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OPERATOR FUNCTIONS ASSOCIATED
WITH THE GRAND FURUTA INEQUALITY

J. F. JIANG, E. KAMEI AND M. Fuill

(communicated by T. Furuta)

Abstract. We discuss the monotonicity of operator functions associated with the grand Furuta
inequality, some of which are considered under the chaotic order logA > logB. In some
restricted cases, several known operator inequalities related to the Furuta inequality will appear
as corollaries of our results.

1. Introduction

A capital letter means a (bounded linear) operator on a Hilbert space H. An
operator T is said to be positive (in symbol : 7 > 0) if (Tx,x) > 0 forall x € H.
Also an operator 7 is denoted by 7 > 0 if T is positive and invertible.

First of all, we begin with the Furuta inequality [14], one of the greatest develop-
ments in operator inequalites and a historical extension of the Lowner-Heinz inequality.

THE FURUTA INEQUALITY. IfA > B >

0, then for each r > 0, » =1 (142 r)g=p+2r
(ATAPAT)V9 > (ATBPAT)Y4 (1) \\\\ p=q
holds for p and q such that p > 0 and \\\\
q > 1 with \\§\
£
(1+2r)g>p+2r (%) il

The domain (x) is expressed in the
right.

Alternative proofs of it are given in L0 a
[2,15,23] and also one page proof is shown (0,-27)

in [16]. The best possibility of the condi-
tionson p, g and r in the Furuta inequality
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is discussed in [27]. Furthermore it gave us many nice applications and became deeper:
(I) It has been discussed as the monotonicity of operator functions associated with
itself. (II) An attempt to extend the domain in which it holds has been done by Yoshino
[29], Tanahashi [28], Furuta and ourselves [5,6,7,24]. The former is initiated by Furuta
himself [17,18,19] and in succession is discussed in [3,4,11,12,13].

We now have to mention the grand Furuta inequality [19,13] as a top of such
examples related to (I) and (IT) above. It interpolates the Furuta inequality with the
Ando-Hiai inequality [1] as extremal cases t = 0 and ¢t = 1 with r =s.

THE GRAND FURUTA INEQUALITY. If A > B > 0 and A is invertible, then for
eachp> 1 and t € [0,1],
Fyi(A, B, 1,s) = A~72{AT2 (A2 BP AT 2 AT T A2 )
is a decreasing function of both r > t and s > 1.

Very recently, Furuta [20] proposed parallelism related to his inequality in the frame
of the grand Furuta inequality, which covers our results [6,7] contained in (II) above.
Motivated by this, we consider the monotonicity of the operator functions associated
with the grand Furuta inequality. These operator functions are expressed by using the
o -power mean f, , a typical operator mean in the Kubo-Ando theory [25]. For instance,
the following result will be shown:

If logA > logB for A,B > 0, then foreach r <0, p >0 and g € R

F(r,s) =A"t_ar  (ASBPATEY

(p—1t)s+r

is a decreasing function of both r > max{0, —¢} and s > max{0, -1 }.
Note that the assumption logA > log B for A,B > 0 is weaker than A > B > 0.
This order is called the chaotic order, cf. [4].

2. Parallelism by Furuta

For the sake of convenience, we recall the Lowner-Heinz inequality [21,26]:
A > B > 0Oensures A* > B* forall o € [0, 1]. (3)

Now the Lowner-Heinz inequality (3) corresponds to the o -power mean f, by
virtue of the Kubo-Ando theory [25] on operator means as follows :

A ﬁa B :AI/Z(A—I/zBA—l/Z)aAl/Z
for 0 < o <1 and A, B > 0. For convenience, f; for s € R is defined by
A us B :AI/Z(A—I/zBA—l/Z)sAl/z

forall A,B >0, asin [19].
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As stated in [23,24], the Furuta inequality is understood as follows: If A > B > 0,
then for each ¢t <0,

A"t BP<B<A (1)
p—1
holdsfor p > 1 .

In [29], Yoshino initiated an attempt to extend the domain in which the Furuta
inequality holds. In succession, we proved in [24]:

IfA>B>0,0<t<pand §<p<1,then

ATgio BP <B <A (4)

p—t
IfA>B>0and 0<7<p< %, then

A u% B’ < B¥ < A%, (5)

Based on (4) and (5), we discussed the monotonicity of operator functions related to
(4) and (5) in [6,7]. Very recently, Furuta [20] proposed parallelism related to these
inequalities in the frame of the grand Furuta inequality, which consists of three theorems.
‘We want to note that they clarifies the utility of the grand Furuta inequality. We rephrase
them in terms of « -power mean:

THEOREM A. If A > B > 0 with A > 0, then for each t < 0, a € [0,1] and
p=1

F(r,s) =A™ Buoge (AFBPATF) (6)
(p—1)s+r
is a decreasing function of both r > 0 and s such that (p —t)s > (1 —1)oL.
THEOREM B. If A > B > 0 with A > 0, then for each p and t such that
p>t>0, 1>p>%anda€[0,l],

G(}", S) = A_r ﬁ(lfr)OHr (A_%BPA_%)S (7)

(p—1t)s+r
is a decreasing function of both r > 0 and s suchthat (p —t)s > (1 —f)ct.

THEOREM C. If A > B > 0 with A > 0 , then for each p and t such that
%>p>t>0,andae[0,l],

H(r,s) =A™ fapnar (ATIBPATE) (8)

(p—1t)s+r
is a decreasing function of both r > 0 and s such that (p —t)s > 2p —t)a.

By the use of operator mean, we make clear their proofs a little bit. The following
fact is basic to prove them.
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THEOREM D. [17,3]If A > B > 0, then
filp,r)=A"" ﬁ’% B
is a decreasing function of both p > 1 and r > 0.

Proof of Theorem A. First of all, we note that A ;3 B = A #, (A fig B)
follows from the Furuta inequality (1’) that

A" u—na BP = A" g (A1 BP) < A"y A = AN+
p—t p—t

so that
(1—to

Bi=(AiBPAE) 7 <AUTY =4

Since

(1+ f rt)a)/(((f_tt)); T j;)oc) = ((;_?)?::’

(1”) implies again that

F(V7 5) =A"" ﬁ(lft)aw (AiéBpAié)S

(p—1)s+r

__r_ p=ns
:Al —na ﬁ(limx” B{lft)a <A :A(lfr)a'

(p—1t)s+r

Hence Theorem D ensures that F(r, s) is a decreasing function of both (1_+)a

((f ::;; > 1, and so the statement is proved.

. Then it

>0 and

Theorems B and C are shown by similar way to Theorem A, in which (1’) must

be replaces by (4) and (5) respectively.

3. Results

For A,B > 0, we denote by A >> B if logA > log B. Theorem D is improved in

[11; Cor. 9] as follows :

THEOREM E. If A>> B and q € R, then
fqlp,7) :A"ﬁ% B’

is a decreasing function of both r > 0,p > 0 with —r < g < p.

In the below, we use Theorem E instead of Theorem D; and another tool is the

following Furuta’s type characterization of the chaotic order, see [8,9,10]:
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THEOREM F. If A > B, then

p2r

(ATBPAT)T < AT
forr > 0,p >0 and g > 1 with 2rq > p + 2r.
By these tools, we generalize Theorem A under the chaotic order as follows:

THEOREM 1. If A > B, then foreach p > 0 >t with p # t and q € R

E (r,s) =A™ #_qr  (AT3BPATZY

(p—1t)s+r

is a decreasing function of both r > max{0, —q} and s > max{0, -1, }.
Proof. Putting B = (A_%BPA_%)P;*f and p; = (p — t)s, we have

Ey(r,s) =A"" f 4 B

p1+r

We here point out that B; < A. As a matter of fact, if # = 0, then B; = B < A by
the assumption. In the case ¢ < 0, we can apply Theorem F to given p, r = —5 and

q= ’—TP because 2rqg = p — t = p + 2r; hence we have

Bl = (A B AT )T <A,

so that By < A. Therefore it follows from Theorem E that E,(r,s) = A~" f ¢r B]' is

pr¥r
decreasing for r > 0 and p; > 0 with —r < g < p;. Since the monotonicity on p; is
equivalent to that on s, we have the conclusion.

We take ¢ = (2p — ) or g = (1 — ) ; we have the following two corollaries
and the latter is an extension of Theorem A, in which a given « is not restricted in
[0,1].

COROLLARY 1.1. If A>> B, then foreach p > 0>t with p#t and o > 0

ng(r, S) =A"" ﬁ(zp—r)our (A_%BPA_%)S

(p—1)s+r

(2p—t)(x
is a decreasing function of both r > 0 and s > = ——

P
COROLLARY 1.2. If A>> B, then foreach p >0 >t with p#t and o > 0

Fi(r,s) =A™ fuo (AHBPATEY

)A+V

> (I=Ha
p—t

is a decreasing function of both r > 0 and s >

Though Theorem 1 can be discussed under the chaotic order, we cannot do it in
the following theorem because of the use of the Lowner-Heinz inequality. But the
conclusion is the same as that of Theorem 1. In this sense, it is a variant of Theorem A.
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THEOREM 2. If A > B > 0, then for each t,p with 0 <t <p <1 and g e R
E (r,s) =A™ #_qr  (AT3BPATZY

(p—1t)s+r

is a decreasing function of both r > max{0, —q} and s > max{0, ;1;}.

Proof. As in the proof of Theorem 1, putting B; = (A*%B”A’%)ﬁ and p; =
(p — 1t)s, we have
E,(r,s) =A™ f4r B
p1+r

Since p € [0, 1], we have A?~" > B’l’_t and so A > B; . Hence Theorem E implies the
conclusion.

As in Theorem 1, we have the following corollaries which are actually extensions
of Theorems C and B respectively.

COROLLARY 2.1. If A > B > 0, then for each t,p suchthat 0 <t <p <1 and
oa=>0
FZP(V, S) = Air ﬁ(zp—z)owr (AiinAii)S

(p—1)s+r

> @r=ta
p—t
COROLLARY 2.2. If A > B > 0, then for each t,p suchthat 0 <t <p <1 and
=0

is a decreasing function of both r > 0 and s >

Fi(r,s) =A™ o (AHBPATEY

)s+r

; ; . 1—
is a decreasing function of both r > 0 and s > (I’T’;a

For the third result, we recall the following inequality which is a key in the grand
Furuta inequality, see [13].

THEOREM G. If A > B > 0, then

(Ath BP) r)w <B<KA
forp=1,s>21andre|0,1].
THEOREM 3. If A > B > 0, thenforeach t #p with 0 <t < 1< p and g € R

Ey i(r,s) =A7" 4§ gorr (ATIBPATS)

(p—1)s+r

. . . t
is a decreasing function of both r > max{t,t — q} and s > max{l, Z ot
Proof. Weput py = (p—1t)s+t, ry =r—tand By = (A" f; BP)UHW Then we
have py 2p>1by s>1, r 20 and B; < B <A by Theorem G. Hence it follows
from Theorem E that
AT f g B!

p1try
is a decreasing function of both r; > 0,p; > 0 with —r; < g < p;. Since

A g BY = AT s (AT BP) = ATE, (r,5)A%,

p1+ry (p—1t)s+r




OPERATOR FUNCTIONS ASSOCIATED WITH THE GRAND FURUTA INEQUALITY 273

E,—(r,s) is also a decreasing function of both » > ¢ and s > 1 with 1 —r < g <
(p —1)s +1t,so that r and s are taken over r > max{z,t — g} and s > max{l, Z = 1.

By taking either ¢ = (2p —f)a + ¢ or g = (1 — t)or + ¢ in Theorem 3, we have
the following corollaries respectively.

COROLLARY 3.1. If A > B > 0, then for each t # p suchthat 0 <t <1 <p
and o >0
L r. .
sz(h S) A™ ﬁ(zp nor (A_prA_f)b
—1)s+r

is a decreasing function of both r > t and s > max{1, (2‘;%)0‘}

COROLLARY 3.2. If A > B > 0, then for each t # p suchthat 0 <t <1 <p
and o« > 0
Fl(r, S) =A"" ﬁ(lfr)OHr (A_EBPA_f)S

(p—1)s+r

is a decreasing function of both r > t and s > max{l, U;_?”}.

4. Applications

In this section, we give some applications of results in the preceding section, which
are closely related to the Furuta inequality and extensions of our results in [6,7].

THEOREM 4. Suppose that A > B >0, 0<t<p <1 and o« > 0. Then the
following statements hold:

FB) = A tp B P (1)

p—t

is a decreasing function of B > (2p — r)o. + t, and in particular
F(B) <A'bepne B® for B>=02p—1t)a+rt.
p—1

(1—t)o+t

§(B) = (' by B) @)
=
is a decreasing function of B > (1 — t)a + t, and in particular

§B) <A tuw B for B> (1-notr

Proof. We put r =t in Corollary 2.1. Then it implies that
(Zp Ho+t

A3 Fyy(1,5)A% = (A" b, BY) T=oir

is a decreasing function of s > (2(,;:))4 Therefore, if we replace s by 2= for

p—t
B> (2p—1t)a+t,then

(A, BY) T = £ (B)
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and so f (B) is decreasing for § > (2p — t)a + 7. Consequently, we have

FB)<f((2p—t)o+1)=A"bepna B

(p—1)

forall B> (2p — o + 1.
Similarly (2) is proved by using Corollary 2.2.

COROLLARY 4.1. Supposethat A> B >0, 0<t<p<1and a>0. Then the
following inequalities hold:

2p
Wi BV <Aty B for B2 (1)
p—t p—1
and in particular

1
(A" B < A"y B” for 0<t<p< 5
p—t p—t
]
(A"4ps B")F <B" for B>p (2)
p—t
and in particular

1

(A"hp—: B")2 < B’ and (A’hﬁBp)péBp for 0<tr<p<l.
p—1 =

Proof. We have (1) (resp. (2)) by taking ot =1 (resp. a = 2’;:, ) in Theorem 4
(D).

COROLLARY 4.2. Supposethat A > B >0 and 0 <t <p < 1. Then

(A", BP)%gAfn;_jBP for B>1

p—t

and in particular

(A’h%B”)ﬁ SAG B for s<pslL

N =

Proof. We have the desired inequality by taking & = 1 in Theorem 4 (2).

THEOREM 5. Suppose that A > B >0, 0<t<1<p (t#p) and a > 0.
Then the following statements hold:

' » 2p—rt)o+t
1(8) = (&t ) T )
=
is a decreasing function of B > max{p, (2p —t)a + t}, and in particular
F(B) <A g B” for B=(2p—ta+r1=p.
p—1

(1—t)a+t

g(B)=(A"gp. B") T (2)

p—t
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is a decreasing function of B > max{p, (1 —t)a +t}, and in particular

g(B) <A"hu—ne B for B=(1-ta+1>p

p—t

Proof. We put r =t in Corollary 3.1. Then it implies that

2p—rt)o+t

AﬁmMmﬂqmumw»w
is a decreasing function of s > max{l } Therefore, if we replace s by
for B > max{p, 2p — )t + ¢ }, then

2p—t

(A5 B7) BT = 7 (B)
and so f(B) is decreasing for 8 > max{p, (2p — t)ot 4 ¢t} . Consequently, we have
fB)<f(@2p-nDoatn=A Nep—ga B
forall B> (2p — 1o +1.
Similarly (2) is proved by using Corollary 3.2.

COROLLARY 5.1. Supposethat A>B >0 and 0 <t<1<p (t#p). Thenthe
following inequalities hold:

2
(A'tpy B)F < A5y B for B> 2p. M
-

p—t
P
(A’ hts_f; B’)B < B’ for B >p, (2)
B

and in particular
1

(A"h2— B7)? < B
p—1
Proof. If we take oo = 1 in Theorem 5 (1), then
2
f(B)=(A"tp B')P <A'fy B’ for B>2p,
p—1 p—1

so that (1) is shown. Similarly we have (2) by taking o = {’p—i’t in Theorem 5 (1).

COROLLARY 5.2. Suppose that A 2 B >0, 0 <t < 1 and t < p. Then the
following inequalities hold:

1

14
(A"Gp B')F < (A" B")? < B’ for B>2p (1)
p—t p—t

and )
e, BV <B for B>p. @
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Proof. The former follows from Corollaries 4.1 (1) and 5.1 (1), i.e.,

2p
B

(A"gp— B")P <A'hp B” for B =2p.
p—t p—t

Hence the Léwner-Heinz inequality ensures the conclusion (1) by the help of Corollary
5.1 (2). On the other hand, the latter (2) follows from Corollaries 4.1 (2) and 5.1 (2).

ADDENDUM. After we have written this paper, we are informed by Professor
T. Furuta that an extension of Theorem 3 has been already obtained in the follow-
ing; Takayuki Furuta, Takeaki Yamazaki and Masahiro Yanagida, Operator functions
implying generalized Furuta inequality, preprint.

ADDED IN PROOF. It appears in this journal, 1 (1998), 123-130.
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