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DECOMPOSITION OF HOMOGENEOUS MEANS
AND CONSTRUCTION OF SOME METRIC SPACES

P. KAHLIG AND J. MATKOWSKI

(communicated by Z. Pdles)

Abstract. Any (positively) homogeneous mean on (0, c0)? can be decomposed multiplicatively
into the arithmetic mean A and a one—place function, called A —index function. Index functions
characterize a homogeneous mean in many respects, and their graphs are suitable for geometrical
comparisons of several properties of homogeneous means. Moreover, index functions can
facilitate proofs of inequalities between different types of homogeneous means. With the aid of
A —index functions, some metrics are introduced in the set of homogeneous means.

0. Introduction

Let m : (0,00)? — (0,00) be a fixed positively homogeneous mean. Then any
positively homogeneous mean defined on (0,00)?> can be decomposed (multiplica-
tively) into m and a one—place function, called m-index function. In fact, there is a
one—to—one correspondence between the family of all homogeneous means and the set
of index functions. The main part of the paper is devoted to the case m = A, where A is
the arithmetic mean. The A —index function of a mean characterizes the mean in many
respects, e.g. symmetry of a mean is equivalent to the evenness of its A —index function,
and subadditivity of a mean is equivalent to the convexity of its A —index function.

Index functions can be useful tools in proving inequalities between different types
of positively homogeneous means (as an application, in section 5, we give the best
estimation of the contra-harmonic mean by power means). Graphs of index functions
are suitable for geometrical interpretations and visual comparisons of several properties
of positively homogeneous means. In section 6, we show that index functions allow
to introduce metrics in the set of positively homogeneous means. In section 7, the
M -convexity of power functions is treated via index functions.

Mathematics subject classification (1991): 26D07.

Key words and phrases: Homogeneous mean, index function of a mean, decomposition of a mean,
complete metric space of homogeneous means.
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1. Preliminaries and motivation

Let I C R be an interval. By a mean we understand a two—place function
M : I> — R such that

min(x,y) < M(x,y) < max(x,y), x, yel,

(in particular, we have M(x,x) = x forall x € I'). A mean M is called strict if for all
x,y €1, x#y, these inequalities are sharp; and it is symmetric, if M(x,y) = M(y, x)
for all x, y € I (for a more exhaustive theory of means cf. Bullen, Mitrinovi¢ and
Vasié [2], also Aczél and Dhombres [1]).

In the present paper we are mainly interested in positively homogeneous means.
Therefore the interval I has to be of one of the following forms: (0,00), [0,00),
(—=00,0), (—00,0] and R. Since the cases (—o0,0) and (—o0,0] easily reduce to
(0,0), [0,00), respectively, we omit them. Recall that a function M : I> — R is
positively homogeneous of order p (p € R), if

M(tx,ty) = #M(x,y), t>0, x,yel.

It is easy to see that if M in this homogeneity condition is a mean then p = 1,i.e. M
is positively homogeneous (for short: M is homogeneous),

M(tx, ty) = tM(x, y), t>0, x,yel.

To present a general concept of this paper let us fix a mean N : (0,00)> — (0,00).
Then for every mean M : (0,00)? — (0, 00) there is a trivial decomposition

M(x7y) :N(x>y)fM,N(x7y)7 X, y> 07

where, of course, fyny = M/N. For example, the exponential mean F on (0,00),
F(x,y) = log ((exp(x) +exp(y)) /2), “decomposed” by the arithmetic mean A (re-
stricted to (0,00) ), A(x,y) = (x +y)/2, gives, trivially, F = Afrpa where

g (22 o520

fra(x,y) ==

x+y 2

has a rather complicated form (without the possibility of any simplifying reduction).
However, if N and M are homogeneous means, the two—place function fy 5 can be
reduced to a one—place function, which is useful in representing every homogeneous
mean M nontrivially as a product Nfyy .

To characterize a positively homogeneous function M : (0,00)> — R by a one—
place function % : (0,00) — (0, 00), it is often useful to take

M(x,y) = xh(y/x),  x,y>0,

where h(s) := M(1,s), s > 0. When the mean M is symmetric, the corresponding
symmetry property of i (which reduces to the functional equation h(s) = sh (1),
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s > 0) is not easily recognizable. However, an expedient symmetry may be achieved

by a transformation of the variable s (s = y/x) to a new variable 7; taking the
. . . 17 . . 17‘ —y .
homographic involution s = 17 (implying t = 1=} = ’ﬁ ), we obtain

M) =Gy (22), w0

where A stands for the arithmetic mean and f (1) = M(1 +¢,1—1¢), t € (—1,1). In
the next section we discuss such a decomposition in more detail.

2. Decomposition by the arithmetic mean

Denote by A the arithmetic mean A(x,y) = ¥, (x, y > 0).

DEFINITION 1. For an arbitrary homogeneous mean M : (0,00)? — (0, 00) the
function fyr4 : (—1,1) — R, given by

Sua®) =M1 +1t1—1), te(—1,1),

is called index function of M with respect to A (for short: A —index function of M ).
The following decomposition result justifies this definition.

THEOREM 1. If M : (0,00)? — (0, 00) is a homogeneous mean, then

X —

Mww—A@ﬁmA( y), Xy >0, (1)

X+y
and, moreover,
1° fM,A((iL 1)) C (Oa 2) ;
20 vaA(O) = 1,'
3° M is symmetric iff fua is even, ie.
fua(=1) =fua(t), re(—1,1);
4° forall t € (—1,1),
L= |t [<fualt) <1+ |1
5° forallt € (—1,1),

faa(t) =1,
6° for the extremal means, min and max, we have, respectively,
fmin,A(t):17|t|, fmax,A(t):1+|t|a tE(*l,l);

7° if M is one of the projective means, i.e, if M = Py or M = P,, where

Pl(x>y) =X, PZ(x>y) =Y,
then
fPI,A(t) =1 +1, sz,A(t) =1- Z re (71a 1)’
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8° for all homogeneous means M, N : (0,00)* — (0, 00),

M(x,y)gN(x,y), (x,y>0) lﬁc fM,A(t) ng,A(t% re (7171)7
9° M is subadditive, i.e.

M (x1 +x2, 31 +y2) < M (x1,01) + M (x2,2) X1, X2, ¥1, y2 > 0,

iff the function fuy 4 is convex.

Proof. Let M be a homogeneous mean on (0, c0)?.

definition of the A —index function of M, we have

x+y 2 x+y 2x 2y
M(x7y) = M(x7y) = M >
2 x+y 2 x+y x+y

ery -y X—=Yy X—=Yy
- 1+ =2 - — Alx, Y
2 ( Xty x+y) (7 )fma <x+y>

forall x, y > 0, which proves the decomposition formula (1).
By the definition of a mean, we have

Then, making use of the

O<min(l+71—1)<MI1+1,1—1) <max(l+11—1),

forall 7 € (—1, 1). The definition of fa 4 proves 1°. Setting # = 0 in the definition of
the A —index function gives fy4(0) = M(1,1) = 1 and proves 2°. If M is symmetric
then, forall t € (—1,1),

fua(=t) =M —t,14+16) =M1 +t,1 — 1) = fua(t).
Conversely, fya(—t) = fua(t), forall t € (—1,1), implies that

X
fua <x+y> = fma <x+y) x,y> 0.

Now the symmetry of A and decomposition formula (1) imply that

M) = A ua (S22 = A0 (253) = M0

for all x, y > 0, which proves 3°. We omit easy proofs of properties 4° — 8°. It
is known that a positively homogeneous function M : (0,00)?> — R is subadditive iff
the function ¢ : (0,00) — R, ¢(¢) := M(z,1), t > 0, is convex (cf. Matkowski [5]).
Thus to prove 9° it is enough to show that f4 is convex iff the function ¢ is convex
(cf. also Remark 1). We have

ﬁM@y_Ma+nlﬂ_41+0M<L%ID——O+ﬂ¢(%ID

1+t 14¢ 2
¢(l+t ) 2 "’<1+t>’
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where W (u) := ¢(u— 1). But the function y is convex iff the function u — uy(1/u)
is convex (cf. Matkowski [4]). This proves 9°, and the proof is completed.

REMARK 1. If fy4 is twice differentiable in (—1,1), the proof of 9° can be
simplified. Then, of course, ¢ is twice differentiable in (0, 00) and we get

" 4 " 1 —
fM,A(t) = (1+I)3¢ <1+§>7 re (_171)7

which shows that fy;4 is convex iff ¢ is convex. — To give a complete argument for
9°, other than that presented above, it is enough to observe that every convex function
is a limit of a sequence of convex and twice differentiable functions.

It turns out that property 4° characterizes the family of all homogeneous means
on (0,00). In a sense, the following result is the converse of Theorem 1.4°.

THEOREM 2. For every function f : (—1,1) — R such that
17‘I‘<f(f)<l+|l|, t€(71a1)7 (2)
the function M : (0,00)?> — R defined by

X —

M(x,y) i= A, ( y) L ny>0, (3)

X+y
is a homogeneous mean such that f = fy4 .

Proof. Suppose that f satisfies condition (2) and let M be defined by (3). It is
obvious that M is homogeneous. Take arbitrary x, y > 0, and assume, for simplicity
of notation, that x < y. Then, applying (2) and (3), gives

: Xty y—x
= = 17
min(x,y) = x 7 < x+y)
x+y <1_ xyD <x+yf (xy)
2 x+y 2 x+y
e <52 (11 222
X+y

2
:)H_y <1+y—x) =y = max(x, y),

2 x+y

which shows that M is a mean. Setting x =1+7and y=1—1¢ for r € (—1,1) gives
M(1+1t,1—1)=f(t), which means that f = fy4 , and the proof is completed.

REMARK 2. Theorems 1 and 2 establish a bijection of the class of all homogeneous
means M : (0,00)?> — (0,00) onto the class of all functions f : (—1,1) — (0,2)
satisfying condition (2). Formula (1) gives a general construction of homogeneous
means.
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REMARK 3. The set
A= {(t,s)ERZ: te(—1,1); 1*\¢|§S<1+\t|}

is of butterfly shape. Theorem 2 can be interpreted geometrically in the following
way: every function f : (—1,1) — R such that the graph of f is contained in A, is
an A-index function of a mean. Note that A is not a convex set. In this context it is
interesting that the set of all A—index functionsis convex. Namely, for all homogeneous
means M, N and A € (0,1) the function Afy 4+ (1 —A)fna is an A—index function
ofamean AM + (1 —A)N.

This fact can be generalized. For homogeneousmeans V, M, N on (0, 00) define
their composition U : (0,00)? — (0,00) by

U(x,y) :== V(M(x,y),N(x,y)),  x,y>0.
Then, of course, U is a homogeneous mean, and

fua®) =V (Fua@t), fna), 1€ (=1,1).

In particular, the graph of a homogeneous mean of any two A—index functions, the
graphs of which are of course in A, is also located in the region A.

Note also that the A—index functions fy 4 of homogeneous means M need not
be continuous. To show this it is enough to apply Theorem 2 where f is an arbitrary
discontinuous function satisfying condition (2).

The next result gives conditions under which a homogeneous mean defined on
(0, oo)2 can be, in a natural way, extended to a homogeneous mean defined on the
closed quadrant [0, 00)?.

THEOREM 3. Let M : (0,00)* — (0,00) be a homogeneous mean. If the limits
Sua(l=) = lim fara (1),

Sua(=1+) = lim fua(t),
exist, then they are finite, and M : [0,0)? — [0, 00) defined by
M(x, y) X,y >0,
Alx,0)fma(1=)  x>0,y=0,
A0,y)fma(=1+) x=0,y>0,
0 x=y=0.

M(x’y) =

is a homogeneous mean defined on [0, 0)?.

Proof. In view of Theorem 1.1° the limit fy;4(1—) is finite and, making use of
(1), we infer that, for every x > 0, the limit

g ki TV _
M0 0+) i= lim M) = tim ACein (252 ) = AG0)ual1-)
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exists, and is finite. Similarly, the limit fM,A(—1+) is finite, and, for every y > 0, the
limit

L . -y _ B
MO+.5) = lim M(r.3) = lim A 3Voea (52 ) = A0V aua(-14)

exists, and it is finite. As the homogeneity of M is obvious the proof is completed.

REMARK 4. Applying this theorem, it is easy to verify that harmonic and loga-
rithmic means (whose natural domain is (0,0)?) can be extended onto the closed
quadrant [0, c0)?. Note also that for every homogeneous mean M defined on [0, 00)?
we can define the A —index function fy4 : [—1,1] — [0,2], and that the counterparts
of Theorems 1 and 2 remain true.

Taking in Theorem 2 a function f : (—1, 1) — R satisfying condition (2) and such
that atleast one of the limits f (1—) or f (—1+) does not exist, we obtain a homogeneous
mean defined on (0,00)? that is not extendable to a continuous homogeneous mean
defined on the closed quadrant [0, 00)?.

EXAMPLE 1. (Decomposition of power mean M) by arithmetic mean A.) The
power means MP! : (0,00)? — (0,00), p € R, are defined by the formula

1/p
xp+ P
wa,y)::( zy) C p#0 MYxy)=Glxy), xy>0,

where G : (0,00)? — (0, 00) stands for the geometric mean. We have

p _Ap\ Vp
funa® = (PEEZEN T poa = 0-#)", reen,

PARTICULAR CASES.

(l) p= —1 (deCOHlpOSitiOIl of harmonic mean M[ 1] = H by arithmetic mean):
H(x,y) =A(x,y)f X,y Os
) ) HA y ) )

fuat) =H(l+1t,1—1)=1-7, te(—1,1).
Note that here the limits fya(1—), fua(—1+) exist and equal zero. Therefore, in
view of Theorem 3, the harmonic mean H can be (uniquely) extended onto the closed
quadrant [0, 00)2 ,and H, the homogeneous extension of H , vanishes on the boundary
of its domain.
(ii) p=2 (decomposition of RMS mean M? = R by arithmetic mean):

X —

R =Aoen (S2) 0 wys o
Fra) =R +61-0) =1+, re(=1,1).
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Let us note the following easy to verify

REMARK 5. For any mean M : (0,0)? — (0, 00), the function M* : (0, 0)? —
R defined by
M*(x,y) i=x+y—-M@xy),  xy>0,

is a mean. In the sequel it is called the contra—mean of M . Note that (M*)" = M.
Moreover,
A(M,M*):A and fM*vA +fM,A:2-

In connection with this remark let us note another property of A—index functions.

THEOREM 4. If M : (0,00)* — (0,00) is a homogeneous mean and fy 4 is its A
—index function, then the function

fi=2—=fua
is also an A—index function, namely of a mean which is the contra—mean of M .

Proof. In view of Theorem 1.4°,
1— | 1| fualt) <1+ | 1], re(—1,1).
Hence, by the definition of f , we get
I-|r|<f@) <1+, re(=11),

and, according to Theorem 2, the function f is an A—index function of a certain
homogeneous mean m : (0,00)? — (0, 00), and for all x, y > 0,

m(x,y) = A(x, y)f (;%) = 2A(x,y) = A(x, y)fma (;CTD =x+y—Mx,y),

which completes the proof.
EXAMPLE 2. (Decomposition of contra—harmonic mean K = H* by arithmetic
mean):

x2+y2
=A
Ty (X, ¥)f kA (

fxat) =K1 +1,1 —t)=1+7,  te(-1,1).

EXAMPLE 3. (Decomposition of Heronic mean E by arithmetic mean):

X —

K(x7y) =

y
) x,y>0;
x+y) Y

1 X
E(x,y) = 3 (X+y+ (xy)l/z) = A(x,y)fEA <»T§> , X y>0;

(2+(1—t2)1/2), re(—1,1).

W | =

Fealt) =E(1+1,1—1) =
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EXAMPLE 4. (Decomposition of logarithmic mean L by arithmetic mean):

xX—y xX—y
(x,) Tog(x) —loz0) (x, ¥)fL.a <x+y)7 x,y>0, x#y;
2t
fra@) =L +6,1—-1)= —=, 1€ (=1,1).

log 7

Here fra(1—), fra(—1+4) exist and equal zero. In view of Theorem 3, the mean
L is extendable onto the quadrant [0, 00)?. According to Theorem 3, the extension L
vanishes on the boundary of its domain.

3. Decomposition by any homogeneous mean

Here we show that upon replacing the arithmetic mean by another homogeneous
reference mean, the counterparts of Theorem 1.1° — 8° remain true.

DEFINITION 2. Let m : (0,00)? — (0,00) be a fixed homogeneous mean. For an
arbitrary homogeneous mean M : (0, 00)? — (0, 00) the function fi,, : (—1,1) — R,
given by
M(l+1t1—1)
m(l+t,1—1)’
is said to be the index function of M with respect to m (for short: m—index function of
M).

Fum(t) == re(—1,1),

REMARK 6. Note that, under the assumption of the definition,

Fum(®) _fmal) MO +11-1) < 1+t 1—t
o o fm,A(t) B fm,A(t) N fﬂLA(t)’fm,A(t)

THEOREM 5. Let m : (0,00)> — (0,00) be a fixed homogeneous mean. If
M : (0,00)? — (0,00) is @ homogeneous mean, then

), te(—1,1).

X —

M(.X,y) :m()C,y)fM,m (x+y

y>7 x7y>07

and, moreover,

1 fun(=1,1) € (0, ), where a:=sup { = v e (—1,1)};
2° fm,m(o) =1;

3° if m is symmetric, then M is symmetric iff fym is even, i.e.

fM,m(*t) :fM,m(t)a re (717 1)7
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4° forevery t € (—1,1),
1— |t I+ | 7|
ng,m(t) <
Fma(?) Fma(?)
5° forallt € (=1,1), fium(t) =1;
6° for the extremal means, min and max, we have, respectively,

1= e
fmm’m(t) B fm,A(f) ’ fmax’m(t) B fm,A(t) ’

s

te(—1,1);

7° if M is one of the projective means, i.e. if M = Py or M = P,, where Pi(x,y) :=
x, and Py(x,y) :=y, then

1+1¢ 1—1 )
from(t) = m7 froalt) = m7 te(—1,1);

8° for all homogeneous means M, N : (0,00)> — (0, 00),
M(x,y) SN(x,y), (x,y>0) iff fum(t) <fwm(t), 1€ (=1,1).

We omit easy arguments (analogous to the suitable parts of Theorem 1).

REMARK 7. If m, M : (0,00)?> — (0,00) are homogeneous means then

1
m(t) = ——, re(—1,1).
funlt) = 5= (-1,1)

The next result, a counterpart of Theorem 2, is, in a sense, the converse of Theorem
5.4°. It gives a construction of a homogeneous mean from a given suitable function in
a single variable and a given homogeneous reference mean.

THEOREM 6. Let m : (0,00)> — (0,00) be a homogeneous mean. For every
Sunction f : (—1,1) — R satisfying the condition

1-|7] I+ | 1]
@ SOS<7 G reCLD, )

the function M : (0,00)* — R defined by

M) =ty (S2)0 w0

is a homogeneous mean such that f = fyn .
As the proof is similar to that of Theorem 2, we omit it.

EXAMPLE 5. (Decomposition of a power mean M by another power mean M4 )
By the definition of power means (Example 1) we get the docomposition

X
MY (x,y) = MY (X, V) vl e ()ﬁ) ) P,g€R, (x,y>0);
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MPI(1+1,1—1)
= — re(—1,1).
Faaw) pria () Ma( 61— 1) ( )
PARTICULAR CASES.
(i) p=—1, q =0 (decomposition of harmonic mean M!~!) = H by geometric
mean M% = G):
x— 1/2
Hix) = Gline (S2) . st = (-7 re (1),
x+y
(iily p=1, g =0 (decomposition of arithmetic mean Ml = A by geometric
mean MU = G):

Ax,y) = G(x,y)fac (;%) , fag(t)y=(1—7)"12 te(=1,1),

conforming to fa¢(f) = 1/fca(z) forall r € (—1,1) (cf. Example 1) by Remark 7.

EXAMPLE 6. Choose for reference the harmonic mean, m = H, and consider
the function f : (—1,1) — R, f(¢) = 1 + 5. From the decomposition H = Afya
(cf. Example 1) we know fua(t) = 1 — 2. The given f fulfills condition 4° of
Theorem 5, therefore, f is an H—index function for a certain homogeneous mean
M : (0,00)* — (0,00). By Theorem 6 this mean has the form

2xy x— y> 3x%y + xy?
M(x,y) = = , x,y>0.
(5,) x+yf(x+y (x+y)? Y

Although the reference mean m = H is symmetric, the resulting mean M is not
symmetric since the function f is not even.

4. Graphs of index functions

Let m : (0,00)? — (0, 00) be a fixed homogeneous mean. Then the graphs of all
m—index functions fy, , where M is a homogeneous mean on (0, c0), are contained
in a butterfly—shaped region; they are suitable for geometrical interpretations and visual
comparisons of several properties of homogeneous means.

4.1. Graphs of index functions with respect to the arithmetic mean.

The A-index function fu 4 is, according to Theorem 1.4°, bounded by the
functions

fmin,A(t) =1- ‘ t ‘7 fmax,A(t) =1+ ‘ t ‘7 re (717 1)’

their graphs constitute a region of butterfly shape.



474 P. KAHLIG AND J. MATKOWSKI

EXAMPLE 7. The graphs of the A—index functions fy 4 of some power means
(cf. Example 1) are given in Figure 1. The arithmetic mean A (as reference mean)
appears as a horizontal straight line; geometric mean G and harmonic mean H are
represented by a semicircle and a parabola, respectively. All graphs must pass through
the point (0,1) (cf. Theorem 1.2°). The present means are symmetric, implying
that the graphs of the corresponding A —index functions are symmetric with respect to
the second coordinate axis. The well-known relation between harmonic, geometric,
logarithmic, arithmetic and root-mean-square mean, expressed by the inequality min <
H < G < L<A <R < max, is mirrored in any graph of index functions (according
to Theorem 1.8°).

-1
Fig. 1. Graphs of A-index functions.
The labels refer to the following means: A arithmetic mean, G geometric mean, H harmonic

mean, C contra-geometric mean, K contra-harmonic mean, max maximum, min minimum

ExXAMPLE 8. The graphs of the A—index functions fy; 4 of some contra—means
(cf. Example 2) are also given in Figure 1. — The Heronic mean E from Example 3
can be written as a weighted arithmetic mean of A and G, namely

1 4 2
E=-2A4+G)=A(zA,=-G
which is mirrored in the corresponding A —index function as
1 4 2
==(2 =Al=, = .
fea =352+ fca) (3, 3fc,A)

(It is easy to read off the inequality G < E < A from any graph of index functions.)

4.2. Graphs of index functions with respect to any homogeneous mean.

The index function fy,, (of a homogeneous mean M with respect to another
homogeneous mean m ) is, according to Theorem 5.4°, bounded by the functions
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i) = 12111 -
fmm,m(t) - fm,A(t) ) fmax,m(t) - fm,A(t) ’

which form a region of butterfly shape in graphical representations.

tre(—1,1),

EXAMPLE 9. The graphs of the G—index functions fy; ¢ of some power means (cf.
Example 5) are given in Figure 2. The geometric mean G (as reference mean) appears
as a horizontal straight line; the harmonic mean H is now represented by a semicircle,
and (the graph of) the G —index function f4 ¢ is not bounded above. Thus, in Theorem
5.1°, we have ot = +00.

-1
Fig. 2. Graphs of G—index functions.

The labels refer to the following means: A arithmetic mean, G geometric mean, H harmonic
mean, max maximum, min minimum

5. Use of A-index functions in proving inequalities

To get the best estimation of the contra—harmonic mean

2 2
xX“+y
K(x,y) = Ty x,y >0,

by power means M),

1/p
X4y
MP)(x,y) :=( 2y> . p#0 MY%xy) = a0 (xy>0),

we now apply Theorem 1.8°. (Cf. also Zs. Piles [7] where, by a different method, a
more general result is proved.)
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THEOREM 7. For every p € R, MV < K iff p < 3. Moreover, there is no
p € R such that K < MV

Proof. Suppose that M| < K for some p > 0. By Theorem 1.8° this inequality
is equivalent to

fuma(t) < fra(t), re(—1,1).
Since

Fra@ =142, fupa) =277 (1407 + (1 =07, e (=1,1),

we get
I+ + (1 - <201 +2)F, te(—1,1).
As, by Taylor’s theorem,

(1+t)”+(1—t)”:2+<g>t2+o(t2), te(—1,1),

p

201+ 2P =2+ (1 ?+o(?), te(-1,1),

the last inequality implies that (5) < (}),ie. p <3.
Since, obviously,

fMD],A(t) = (1 + 3t2)1/3 < 1 +t2 :fK,A(t)7 re (71a 1)7

Theorem 1.8° implies that MP! < K. Since the function R 3 p — MP! is increasing,
we infer that MP! < K for all p <3.
Suppose now that there exists a p € R such that

Fra(®) Sfuma(),  re(=11).

In view of the previous part of the proof we have p > 3. Letting here + — 1 gives
2 < 20=1)/p , which is a contradiction, and the proof is completed.

REMARK 8. A similar reasoning allows to give a simple proof of the inequality of
Lin [3]:
G<L< M[1/3],

which is the best estimation of the logarithmic mean by power means.

6. Some metrics in the family of homogeneous means

We begin this section with the following
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THEOREM 8. Let .# denote the set of all homogeneous means M : (0,00)* —
(0,00), and let dy : #* — R be defined by

da(M,N) := sup {|fua(t) — fna®)| : 1€ (=1,1)}.

Then (M ,da) is a bounded complete metric space. Moreover,
1° for every sequence My € M, k € N, and M € A,

khm dA(Mk,M) =0

iff My — M uniformly on compact subsets of (0,00)?;
20
sup {da(M,N) : M, N € A4} = da(min, max) = 2;
3° the set M is convex, i.e. forall M, N € .4 and A € (0,1),

W:=AM+(1—2A)N € 4,

and the metric space (M ,dy) is convex in the sense of Menger (it is metrically
convex), i.e.

dA(M7 W) +dA(VV>N) = dA(M7N)'

Proof. From Theorem 1.4° we infer that

VM,A(t) 7fN,A(t)‘ <2 ‘ t ‘7 re (717 1)a

which shows that the function d4 has finite values on .#, and ds(M,N) < 2. If
ds(M,N) =0 then fya =fna,and by (1), we have M = N. Conversely, if M = N
for some M, N € .# then fya = fya and, consequently, da(M,N) = 0. Since the
symmetry and the triangle inequality are obvious, dy is a metric in . . Let (M),
be a Cauchy sequence in the metric space (.#,d,) and € > 0. Thus thereisa ko € N
such that da(My,M;) < € forall k, I > kg, k, I € N. By the definition of d, we
have

fuea®) —frua()| <&, k120, te(=1,1). (5)
It follows that there exists an f : (—1,1) — R such that for every r € (—1,1),

Jim fua(t) = (0

Since, in view of Theorem 1.4°, we have 1— | 1 [< fy,a(r) < 14 | ¢ |, for all
€ (—1,1),wehence get 1— | 1 |< f(¢) < 14| ¢ | forall r € (—1,1). By Theorem
2 there exists an M € .# such that f = fy 4. Letting [ — oo in (5) gives

Vaga(t) = fua(n)] < e, k>0, te(-11),

ie. da(My,M) < € forall k > ko. Thus the sequence (M;) converges to an element
of . in the sense of the metric d4 , and the completeness of the metric space is proved.
Part 1° is an easy consequence of decomposition formula (1). Part 2° and 3° are
obvious.
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REMARK 9. Let .# denote the set of all homogeneous means M : (0,00)? —
(0,00), and let p4 : .#* — R be defined by

pa(M,N) = SUP{M ite (—1,1)}.

Then, similarly as in Theorem 8, one can show that (.#, p4) is a bounded complete
metric space; the statements 20 _ 39 remain valid. It is obvious that the metric Pa is
stronger than ds . To show that p, is essentially stronger, consider the following

EXAMPLE 10. Let M, € .# , n € N, be a sequence of means such that

_ L | el/n,1];
S alt) = { ltl, |t] < 1/n.

Then d4(M,,A) = 1,n € N, and (M,) convergesto A, as n — oo, in the sense of
the metric d, . On the other hand, we have

pa(M,,A) =1, neN;

obviously, the sequence (M,,) is not convergent in the sense of the metric p, .
The metric in Remark 9 seems to be a most proper one, and the last example shows
that this (apparently most proper) metric is independently interesting.

Choosing special subsets of .# one can define some other metric spaces; cf., for
instance, the following remarks.

REMARK 10. Let . be the set of all homogeneous means M : (0, 00)* — (0, 00)
such that the A—index function fy 4 is Lebesgue measurable, and let p > 1 be fixed.
Then, by Theorem 1.1°, for every M € £, the function f)4 is Lebesgue integrable,
and I} : £ x ¥ — R defined by

L,(M,N) : (/ [fma(t) fNA()pdf> ) M,NeZ,

is a metric in .. Similarly as in Theorem 8, it can be shown that the metric space
(&, 1) is complete, and metrically convex (and the set (%) is convex, cf. Remark 3).

REMARK 11. Denote by %, the set of all homogeneous means M : (0,00)> —
(0,00) such that the A—index function fy 4 is n times continuously differentiable.
Then g4 : 6, x €, — R defined by

VMA )‘ +SUP{VMA f,\(,'z(t)‘ el < 1}

is a metric in %, . The metric space (%, 04) is complete, and (metrically) convex.
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7. M —convexity of power functions

Let M : (0,00)% — (0,00) be a homogeneous mean. A function ¢ : (0,00) —
(0, 00) is called M —convex if, forall x, y >0,

¢(M(x,y)) < M(9(x), ¢(y)).

For every p € R define ¢, : (0,00) — (0,00) by ¢,(x) = ¥ (x > 0). The
following criterion of M —convexity for the power functions is proved in [Matkowski
and Riitz, 6].

All functions ¢, , p > 1, are M —convex iff the following function is increasing:

1/x

Ty : (0,00) — (0, 00), m(x) == (M (e, 1)) (x> 0).

REMARK 12. Due to the homogeneity of M, the test function 7j, can be written
in a more symmetric form,

1/x
Tn(x) =c (M (ex/z,e’x/z)) (x > 0), where ¢ := ¢'/?,

and we get the following:
1. Let r € R, r # 0, be fixed. All functions @,, p > 1, are MV —convex iff the
function
rx\ N\ 1/(%) o )
Ty (x) = ¢ (cosh (?)) (x > 0) isincreasing.

2. All functions @, , p > 1, are L—convex iff the function

1/x
) (x> 0) is increasing.
Let us note that, via the hyperbolic functions, there is a strict connection of the test
function 7j; with our index function. Namely, we have the following

REMARK 13. For every positively homogeneous mean M : (0,00)> — (0, 00),

m(x) =c [cosh ()—ZC)fMA (tanh()—;))] e (x>0), c=e%
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