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INEQUALITIES FOR POLYNOMIALS WITH A PRESCRIBED ZERO

V. K. JAIN

(communicated by J. Pecaric)

Abstract. For a polynomial p(z) of degree n, having a zero of order k (> 1) at B, we have

obtained e 1\
n—
i (zp—(zl;)"’ << 1+Igl > 1<lr<nf§k+1lp(v;)"
Vi ViV, being the roots of SR Y n=kt) — 0 with ¢ = arg (y =
0 for B = 0), thereby extending the previously known estimate (i. e. |m‘axl Zp (Z)ﬁ <
soilz —
n

max zi)|, B=0, z1, z2,...,z,n being the roots of 7' +1=10).
1+,31<1<n‘p( il B> 15 22, n g )

1. Introduction and statement of results

While thinking about Schwarz’s lemma and its various implications, Rahman and
Mohammad [2] thought of obtaining a bound for

max
z]=1

‘p(Z) ‘

Z—a

p(z) being a polinomial of degree at most n, with Iln‘ax Ip(z)] =1 and p(a) =0 fora
z|=1
fixed a on the unit circle, and proved

THEOREM A. If p(z) is a polynomial of degree n such that |p(z)| < 1 on the unit
circle and p(1) = 0, then for |z| < 1,

n
<= 1.1
<3 (1.1)

‘ p(z)

z—1

The example shows that the bound in (1.1) is precise.

Aziz [1] improved the inequality (1.1) and obtained

Mathematics subject classification (1991): 30C10, 30A10.
Key words and phrases: Polynomials, prescribed zero, roots.

© ey, Zagreb 343

Paper MIA-01-33



344 V. K. JAIN

THEOREM B. Let p(z) be a polynomial of degree n such that p(1) = 0. If zy,
22, ...,2y are the zeros of 7" + 1, then

mas | <5 max |p(z)]. (12)
e

The result is best possible with equality in (1.2) for p(z) = 7" — 1.
As a corollary of Theorem B, Aziz [1] obtained

THEOREM C. Let p(z) be a polynomial of degree n such that p(f) = 0, where

is an arbitrary non-negative real number. If 7\, 22, ...,2, are the zeros of 7" + 1, then
max’ p(2) ‘ < max Ip(z:)]- (1.3)
=11z — B 1+ B i<i<n

We consider polynomials having a zero of order k, at an arbitrary point 3 of the
plane and obtain the following extension of Theorem C.

THEOREM 1. Let p(z) be a polynomial of degree n such that

p(2) = (z—B)q(z), k=1 and B isarbitrary. (1.4)
Then
p(2) ‘ (n—k+1)’< ,
< 1.5
me gl < (Topr) oo oD ()
where Vi, V5, ..., V,,_. are the roots of
Zn—k+1 + eiy(n—k+l) _ 07 (1.6)
and
[ B0
0, B=o.

REMARK 1. By taking k = 1 and letting z — f3 in (1.5), we obtain

/ n /
< m ; < <1
where z|, 25, ...,z are the roots of
Zn_"_eiyn:().

The inequality is sharp for |B] = 1.



INEQUALITIES FOR POLYNOMIALS WITH A PRESCRIBED ZERO

2. Proof of Theorem 1
We firstly assume that 8 > 0. Now let p*(z) = (z — 1)¥q(z) . Then, as

% = (z— 1)gq(z) = T(2),

say, we have by Theorem B

T —k+1
max’ (Z)l‘ < (n + ) max |T(v)],
Z—

|z]=1 2 1<I<n—k+1
where v, va,...,v,_rs1 are the roots of
Zn—k+1 4 1=0.

Further by (2.1), we have

p* (o) 1 p* ()]

TV = = . . V
B T I
n—k+ 1\k1y — 1k
<
(=) =gl veol

< (") (1) ol

which, by (2.1) and (2.2), implies

T(z) n—k+1\k
= <
\rﬂfl(‘q(z)' \rﬁi)l(’z— 1‘ ( 1+p ) 1<121;?}k+1 POl
i.e.
p(z) ‘ (n—k+1)k
< .
me gyl < (o) e, o)
Now if B is an arbitrary complex number, with 3 = |B|e’ , then we have
p(2) ‘ ’ p(ze™) ’
max‘ = max| ————
=1l (z = B)F1 =1l (z = [B])*
n—k+1\k ;
< (k! ), (by (23
( 1+ |B] ) 1<121;?}k+1 p(vie™)l, (by (2.3))
n—k+ 1\k ,
=— by (1.6
(i) e, P00l by (16),

which completes the proof of Theorem 1.
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