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NORMS AND DETERMINANTS OF PRODUCTS OF
LOGARITHMIC FUNCTIONS OF POSITIVE
SEMI-DEFINITE OPERATORS

MITSURU UCHIYAMA

(communicated by T. Ando)

Abstract. Let A, B be bounded positive semi-definite operators (matrices) on a Hilbert space.
We will show

1
[|Tog(1 +A) log(1 + B)|| < {log(1 + ||AB]|2)}?,
and .
[[Tog(1+ B)log(1 + A) log(1 + B)|| < {log(1 + [[BAB||$)}.

Further we will prove the corresponding determinantal inequalities.

Let A and B be bounded positive semi-definite operators (or matrices) on a Hilbert
space. The following inequalities are known ([3], [2, Section 9.2]):

|A“B*|| < ||AB||* and [[B*A“B“|| < [|BAB||* (0 <a<1).
These mean

IF (A)f B[] <s(I|AB][) and |If (B)f (A)f (B)|| < f (||BAB]]),

where f (1) = 1*. We want to get similar inequalities for f (r) = log(1 + #). But since
there is a positive number b such that {log(1 + b)}? > log(1 + b?), the inequality is
not valid even for the case A = B = bl. We can write, however, the above inequalities
also in the following forms:

[IF (A)f (B)I| < {f (IIABI|2)}* and |If (B)f (A)f (B)|| < {/ (I|BABI|*)}’,

where f (1) = 1*.
The aim of this short note is to show that the inequalities of these types hold for
f () =log(l+1).
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THEOREM 1. If A, B are bounded positive semi-definite operators, then
[[log(1 +A) log(1 + B)|| < {log(1 + [|AB||*)}*, (1)

and

[|log(1 + B) log(1 + A) log(1 + B)|| < {log(1 + ||BAB||*}°. (2)

Actually we will establish more general inequalities for a class of functions. Further
we will show

THEOREM 2. If A, B are positive semi-definite matrices, then
det[log(1 + A) log(1 + B)] < det[log(1 + |AB|?)]2, 3)

and
det[log(1 + B) log(1 + A) log(1 + B)] < det[log(1 + (BAB)?)J’. (4)

Recall that a real-valued continuous function f () on [0, c0) is said to be operator
monotone if f(A) > f(B) whenever A > B > 0. Lowner’s theorem says that f (7)
is operator monotone on [0, o0) if and only if it has an analytic extension f (z) to the
upper half plane such that Im f (z) > 0 for Im z > 0.

A consequence of this characterization is that if f(¢) > O is operator monotone,
soisf(t”)ll’ 0<p<l.

Examples of operator monotone functions are # (0 < p < 1), %ﬂ with s > 0
and log(1 + 7).

As one of the special properties common to these functions f (f) we single out the
property that logf (¢*) is concave on (—00, 00).

We can easily check this property for # (0 < p < 1), £ with s > 0 and
log(1 + #) by calculating the second derivatives. But not all non-negative operator
monotone function has this property as seen in 1 + 1.

In the following theorems, (1) and (2) of Theorem 1 will be shown in much
generalized forms.

THEOREM 3. Let 0 < f () be an operator monotone function on [0,00) such that
logf (¢¥) is concave on (—oo, 00). Then for every A, B > 0, and for every p,q > 0,

[ (B3 )if (A% Yf (B7)7|| < f (|[BAB|[77) 21, (5)

[IF (47)f (BY)°| <£ (I|ABI[777). (6)
Proof. Since logf (¢*) is concave on (—oo,00) we can see
FsPPF@) < F(()FTP (5,0 0: p.g > 0). (7)

This implies

FURF ()P P0F (1) < f (5730 (56> 05 pg > 0).
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First, we assume p > % If B is invertible, by the above, we have
S (BO)'f ((sB2)% )f (BY)! < f (57773 )20,

. Lo .
Here we set s = ||BAB||. Then since A < sB~2 and f ()% is an operator monotone
function for p > % , we have

FAT)P < (f(sB2)%),

Therefore, it follows from the above inequality that

£ (BY)'f (A%)f (BT)? < f (||BAB||75) 2.

Thus we obtain (5) for invertible B. For general B > 0, approximate it by B+ 61 and
let § | 0. Consequently we have shown (5) for p > 1.
Next, we assume 0 < p < 3. By (7) we have

FT2FT) 2 < f(st) (s,0>0),
from which it follows that
FAD) < f@m)"U2F(1A) (1> 0).
Using (5) for p = 1, we get
[IF (B9)If (A% Y f (B3)1|| < f (1)~ 2| |f (BT )7f (1A)f (BY )|
< f (1)1 p (|[1BAB| [T )12,

1—2
By setting ¢ = ||[BAB|| 77, we can get (5) for 0 < p < I
Observe that (6) is equivalent to

IF (BY)'F (A7) (B4)Y|| < f (||BA”B||777) 2,
which follows from (5) with A replaced by A?. Thus we conclude the proof. [

The special cases of (5) with p = 1,g = 1 and of (6) with p = g = 1 have
simpler forms:

I (BY (A)f (B)I| < (IIBABI|*)’, (8)
[IF (A)f (B)I| < f(|AB||*)*. )
With f () = log(1+¢) (8)and (9) reduce to (2) and (1) of Theorem 1, respectively.
Further applying (9) to f (1) = 7 we have
COROLLARY 4.
A+1)7'AB(I+B)7'|| < ”AiB”l.
I(A+ 1)~ AB(I+B)" || (7 [AB][1)?

If 0 < f(7) is a non-constant operator monotone function on [0, 00) such that
logf (¢*) is concave on (—o0, 00), then necessarily f (0) = 0 and the inverse function
f ! isdefined on [0,]|f||). Therefore the following is an immediate consequence of
(8) and (9).
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COROLLARY 5. Let 0 < f(t) be a non-constant operator monotone function on
[0,00) such that logf (e*) is concave on (—o0, ). Then for A,B >0

“HIAB) < IFH Ay T @)1,

and

“HIBABI) <IN BY A BT
Since the inverse function of log(1 +¢) is exp — 1, this implies
COROLLARY 6. For A,B >0
exp(||AB||'/?) — 1 < [|(expA — 1)(expB — 1)||'”%,

and
exp(||BAB||'”) — 1 < [[(exp B — 1)(expA — 1)(exp B — 1)||'.

Remark here that the following inequality is known for Hermitian A, B (see [2,
p. 261])
[lexp(A + B)[| < [[expAexpB|.

In the sequel we consider N X N positive semi-definite matrices. In the following
theorem, (3) of Theorem 2 will be shown in much generalized forms. Then (4) will
follow as a corollary.

THEOREM 7. Let f(t) be a (not necessarily operator monotone) non-negative
Sunction on [0,00) suchthat logf (e*) is concave on (—00,00). Then for every N x N
matrices A,B > 0 and for every p,q > 0

det{f (A )'f (BY)'} < detf (JAB|77)™, (10)
where |X| = (X*X)3.
Proof. Arrange the eigenvalue of each matrix X > 0 in decreasing order

M(X) 2 M) > > An(X).

First assume that both A, B are positive definite. A. Horn’s theorem (see [2, p.72]) says
that
[T 7(aB]) < HAI (k=1,2,...,N—1)

and

N

[ 7(1AB]) = det(A) det(B) = [ [ A:(A):(B).

i=1 i
These mean the sequence {logA;(|AB|)}Y. | is majorized by {log(A:(A)A:(B))}Y, .

Then according to a general theorem on majorization (see [1], [4], [2, Section 2.3]) if
g(e*) is convex on (—o0, 00), then

N
2} (J4B])) <) g(Ai(A)Ai(B)).
i=1
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Since forany u > O the function — logf (e/% )* is convex on (—oo, 00) by assumption,
we have

1

—Zlogf i(JAB|)¥) Zlogf A(B)) ),

from which it follows that

—]
=
?
~tl’-‘
:: =
\H
E
E
~tl’-‘

Here we set 4 = p + g. Then by (7) we get

N

17 (a(a)7)r (A:(B)

i=1 i=1

N
<1 u(amray.

(A (A)/l,-(B));#q ypra

//\
=

This implies

N N
[T 20 Ar ) Ba)) < T A (14BI7)y+,
i=1 i=1

from which it follows that
detf (AP)? - detf (B7)? < detf (|AB|7 )P4,

Thus we have proved (10) for invertible A, B. For general A, B > 0, approximate them
by A + 61, B + 81 respectivelyandlet 6 | 0. O

Now (3) of Theorem 2 follows from (10) with f (z) = log(1 +¢) and p =g = 1.

COROLLARY 8. Let f (t) be a (not necessarily operator monotone) non-negative
Sunction on [0,00) such that logf (e*) is concave on (—oo,00). Then for matrices
Ay, ..., A, > 0 and for real numbers py,...,p, >0

n 1 n
[T detf (A7) < dets (| T Ailommm o, (11)

i=1 i=1

Proof. Since ||A1A;|As| = |A1A243], by using Theorem 7, we can prove the
assertion by inductionon n. [

(4) of Theorem 2 follows from (11) with n = 3;A; = A3 = B,A; = A and
pr=p2=p3=1L
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