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OPIAL TYPE INEQUALITIES FOR
LINEAR DIFFERENTIAL OPERATORS

GEORGE A. ANASTASSIOU

(communicated by J. Pecaric)

Abstract. Various L, form Opial type inequalities ([2]) are given for a Linear Differential

Operator L, involving its related initial value problem solution y, Ly, the associated Green’s
function H and initial conditions point xo € R.

1. Background

Here we follow [1], pp. 145-154.

Let I be a closed interval of R. Let a;(x), i =0,1,...,n—1 (n € N), h(x)
be continuous functions on I and let L = D" + a,_;(x)D"~! 4+ - - + ay(x) be a fixed

linear differential operatoron C"(I). Let y;(x), ..., y.(x) be aset of linear independent
solutions to Ly = 0. Here the associated Green’s function for L is

yl(t)"'yn(t) yl(t)"')’n(t)
Yi(0) . Y(0) MO0
Hx,1):=| / : :
W) W@
Y1) () W@ ()

which is a continuous function on 7?. Consider fixed xq € I, then

y(x) = / H(x,t)h(t)dt, allxel
Xo
is the unique solution to the initial value problem
Ly=h; yO(x)=0, i=0,1,....,n—1.

Mathematics subject classification (1991): 26D10.
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2. Results

We first present the following

PROPOSITION 1. Let x > xo; xo,x € I and p,q > 1: [%Jr L=1. Then

[ o <2 ([ [ |Pd)dw)”p
(/ |(Ly)(w)|1dw e o

Proof. Here take x > xo and p,q > 1 such that zl>+ é = 1. From Holder’s
inequality we have

Wi < ([ wora) v (/f mopar) " o)

Call
- / h()|%dt,  xo < w < x (2(x0) =0).
X0
Thus
Z(w) = [h(w)|?
and

[h(w)| = (' (w))"/9.

From (2) we obtain

w I/p
ol h00)] < ([ HOn0Par) - o))

Integrating the last inequality over [xo,x] we get

x o)l a(w)ldw < ([ |H(w, 1)|Pdt ) (z(w) - 2/ (w))2dw
) ([ s
s </xo (/XUW [H (w, f)lpdt> dw>l/p. ( /X:Z(W) L (W)dw> 1/
(F{Fera)o” s

proving the claim of Proposition 1. [

The counterpart of the previous result follows.
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PROPOSITION 2. Let x < xo; xo,x € [ and p,q > 1: I% + é = 1. Then
X0 X w 1/p
[ bl o < 271 ( / ( [ t>|vdt) dw> y
x Xo Xo
X0 2/q
<([M1wnwran) ()

Proof. Here take x < xp and p,q > 1 such that $+ é = 1. From Hoélder’s
inequality we have

()| =

/XOH(x,t)h(t)dt </XO |H (x,1)| |h()|dt

< ([ 1Hoprar T Ih(6)|d1 " 4)
([ wesopar) ™ ([ wora)

Call
X0
7(x) = / |h(£)|%dt = 0, z(xo) =0.
ILe. .
~ = [ I <o,

Xo

and
—Z'(x) = [h(x)|? > 0,

and

Hence by (4) (x < w < xo)

X0 1/p
)] - I(w)] < ( JC r>|ﬂdr) () - ().

w

Integrating the last inequality over [x,xo] we get

[ wormontan< [ ([ onopar) - con--<ome-an

w

< ([ ([ monnrar) -an)” ([ e com-an)
- (/ (/ 1H (e, ’”‘”) 'dw) " (2(x))4,

proving the claim of Proposition 2. [

Extreme cases come next.
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PROPOSITION 3. Here p =1, g = 00 and x > xy. Then

/x: y(w)I[(Ly)(w)ldw < (/X: (/XOW |H (w, l)|dt) dw) Ly

Proof. From
:/ H(w, t)h(t)dt
X0

i< ( / vl ) ]

SO0 < ([ IHOn0ar) - (sl

Integrating the last inequality we get (5). O

we obtain

and

PROPOSITION 4. Again p =1, q = oo, but x < xo. Then

[ bniwian < / ( / w0 ) ) - (L) o)

Proof. Here x < w < x¢, and
/ H(w,t)h(t)dt

/ H W t dt
< ( | |H<w7t>dr) il

o100 < ([ 1HOw.lar) (sl

[ oot < ([ ([ o oiar) ) - et

COROLLARY 1. Let p,g > 1:

Thus

and

1
P

[ oatwoman| <2 ([ [ onopa)an) "
X ( )2/q .

Proof. By Propositions 1.2. [

(L) ()|

In particular when p = g = 2 we get
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COROLLARY 2. It holds

[ ontaongan] <2 ([ [ wronorar) an) "

| [@mran. 8)
X0
Furthermore we have
COROLLARY 3. Let p=1, g = . Then
J et < ([ ([ onnia) av) sl o)
X0 X0 X0

Proof. By Propositions 3 and4. [

To complete our study we present

PROPOSITION 5. Let 0 < p < 1 and q be such that I% + é =1, and x > xg,
X0, X € I. Assume that

H(w,t) 20 forxo<t<w, wel

Also assume that Ly = h is of fixed sign and nowhere zero. Then

/x YO (L) (w)ldw > 27 ( / ( /XUW<H<W, t))pd,> dw) .

<(/ (L)) " (10)

Proof. Here for xo < w < x we have

bl = [ " H(w, ) (1) . (1)

From (11) by Holder’s inequality we obtain

oo = (s yar) " (/ worar) " (12)

for w > xy. Consider
z(w) :z/ |(2)|9dt,  z(x0) = 0.
X0

So that 7' (w) = [h(w)|? and |h(w)| = (z'(w))"/7, all xo < w < x. Thus by (12)
we get

w 1/p
) Jh(w)] > ( | t))f’dr) () -2 (),

X0
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all xo <w < x. Let xp < 8 <w < xand 8 | xg, then by integration of the last
inequality we get

) )l = lim [ [y()] o)l
/ n ),
tim ( [ ([ wtoya) e -dw>
[ (o)) "t o))

= 271 (/ (/XOW(H(W, t))”m) dw) " lim (2 (x) —2*(6))"/*

_ o ( / ( / UW(H(W, t))pdt) dw) RS

That is establishing (10). O

WV

WV

1

PROPOSITION 6. Let 0 < p < 1 and q be such that >+ % =1, and x < xg,

Xo,x € I. Assume that
Hw,1) <0 forw<t<x, wel

Also assume that Ly = h is of fixed sign and nowhere zero. Then

[ ot =20 ([ ([ o opar) an)

([ (Ly><w>|4dw)2/q. (13)

Proof. Here for x < w < xo we have

o) = | [ HOw.0h()ar

= H(w, t)h(t)dt

w

/XO(—H(W, 1))h(t)dt

- XO(—H(W, 1)|h(1)|dt. (14)

w

From (14) by Holder’s inequality we obtain

s> ([ ronoya) v ([ morar) "
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> ([ i) " ([ worar) " (15)

z(w) == / ) |h(1)|%dt,  z(x0) = 0.

for w < xq. Le.

So that v
~ [ iy
X0
and
—Z'(w) = [h(w)1,
with

Ih(w)| = (=2 (w))4, allx <w < xo.
Therefore by (15) we get

X0

L/p
) J(w)] > ( H(w, t)f’dr) () - (2w,

all x <w < xp. Let x <w < 0 < xp and 8 T xg, then by integration of the last
inequality we obtain

X0 ]
[ o s = tim [ o) 1)

tim ( / 0 ([ 1Hewopar) ) - (< ~dw>
im ( / ' ( / " H . t)|”dt> dw) " fim ( / ) w) ~dw> "
([ ([ moworar)an) " - ( / OZ(W)dz(W)> K

Xo 1/p

— o1/, (/ < H(w,1) ”dt) ) 11m 2(x) — 22(0))V4
X0 l/p

— 2 1/q. (/ < H(w,1) pdt) dw) 2/q

Hence

[ bl onlaw > 27 ( / ( / o dw>1/,,x
< ([ o >|‘1dw)2/q,

—~

WV \%
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that is proving (13). O

Putting things together we have

COROLLARY 4. Let 0 < p < 1 and q be such that % + é =1, and xo,x € I such
that x # xo. Assume that

(w—x0) - H(w,t) 20,

for all t between xo,w € I. Also assume that Ly = h is of fixed sign and nowhere
zero. Then

/x: ly(w)] I(Ly)(W)dw’ >0V, (/X: (/XOW \H (w, t)pdt) dw) v x

«( /X'”<Ly><w>|qdw])2/q. (16)

0
Proof. By Propositions 5and 6. [
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