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OPERATOR FUNCTIONS IMPLYING
GENERALIZED FURUTA INEQUALITY *

TAKAYUKI FURUTA, TAKEAKI YAMAZAKI AND MASAHIRO YANAGIDA

(communicated by F. Hansen)

Abstract. As further extensions of the main result in [11], we show the following result.

Let A>B >0 with A > 0. Foreach t € [0,1] and p > t, the following (i) and (ii)
hold for a fixed real number q and they are mutually equivalent:

(i) if g >0, then

R B IR g
Gp,git(A,B,r,s) =A2 {AZ(A2 BPAT A7} =057 A2
is decreasing for r >t and s > 1 such that (p —t)s > q —1t.
(it) if p = q, then

q—t+r

Gpqs(AB,rs) = A7 (AT (AT BPAT AT} P57 AT

is decreasing for s > 1 and r > max{t,t — q} .

1. Introduction

A capital letter means a bounded linear operator on a complex Hilbert space H. An
operator T is said to be positive (denoted by 7' > 0) if (Tx,x) > 0 forall x € H and
also an operator T is said to be strictly positive (denoted by T > 0) if T is positive and
invertible. The following Theorem F is an extension of the celebrated Lowner-Heinz
theorem which asserts: A > B > 0 ensures A* > B forany o € [0, 1].

THEOREM F. (Furuta inequality) [6] If A > B > 0, then for each r > 0

(i) (B%APB§)$ > (B%BPB%)é
and
(i) (ATAPAR)T > (ASBPAT)a
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holdfor p >0 and g > 1 with (1+r)g=p+r.

» =1 (1+rg=p+r
\ P=q
e
N
A2
£
(1, £
(1,0) q
0,-r)
Figure

We remark that Theorem F yields the Lowner-Heinz theorem when we put r = 0.
Alternative proofs of Theorem F are given in [3] and [12] and also an elementary one
page proof in [7]. It is shown in [13] that the domain drawn for p, g and r in the
Figure is the best possible one for Theorem F. We established the following Theorem A
as extensions of Theorem F.

THEOREM A. [10] If A > B > 0 with A > 0, then foreach t € [0,1] and p > 1,
Fpi(A,B,r,s) = AT {AS(AT BPAT A5} o i AT

is decreasing for r > t and s > 1 and F,,(A,A,r,s) > F,,(A,B,r,s), that is, for
eacht€[0,1] and p > 1,

1—t+r

AT > (AN (AT BPAT )AL e (1.1)
holds for any s > 1 and r such that r > t.

Recently a nice mean theoretic proof of Theorem A is shown in [5]. Ando-Hiai [2]
established excellent log majorization results and proved the useful inequality equivalent
to the main log majorization theorem as follows; If A > B > 0 with A > 0, then

A" > {AT(AT BPAT VAR

holds forany p > 1 and r > 1. Theorem A interpolates the inequality stated above by
Ando-Hiai and Theorem F itself and also extends results of [4][8] and [9].

We write A > B if logA > log B for invertible positive operator A and B which
is called the chaotic order [4] and related results on chaotic order are discussed in [1]
and [4].

Very recently the following results are obtained as an extension of Theorem A.



OPERATOR FUNCTIONS IMPLYING GENERALIZED FURUTA INEQUALITY 125

THEOREM B. [11] Let A > B > 0 with A > 0. For each t € [0,1], ¢ > 0 and
p = max{q, 1},

GpaelA,B,r,s) = AT {AFAT BPAT YA} 77 A
is decreasing for r >t and s > 1.

In this paper, we show Theorem 1 by using Theorem F and we show Theorem 2
which is an extension of Theorem B and Corollary 3 by using Theorem 1.

2. Results

THEOREM 1. Let A and B be positive invertible operators on a Hilbert space
satisfying

o
A > (ATBAY) @R for fixed g > 0 and Py > 0 with g + o > 0. (2.0)

Then the following (i) and (i) hold and they are mutually equivalent:
(i) For any fixed § > — Py,

_ S+Pou _
F(A,p) =AT (ATB*AT)arhiAT (2.1)

is decreasing for u > 1 and A > 1 such that oA > 6.
(if) For any fixed § < o,

_ S+Bou _
F(A,u) =AT (ATB*AT)ar hi AT (2.2)
is decreasing for A > 1 and p > 1 such that Pou > —9.

Applying Theorem 1, we obtain the following extension of Theorem B.

THEOREM 2. Let A > B > 0 with A > 0. Foreach t € [0,1] and p > t, the
Jollowing (i) and (ii) hold for a fixed real number q and they are mutually equivalent:
(i) if ¢ = 0, then

GpaelA,B,r,s) = AT {AHAT BPAT YA} 77 AT

is decreasing for r > t and s > 1 suchthat (p —t)s > q — 1.
(ii) if p = q, then

Gpas(A,B,1,s) = AT {AHAT BPAT pAS )i 4 T
is decreasing for s > 1 and r > max{t,t — q}.

Also Theorem 1 implies the following characterization of chaotic order.
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COROLLARY 3. The following assertions are mutually equivalent:
(i) A> B (i.e., logA > logB).
(ii) For any fixed q > 0,

gt —r

Fylp.r) = AT (ASBAD) AT

is decreasing for p > q and r > 0.
(iii) For any fixed q < 0,

Fyp,r) = A7 (ASBPAS) i AT
is decreasing for p > 0 and r > —q.

The equivalence relation between (i) and (ii) is shown in [4, 9].

3. Proofs of results

We need the following lemmas to give proofs of the results in §2.

LEMMA 1. [10] Let A > 0 and B be an invertible operator. For any real number A
(BAB*)* = BA*(A*B*BA*)* 'A% B*.
LEMMA 2. Let A and B be positive invertible operators on a Hilbert space
satisfying
A > (A’BA? )wo for fixed o >0 and By > 0 with c + o > 0. (3.0)

Then the following inequality holds
gog o u Pt
A* > (ATB*A7T)arhr for A > 1 and pu > 1. (3.1)

Proof. In case By = 0, (3.0) means A > I, obviously A* > I holds for any
W > 1, so that (3.1) holds. In case oy = 0, (3.0) means I > B, obviously I > B
holds for any A > 1, so that (3.1) holds too. Therefore we have only to consider the
case 0 > 0 and By > 0. Applying Theorem F to (3.0), we have

r

AT > {A(ATBA> )%+50A2}I’+r forany p > 1 and r > 0. (3.2)

Putting p = i > 1 in (3.2), we have

+rBo
Al+r (Az(lJrr)BAz(lJrr)),Xﬂ(igolrﬁor (33)

Put 4 =14 r > 1 in (3.3), then we have
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(3.4) is equivalent to the following (3.5) by Lemma 1
(BSAMBH @ > B forp > 1. (3.5)
Again applying Theorem F to (3.5), we have
(B (BEAMBY )% hE BEYFF > B forany p>1land r>0.  (3.6)

Putting p = % > 1 in (3.6), we have

(1+r)og
(B ARBY ) ) aier > BT forany r > 0. (3.7)

Put A =1+ > 1 in (3.7), then we have

A A _CoA 2
(BzA#B?)@A+bon > B* for A > 1land u > 1, (3.3)
hence proof of Lemma 2 is complete since (3.8) is equivalent to (3.1) by lemma 1.

Proof of Theorem 1.
Proof of (i) . We recall the following conditionon &, o9, fy and A in (i):

for any fixed § > —Py and A > 1 such that cpA > 6. (3.9)

(a) Proof of the result that f (A, 1) is decreasing for A > 1 such that oA > &
for any fixed § > —Py.
The hypothesis in Theorem 1 ensures (3.1) by Lemma 2
Loy Pt
A* > (ATB*A7)a ki for A > 1 and pu > 1 (3.1)

and (3.1) is equivalent to the following (3.10) by Lemma 1

oA
(BXAMBY )@ fr > B* for A >1and u > 1. (3.10)

(3.10) yields the following (3.11) by Lowner-Heinz theorem

%H'
(B%A“B%)%Mﬁoﬂ >B" forA > 1,u > 1andany
wsuchthat A > w > 0. (3.11)

Then we have

_S+fom
g(A) = (ATB*AT) @k fon

BB A+Bot+agw S+Pou
= {(AfB Ai) 0«)1*6()“ }IX{)Aﬁrﬁo,quok)w

w 5+Po
= {A%B% (B%A“B%) %ﬁﬁoﬂ B%A% } Dtol+/§o/1li0k>w by Lemma 1
3+Bp
> (A%B%BWB%A%)%Wwfﬁou

d+hy
— (ASB AT @ T — g(A + w)
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S+Pou c
oA +Bou+oow

[0, 1] holds by (3.9). Hence f(A,u) = A%Hg(A)A%M is decreasing for A > 1 such
that oA > O for any fixed § > —f.

(b) Proof of the result that f (A, 1) is decreasing for u > 1

(3.1) yield the following (3.12) by Lowner-Heinz theorem

and the last inequality holds by (3.11) and Léwner-Heinz theorem since

Vs (AY gAY
A" > (AZB*A7)»2 P for A > 1, u > 1 and any
2V

v such that u > 0. (3.12)

Then we have

_ 5+
Fu) = AT (A5 B AS yar AT

L, A PR
= B2 (B7A*B? )%’k B> by Lemma 1
A A Atfoutfiov _ S—ap
:Bf{(BfA“B ) 0«>/1+ﬁo/4 }%MﬁowﬁmBz

_ B%{B%A%(A%BlAf)%Afo}WﬂiﬁovB% by Lemma 1
> B%(B%A%AVA%B%)WE:%B%
:B%(B%AHHA%)OJ:T%B% =f(A,u+v)
and the last inequality holds by (3.12) and Lowner-Heinz theorem since m €

[—1,0] by the condition (3.9), and taking inverses. Hence f (A, u) is decreasing for
u=l.

Proof of (ii). We recall the following conditionon 8, gy, By and u in (ii):
for any fixed § < oy and u > 1 such that Bou > —86. (3.13)

(3.0) is equivalent to the following (3.14)

B> (BTA BT )@k forfixed ap >0 and fo > 0 with oo+ fo >0 (3.14)

by Lemma 1 and taking inverses of both sides. We recall that (3.14) just corresponds
to (3.0) when replace A by B~! and B by A~! in (3.0) and moreover replace ¢ by
Po and replace By by o and

_ 5+ _
f(A,u) = AT”(A%B?LA%MMB‘;MAT”

(3.15)

by applying (i), forany fixed =8 > —o, f (A, 1) is decreasingfor A > 1 and u > 1
such that Bou > —0 thatis, f(A,u) is decreasing for A > 1 and u > 1 under the
condition (3.13) by (3.15), so the proof of (i) is complete. The equivalence relation
between (i) and (i) is obvious by scrutinizing the proof of (i) and (if) .
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Consequently we have finished a proof of Theorem 1 by (i) and (if) .

Proof of Theorem 2. We may assume that A and B are both invertible in the proof.
In case ¢t = 0, the result follows by [8, Theorem 3], so we have only to consider the
case p >t >0.

Proof of (i). Put X = AT BPAT . Then X is positive invertible and we have
APXA% = B” and A > (A’XA%)7 by the hypothesis A > B > 0. Put o =1 € (0, 1]
t t.—L
and ap =p — 1> 0. Then A > (A2XAz)%+h , so that

4 1 BO
A > (AfxAh @R (3.16)

holds by Lowner-Heinz theorem. Put r = uffp = ur > ¢ for y > 1 and § = g —t.
As & > —f holds by ¢g > 0, by using Theorem 1,

Fls.) = a7 4% xa ) wtin g

{A (A BPA )AA }(p t)r+rA =
I’a‘IJ(A7B7r7S) (317)

is decreasing for r > ¢ and s > 1 such that (p — t)s > g — t because f(s,u) is
decreasing for 4 > 1 and s > 1 such that aps > § by (i) of Theorem 1. Whence the
proof of (i) is complete.

Proof of (ii). The condition p > g and r > max{z,7 — g} in (ii) satisfy § < oy
and fBou > —0 in the conditions of (ii) in Theorem 1, so that G, .(A,B,r,s) is
decreasing for s > 1 and r > max{r,t — g} by (ii) of Theorem 1 and (3.17). The
equivalence relation between (i) and (if) follows by Theorem 1. Whence the proof of
Theorem 2 is complete.

Proof of Theorem B. We have only to put p > ¢ in (i) of Theorem2, or put g > 0
in (if) of Theorem 2.

Proof of Corollary 3. We recall the following (3.18) in [4, 9], which is an extension
of [1]:

A > B holds if and only if A" > (AZB”AZ)P“ forallp>0and r >0. (3.18)

(i) = (ii). Assume (i). As (3.18) holds, by (i) of Theorem 1, for any fixed

q=0

FOLp) = AT @E At )iFma
is decreasing for 4 > 1 and A > 1 such that pA > ¢, that is, for any fixed ¢ > 0,
F,(p,r) is decreasing for p > g and r > 0.

(if) = (i). Assume that F,(p,r) is decreasing for r
Fo(p,r) holds, thatis, 7 > A~5(ABPAT)77A~%  so that A"
p =0 and r > 0, which is equivalent to A >> B by (3.18).

(ii) <= (iii) follows by the equivalence between (i) and (if) of Theorem 1.

Hence the proof of Corollary 3 is complete.

0. Then Fy(p,0) >
(

>
> (ASBPAS)77 for all
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