — o) 7P Ay)
i1
1/k
#(o' V9B 4 (1 — a)ll/qu)}
k
> {Hln_iﬂ(al—(erq)/quAl #B,
i=1

1/k
+ (1 — a)l(l’”)/z”qu#Bz)}

> alf(P+q)/2pqa§P+f1)/2pq . a)lf(p+q)/2pqagp+‘1>/2pq
= (a) + ap) PO/
Above we used Lemma 1.1, the properties of # mentioned above, the Oppenheim

inequality (4.6), and positive homogeneity of {Hf.;l An_iv1(-)}Y'/¥. Hence the desired
inequality is shown. [

The following variant of (4.5) holds for general o -power mean. The proof is
similar to the above and we omit the details.

PROPOSITION 5.2. Let 0 < oo < 1. Then forevery 0 <r<land k=1,...,n
the function

k l/rk
(A,B) — {Hxniﬂ(y#a B’)}

i=1

is jointly concave.

Next, note that (4.3) can be reformulated in terms of parallel sum. When A;, B;
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are invertible, replace A;, B; by AJ.—17BJ,_1 in (4.3) to get

k —pq/(p+4q)
{HM(AI” +A57) V(B 4 B/)‘“’“f)}

i=1

k —pq/(p+4q) k —pq/(p+q)
> {HA,-(A}/"B}/")} + {H/L-(Aé/kBé/k)} .

i=1 i=1

This is equivalently written as

k pa/(p+q)
{H/L-((A’l’ : AD)VR (B Bg)l/’w)}

i=1

k r4/(p+q) k rq/(p+q)
< {H/L-(Ai/kBi/k)} ; {Ha,(A;/kB;/k)}

i=1 i=1

forevery 1 < p,q < co.
The following is a similar inequality for o -power mean, while it does not contain
parameters p, q.

PROPOSITION 5.3. Forevery 0 < v <l and k=1,...,n,
k k
Hli((Al#aAZ Bl #o BZ H AlBl (Asz) } (5.1)

i=1 i=1

and

k k
Hxnfﬁl((Al#aAZ)(Bl #uB2)) = H{)Lnfﬂrl(AlBl)liaAn7i+l(A2BZ)a} (5.2)

i=1 i=1
with equality for k = n.
Proof. Once we can show that

M((A) #4A5)(B1#4B2)) < Ai(A1B1) "% (A2B))%, (5.3)

the proof of (5.1) is a standard application of the technique of antisymmetric tensors as
in the proof of [4, Theorem 2.1] (also Theorem 4.3 above). For k = n both sides of
(5.1) are equal to (detA; det By)'~%*(detA, det B)*. So it is enough for (5.1) to show
(5.3). By positive homogeneity we have for y;,, > 0

M((NAL) #a (1542)) (Bi #4 B2)) = v~ *v5 A (A1 #0 A2) (B1 #4 B2))

2 ((nANB)' " A ((12A2)B2)” = 1~ M (A1B1)' ™ “ A (A2Br)”
So we may assume that A;(AB;) = A (Ang) = 1. Furthermore, we may assume
that A, A, are invertible. Then B; < A_ and By < A ! , so that by monotonity of

O -power mean
Bi#a By S AT #u AT = (A #o Ay) ™!
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This implies that A;((A#4A2)(Bi#4B2)) < 1. Hence (5.3) is shown. Moreover,
(5.2) immediately follows from (5.1) applied to Aj_l,Bj_l . O

By using the notation < of log majorization introduced in [4], (5.1) is rewritten

(log)
as
(A1 #0 A2) 2 (By #e By) /%) S SAPBY Y s BY Y (5.4)
log
where 5(-) is the vector of the singular values in decreasing order and @'~ ape —
(a!=%b%, ... a\=*b%) for d,b>0.
Anorm ||| - ||| onthe n x n matrices is said to be unitarily invariantif ||UXV]|| =

IIX]|| forevery X and unitaries U, V. Asis well known (see e.g. [5]), there is a bijective
correspondence between the set of unitarily invariant norms on # X n matrices and the
set of symmetric gauge functions on the n-vectors.

COROLLARY 5.4. Forevery 0 < a < 1 and every unitarily invariant norm ||| -

1/2 51/2 _ 1/2 51/2
1[(A1 #ho A2) V2 (B #a Bo) 2| < IAYBYP 1121145 2BY2 . (5.5)

Proof. Log majorization (5.4) implies the weak majorization
(A1 # A2) V2 (B #4 B2)'?) <, S(AY7BY ) -45(A) B, )

Let @ be the symmetric gauge function corresponding to [II-]]| sothat |||X]]| = ©(5(X)).
Note that @ <,, b implies ®(@) < ®(b) for @,b > 0. Furthermore, the following
Holder inequality for @ is well known (see [5, IV.1.6}). For every 0 < a < 1 and
ab>0,

(' ~Ub%) < D(a)' TUD(b)” .
Therefore

D(5((A1 #a A2) ' (By #4 B2)'?))
< @(E»(AI/ZBI/Z)I a—»(Al/z 1/2)0{)
o al/2pl/2 1/2 1/2
< O(F(A) B (A, 7By )"

which is the required inequality. [

When A; = B; = A and A; = B, = B, (5.5) becomes a known inequality
llA#a Bl < AN “[IBII* = (1Al # lI1B]l] -

In [4] and [8], we obtained several logarithmic trace inequalities. The following
corollary gives another one.

COROLLARY 5.5. If A,, B, are invertible, then

Tr(A)2B1A ? log(A1*B; 'AYV?)) + Te(BY?A1B)/ log(BI/? A5 ' BY/%))

TI‘AlBl
TrABy

A1B,

> (TrAB)) log

(5.6)
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Proof. First note that the traces in the left-hand side are well defined for all
A1, B; > 0 whenever A;, B, are invertible. By continuity we may assume that A, B}
are also invertible. By (5.5) applied to Frobenius norm (with A, B, exchanged) we
get

Tr((A1 #4 B2) (B #4A2)) < (TrAB,)' = %(TrA,B,)* .

When o = 0, both sides of the above are equal to Tr A;B; . Therefore

i Tr((Al#aBz)(Bl #oAz))

TrAB))' ~%(TrA,B,)%.
| . (TrA;B;) ~*(TrA;B,)

< -
do o=0
Computing these derivatives yields the result. [

In particular when B, =1, (5.6) becomes

1251 41/2 TrA,
TrA;(logA,/"B;'A,”" —logAy) > TrA, log A,

This becomes the Peierls-Bogoliubov inequality when B, = I too.

6. Weak majorizations involving Hadamard product

Let X o Y denote the Hadamard product (or the Schur product), i.e. the entrywise
product of matrices X,Y. When 1 < p,q < co and 1/p+ 1/q = 1, the following
Holder type inequality holds: For every A;, B; > 0,

(A? + B)? o (BI + BY)9 > Ao B +Ay0B,.

This is seen because (A, B) — A'/? @ B/ is jointly operator oncave in A, B > 0 ([1],
[12]) and X o Y is a principal submatrix of X ® Y.

The following variant of (4.3) for Hadamard product can be shown as in the proof
of Proposition 5.1 thanks to joint monotonity and concavity of (A, B) — A2 o B1/2,

PROPOSITION 6.1. Forevery 1 < p,q< oo and k=1,...,n,

k 2pq/(p+q)k
{Hln-w((A’f +45)"% o (B +BZ>”2")}
i=1

k 2pq/ (p+q)k
Z {H nivi (A% 0 Bi/z)}
i=1

k 2pq/(p+q)k
+ {Hzn_,-H(A;/Z oB;/z)} . (6.1)

i=1
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et p =q = 1/r andreplace A, B; i, b; 1 (6.1) to show the superadditivit
L 1 dreplace A7, B by A;, B; in (6.1) to show the superadditivity

k 1/rk
{H An—iv1 (A1 +A2)"% o (By + Bz)r/Z)}

i=1
1/rk

k l/rk k
r/2 r/2 r/2 r/2
Z {HA"HI(A/ OBI/ )} + {HA”"H(AZ/ OBz/ )} )
i=1 i=1

namely (A, B) — {1, An_it1 (A% 0 B/2)}1/® is jointly concave for 0 < r < 1 and
k=1,...,n. Inparticular, so is (A,B) — {det(A”/? o B"/?)}'/" for 0 < r < 1.
It is shown in [16] that

(6.2)

liﬂ)l(Ar o B")'" = exp(I o (logA + log B))

when A, B > 0 are invertible. This right-hand side is meaningful for all A, B > 0 (take
the limit from A + €I,B + €I ). So, letting r | 0 in (6.2) yields the following:

COROLLARY 6.2. Forevery k= 1,...,n the function

k

1/2
(A,B) — {H/l,,,-ﬂ(exp(l o (logA + logB)))}

i=1
is jointly concave.

When k = n this says that (A, B) — exp{ 5 Tr(logA+logB)} is jointly concave,
and it may be compared with Lieb’s result [12, Corollary 6.1] that so is (A,B) —
Trexp{1(logA + logB)}. When A = diag(ay,...,a,) and B = diag(b, ..., by),

n 1/2n
1
exp{ o Tr(log A + log B)} = (H a,-b,-)
i=1

while .

1
Trexp{i(logA + logB)} = Z(aibi)l/z.
i=1

This clearly explains why constant 1/n is necessary in the former expression.
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