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MIXED MEANS AND HARDY’S INEQUALITY

A. CIZMESIA AND J. PECARIC

(communicated by B. Mond)

Abstract. Integral means of arbitrary order, with power weights, and their companion means
are introduced and related mixed-means inequalities are derived. These results are then used
in proving inequalities of Hardy and Levin-Cochran-Lee type. Also, new proofs of Hardy and
Carleman inequality for finite and infinite series are given by using discrete mixed-means.

1. Introduction

We start with the mixed arithmetic—geometric mean inequality:

THEOREM 1. Let aj,as,...,a, be positive real numbers. The arithmetic mean
of the numbers

3
ap,\/aydaz, y/ayaras, . . ., {1/511512 ... ay

does not exceed the geometric mean of the numbers

u ay+ax ap+ax+as ay+ay+az+ -+ ay,
I 3 e ;.
There is equality if and only if a1 = ar = -+ = ay.

This result was first given by F. Holland in [7] in the form of a conjecture and then
independently proved by K. Kedlaya in [8] and T. Matsuda in [12]. Kedlaya’s proof
was strictly combinatorial, while Matsuda proposed an inductive proof that uses a little
analysis.

In their paper [14] B. Mond and J. PeCari¢ gave a generalization of Theorem 1,
involving two arbitrary power means. Let a = (aj,az,...,a,) be a positive real
n—tuple and r € R. We denote the non-weighted mean of order r by

1
%;af , r#£0

1
n n
Ha,- , r=0".
i=1
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In fact, the mean of order 1 is the arithmetic mean of numbers ay, ..., a,,i.e. A,(a) =

ML’ (@), and the mean of order O is the geometric mean of these numbers, i.e. G,(a) =
(0]
M, (a).

So, in [14] Mond and Pecari¢ proved the following

THEOREM 2. Let a = (aj, ay, ..., a,) be a positive real n—tuple and let r < s.
The mean of order s of

ar, My (a), ..., MY (a)

does not exceed the mean of order r of

al,Mg](a), L MP(a)

’ n
Equality holds ifand only if aj = ay = ... = a,.

The remarkable idea of generalizing Theorem 1 as in Theorem 2 was due to T.
S. Nanjundiah, [17], but unfortunately he never published his proof, as it was noticed
in the paper [3] of P. S. Bullen. In that paper the statement of Theorem 2 was called
Nanjundiah’s inequality and it was proven for the case n = 2 and 0 < r < s. Moreover,
Nanjundiah’s proof of Theorem 1 will be published in [4].

Theorem 1 has some further generalizations on matrices and positive operators.
In [15] Mond and Pecari¢ gave an analogous mixed arithmetic—-mean, harmonic-mean
inequality for Hermitian matrices and the mixed arithmetic—geometric mean inequality
for noncommutative positive definite matrices. In [16] they extended these results to
positive linear operators.

The aim of this paper is to generalize these results to integrals. We introduce
integral power means and give relations between two means of different order, i.e.
mixed (r,s)-means inequality. Also, we give companion results of these inequalities
and demonstrate how powerful mixed means are by showing how the well-known Hardy
and Cochran-Lee inequalities in their discrete and integral versions can be obtained as
limit cases of given results.

The analysis used in proofs is based on Minkowski’s integral inequality (see [6],
Theorem 202), properties of the means and on some basic theorems of real analysis.

In what follows, without further mention, we assume that all integrals exist on the
respective domains of their definitions.

2. Mixed (r,s)-means inequalities
All results are based on

LEMMA 1. Let a,b € R, a < b, and let f be non-negative function integrable
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on [a,b]. Suppose r,s ER, r <s, r,s #0, and o,y € R. Then

1

{ﬁ/ﬂb(x_a)a_l {(xla)y /ax(t—a)Y—lfs(t)dt}f‘a’x}7
> {ﬁ/ab(x—a)y_1 [ﬁ /:(t—a)a_lfr(f)dfrdx}%~ (1)

Proof. Using the change t = a + u(x — a) of the independent variable in the inner
integral, the left side of (1) becomes

S

r
s

_ bx—ao‘_1 1u_lsa u(x —a u‘x
= | 6= l/oyfu( ))d]d

: - 1 b a—1lgr %
> /Ouy I[W/u (x —a)*"'f (a—i—u(x—a))dx] duy . (2)

The second row in (2) is obtained by an application of the integral version of Min-
kowski’s inequality. Substituting back a + u(x — a) = ¢ and considering the notation
i =a+u(b— a), the right side of (2) is equal to

{/01 w1t {m /au(t - a)alfr(t)dt:| % du}%
_ {ﬁ /ab(x —ayr! {ﬁ /:(t - a)“lfr(t)dt] % dx}E .

The last equality is due to the substitution x = a@ + u(b — a) , that completes the proof.

O

Using appropriate changes of independent variables, we can easily obtain the
companion result of Lemma 1:

LEMMA 2. Let b € R, b > 0, and let f be non-negative function integrable on
[b,00) . If r,s € R are such that r < s, r,s # 0, and o,y € R, then inequality

{bio‘/,, ¥ ! L%/X tylfs(t)dt]xdx}

holds.
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Proof. Define function g by g(x) = f (1), for x € (0, 3] . Then, for function

' b
g, using scalars 0, %, —o, —y instead of a, b, o,y respectively, inequality (1) can be

written in the form
1

JHONINORTE
O O R R

Let us transform correspondingly the inner integrals at both sides of (4) by the transfor-
mation ¢t = % , hence
1

a+1 e} §
bia/o (%) lu’/_ ty_lfs(t)dt] du
1 % 1 y+1 [0 OO(X— r ; %
> b_V/O (E) lu/ 27 (t)dt] du p . (5)

Inequality (3) is obtained by putting x = % in first integrals at both sides of (5). O

1

=

Now we introduce integral power means. Let ¢,d € R, ¢ < d, and let f be a
non-negative function integrable on [¢,d]. For & > 0 and r € R, r # 0, as in [6], we
define the mean of order r, M"(f;c,d,a), of f by

1
7

d
MU (fic,d, ) = [ﬁ/ (xc)alfr(x)dx] . (6)

If f is positive, we can also define the geometric mean of f as

G(f;ed, ) = MOfic,d, o)

d
= exp (ﬁ /c (x —c)*! lnf(x)dx> . (7)

On the other hand, for ¢, a,r € R, ¢ > 0, < 0,7 # 0, and non-negative function f
integrable on [c, 00) let MY (f; ¢, &) denote the companion power mean of order r of

f
M) = |28 [T ra] (®)
If £ >0, let

G.(f;c,a) = MLO](f;c, o) = exp (:_;x /00 X! lnf(x)dx) 9)

c
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be the companion geometric mean of f .
Since

d
d_ o
/ (x —c)* ldx = %, if oo >0,

and
o0 C(X
/ x*ldx= —, ifa<0,
.

one can see that relations (6)—(9) really represent the means. Those means have further
properties:

MU (fie,d ) < MY(fic,d, o), (10)
MO (Fie,a) < MEU(Fic, o), (11)
for r < s, and
li_r%M[r](f;c,d,a) = G(f;c,d,a), (12)
}i_r%MLr](f;c,a) = G(fic, ). (13)

A very important consequence of Lemma 1 is

THEOREM 3. If a,b € R, a < b, fis a non-negative function integrable on [a, b],
and r,s, o,y € R suchthat r <s, r,s #0, and o,y > 0, then

1

{ﬁ /ab(x o Lx T ey S(I)d’} | dx}7

> {ﬁ [ o [ [ ol d} ,

ie. MUY (MY(fra,x,7);a,b,a) = ME (MU (f;a,x,a);a,b, 7).

1
s

Proof. Directly from Lemma 1, replacing f by ar Y s f. O

This is the integral mixed (r, s) -means inequality. The companion result is given
by
THEOREM 4. If the conditions of Lemma 2 are satisfied with o,y < 0, then

{;—g/boox“‘l {;—3/ /xooty‘lfs(t)dt] de}
> {;_g’/booxv—l t—f /XOO ta—lfr(,)dt];dx} ;

ie. MOME (Fix,7):b, ) = ME (MU (F1x, 00); b, 7).

1
7
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Proof. Applying Lemma 2 to the function (—a)7(—y)5f instead of f . O

The next two lemmas describe the case r = 0, i.e. the case involving the geomet-
rical mean.

LEMMA 3. Suppose a,b € R, a < b. If f is a positive function integrable on
[a,b], a,y € R such that o0 > 0, and s € R, s > 0, then

{ﬁ /“b(x o {exp (ﬁ /ux(t — g lnf(t)dtﬂsdx}%

< exp{ﬁ/ﬂb(x—a)alln {ﬁ /:(t—a)ylfs(t)dtrdx}.
(14)

Proof. Writing the result of Lemma 1 for the function « ; f, instead of (1) we

have
{ﬁ /( —a g e gdx}%

> {ﬁ / " ay-! {(X — / x(t_a)“—lf’(odrrdx}

For x € [a, b] define

(15)

s

h(x) = {ﬁ /:(t - a)ylf“(t)dt]

The left side of (15) is then equal to MU(h;a,b,a) and by (12) we obtain that
lim, o M"(h;a,b, &) = G(h;a,b, &), i.e. the right side of (14). The right side of (15)
can be written as

s

R(r) = {ﬁ/ub(xa)yl [M[f](f;a,x, a)rdx} . (16)

Since MU(f;a,x,a) > 0, combining (10) and (12), the monotone convergence of
MU(f;a,x, ) to G(f;a,x,a) as r decreases to O is obvious. Using Lebesgue’s
monotone convergence theorem, equality

) :
U e S ey
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holds, i.e. the left side of (14). Consequently, (14) follows from (15) by taking limy o .
0

LEMMA4. Let b € R, b > 0, and f be apositive function integrable on [b, co) .
If s,a,y € R are such that s >0, a <0, then

{biy/boox”1 {exp <x_°(‘x /XoO t“llnf(t)dt)]sdx}s
_q | e %
gexp{b—f/b X n LW/ tylfs(t)dt} dx}. (17)

Proof. From Lemma 2, applied to the function (—a)#f , by using (11), (13) and
the monotone convergence theorem. O

Lemma 1 and Lemma 2 also imply

THEOREM 5. If conditions of Lemma 3 hold true with y > 0, then
(i) MY(G(f;a,x,a);a,b,y) < GMY(fia,x,v);a,b,a), for s >0,
(ii) MU(G(f;a,x,a);a,b,y) > GM¥(fia,x,7);a,b,a), for s < 0.

Proof. From Lemma 1, by the same tools as in the proof of Lemma 3. ]

THEOREM 6. Under conditions of Lemma 4 with y < 0, inequalities
(i) MY(G(fix,0):b,y) < GMY(f1x,7):b, @), for s > 0,
(i) MI(G(f i, @)ib.y) > G (fx,7): b, ), for s <0,
hold.

Proof. Directly from Lemma 2, as in the proofs of Lemma 3 and Lemma 4. O

3. Hardy type inequalities

The results given in the previous section can be used in proving some well-known
inequalities. Here we give new proofs of these inequalities and improve one result
related to finite sums.

The discrete version of the famous Hardy inequality (see [6], Theorem 327 and
[13], Chapter IV, Theorem 1) is contained in

THEOREM 7. Ifp>1, a, 20,and A, =a1+ay+---+ a,, then

SV Ee  w

n=1 n=1

P
unless all the a, are zero. The constant ( 1%) is the best possible.
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Proof. By Theorem2,for r =1, s=p and k € N

()] <i565e)

n=1

and then
k n 7
A\ 1 r
E =) <kr E -S> & . 1
( n > n=1 (I’l =1 l) ( 9)

Since >, a < Z;;l a = S, forall n € N, n < k, the right side of (19) is less
than or equal to

1P 1 p
1\7? kl_f p p
klfp - <k1717 = _ . 2
Sklg (n> ] Sk<1_l> <p—l> Sk (20)

n=1 p

The inequality in (20) is a consequence of the integrability of the function f (x) = x p

in (0,k) , since the sum th:l n”7 is the lower Darboux sum of f - So,
k k
An p p
3 (—) < (—p > a (21)
= \n p—1 —
and inequality (18) holds by taking limit as k — oo. ]

Inequality (21) describes what happens if both series in (18) are restricted to a
finite number of terms. The constant that appeared in this situation is the same as in
(18). But, if we look at the proof of Theorem 7 carefully, it is obvious that relations
(19) and (20) give us an inequality with a smaller constant, since

k 1 P » p
() < (-
n=1 pil

So, the best possible constant in the infinite case is not the best possible for the finite
series. We just proved

THEOREMS. Ifp>1, a, >0,and A, = a1 +a+ ---+ a,, then
k AN k 1 Pk
" <k17[’ ) 1’77

forall k € N, unless all the a, are zero.



MIXED MEANS AND HARDY’S INEQUALITY 499

REMARK 1. Our result gives a smaller explicit bound for the best possible constant

Ax for the relation
k k
A p
E on < A § P
( n ) ‘ n=1 “

n=1
and our constant depends on the number of terms in the sums. The best possible constant
for the finite section of the discrete Hardy inequality was investigated by H. S. Wilf in
[20], but only for the case p = 2. He established only the asymptotic behavior of A,
as k — oo and showed that

167> Inlnk
pu— 4 —_—— —_— .
& (Ink)? +0 <(lnk)3>

For further details, see [13], Chapter IV.

The corresponding theorem of Theorem 7 for integrals is (see [6], Theorem 326 or
[13], Chapter IV, Theorem 2)

THEOREM 9. If p > 1, f(x) >0, and F(x) = [; f (¢)dt, then

[ a2y [ro

unless f = 0. The constant is the best possible.

In this paper we shall prove Hardy’s generalization of Theorem 9, stated in [6],
Theorem 330, and [13], Chapter IV, p. 145:

THEOREM 10. If f is a non-negative function integrable on [0,00) and real
numbers p,r, 0. are such that p,r > 1, then

[ [ as () [ rvrera e

Proof. Relation (22) is obtained as the limit of (1) as b — co. Let 0 < r < s,
a=0and y = ap —r+ 1. In this case we have > > 1 and ap —y > 0, s0 (1) can
be written as

S

{/Obx“ Li /o f“ffo)dr] ; dx}%
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Denote
b
Ib:/ 5 ().
0

Since fg 7S (Hde < Iy, 0 < x < b, the last row of (23) is less than or equal to

[PV b o—1—vyC ' Lo It cl’
bys II; X ysdx = bys —rII;
0 a—vs5

1

r 7 1
I; - Tl
—( . ) —( ; ) 1.

By raising to the s-th power we have

b X i s s
1 r 2 r
y—1] > a—1lgpr < 7
/Ox Lo‘/ot f (t)dt} dx < (afy) Ip. (24)

Putting p = £ and f" instead of f in (24) one obtains

b X 14 p b
y—ap—1 o—1 p y—lgp
/0 X [/O 1 f(t)dt] dx < (apy) /0 VP (4t

or, in the original notation,

[l e (5] v

Inequality (22) holds by taking limp_, . . O

~ e

The companion inequality of (22) (see [6], Theorem 330, and [13], Chapter IV, p.
145) is given by

THEOREM 11. Let f be non-negative function integrable on [0,00) and real
numbers p,r, o suchthat p > 1 and r < 1. Then

/Oooxr wa ;alf(t)dt]pdx < <1 Ii r>p/ooo 1 (O] dr. (25)

Proof. Recall Lemma 2 for r = 1, s = p > 1 and parameters @ and y =
op — r+ 1. By raising to the p—th power inequality (3) becomes

L OOxy‘1 L/Ooto“lf(t)dtpdx
by b x%

X

1 p
1 [ | b
< —/ x*! —/ AP (de| dx o,
b* b xr X
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[} [es} p
y—op—1 a—1 d:| d
/b x {/x 1“7 f (H)dt| dx
1 p
T g > a—Y_1 > —1 »
< <br P Y P(H\d d . 26
<{ /b x {[ (1) t] x} (26)

J;,:/ P (1) dr.
b

Since fxoo t”_lfp(t)dt < Jp, x 2 b, and ap — y < 0, an upper bound for the right
side of (26) is

fe%e] P

{blz’alj’/ xaly_’ldx}
b

p
1 poopee
= <_a y> Jp = <y pa ) / P (r)t.
-5 — op b
p

[e'e] [e'e) p P o]
y—op—1 a—1 4 y—1
/b x/—% {/x t f(t)dt} dx < <y — ocp) /b t P(1)dt

or, considering the notation from the begining of the proof,

[ e () e

and we reach (25) by taking limj_.¢ . O

or

Let

Finally,

REMARK 2. Theorem 11 can also be proved directly from Theorem 10, using the
method described in the proof of Lemma 2.

REMARK 3. The inequality that occurs in [6], Theorem 330, is in fact

o] ., p p o] .,
/0 x dex<(|r1|)/o 7 (tf ) dr, (27)

/f , r>1
/f t, r<1

and p > 1, that differs a little bit from our Theorem 10 and Theorem 11. But, (27)
is easily obtained from these results by writing (22) and (25) for the function 1*~'f
instead of f .

where
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4. Carleman’s inequality and inequalities of Levin—Cochran—Lee type
The well-known Carleman inequality (see [6], Theorem 334, or [13], Chapter 1V,
Theorem 3) is the subject of

THEOREM 12.

oo

Z(alazn-an)% <eian, (28)
n=1

n=1

unless (a,) is null. The constant e is the best possible.

Inequality (28) can be proved by using Nanjundiah’s idea, i.e. by applying the
mixed arithmetic—geometric mean inequality, as it is shown in [3] and [4]. Bullen derived
(28) by taking the limit as k — oo of

k

k
Z(alag .- -a,,)# <e Zan. (29)

n=1 n=1
Using the same method, but more carefully, here we improve (29) by

THEOREM 13. Let a, > 0. Then

k
Z(alag )t < % Zan, (30)

n=1

forall k € N, unless (ay) is null.

Proof. By Theorem 1 we have

k
> (aay---a,)
n=1

Since 22:1 a, < Zi:l a, = Ay, forall 1 < i < k, unless all a, are zero, the right

side of (31) is less than {/ Hf:l ’% = % . Hence,

k k
1 1 1
_ E (alaz...an)ﬁ < - E a,
k vk! =

n=1

=—

<|1I

1

=

C i\
()] »

and (30) follows by multiplying by k. ]
This result is really an improvement, since our constant satisfies
Koot
— <e e
Vit ’
that was proved by A. Lupas in [11]. Moreover, Carleman’s inequality follows from
(30) by taking limy_.o , since limy_.oo % =e.



MIXED MEANS AND HARDY’S INEQUALITY 503

REMARK 4. The constant e is the best possible for the infinite series, although
there is no convergent series for which equality in (28) holds. If, however, the series
in (28) are restricted to a finite number of terms, we obtained an inequality with the
smaller constant, kLk' , dependent on the number of terms in the sum in (30), and given

explicitly. The best pbssible constant for

k

k
Z(alaz Cean)T < i Zan

n=1 n=1

was given by N. G. De Bruijn in [2] (see also [13], Chapter IV) only by its asymptotic
behavior as k — oco. He established that

2n%e ) 1
=—e— —— — .
Hi (Ink)? (Ink)?

J. A. Cochran and C.-S. Lee in [5] proved the following result:

THEOREM 14. Let o and y be real numbers with o > 0, f (¢) a positive function
such that t*~Inf (¢) is locally integrable in [0,00) . Then

/Ooox"_lexp{x%/Oxto‘_llnf(t)dt} dx < e¥ /Oooxy_lf(x)dx. (32)

Yo, ;
The constant ea is the best possible.

Originally, inequality (32) was discovered by V. Levin in [9] and rediscovered by
Cochran and Lee, as it is mentioned by M. Ali¢ and J. Pecari¢ in [1]. So, (32) will
be called the Levin—Cochran-Lee inequality. Here we give a new approach to this
inequality. It holds as the limiting case of Lemma 3.

Proof. In (14),let s =1 and @ = 0. Then

L e O‘/Xﬂfllnf(t)dt d
— X — X
by 0 P X% 0

o b 1 X
< exp b_o‘/o x*ln LW/O ty_lf(t)dt} dx

b a X

/Oxyflexp (E/o to‘llnf(t)dt) dx
< prinb o [ a—1] L dil a 33
< e Mexp b—aox n;otf(t)tx. (33)

or
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Denote
b
I;:/ 7 (1.
0

It is obvious that [ #/~'f (t)dt < I; holds for x € [0, 5], and hence the right side of
(33) is not greater than

b
I*
e'nb exp g/ x* n | £ ) dx
b* 0 xV
b b
ln(I;)/ xo‘*ldxf/ x* "V n(x!)dx
0 0

b
= exp{ylnb +1In(1}}) — l%y/o x*! lnxdx} . (34)

b
b* 1
/ X nxdy = — (lnb — —> ;
0 a a

the last row in (34) is equal to

(04

= exp{ylnb + bo

Since

exp {ylanrln(I;;) -y <lnb é)} =eal}.

b X b
/ x'Lexp ﬁ/ t*“nf (t)dt ) dx < e%/ I (at
0 x* Jo 0

and inequality (32) follows by taking lim,_,«, . O

Hence,

The companion result of Cochran-Lee’s is due to E. R. Love, given in [10]:

THEOREM 15. If a and y are real constants with oo < 0 and f(x) is a
measurable and non-negative function on (0, 00) , then

/ K Lexp { — / -1 lnf(t)dt} dx < e@ / A (W)dx. (35)
0 X Jx 0
Our proof is direct consequence of Lemma 4.

Proof. Put s =1 in (17). Then

1 oo

o x'lexp <f3/ ! lnf(t)dt) dx
b X X

—a [~ 1 [
< oa—1 y—1
< exp{ o /b x* " In Ly /r { f(t)dt] dx} ,
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or equivalently,

/ x' " Lexp <x_g/ to‘_llnf(t)dt) dx

b X
ce™exp! =% [Tt | L [T ptrar] a 36
SefmVexpq g A = 7 f (ndt| dx ;. (36)

Gi= [T [T

X

Since

for all x > b, the right side of (36) is not greater than
—a [ J
e'"l expd — / 2 n [ 22 ) ax
b* b xv

= exp{ylnb + l% {/ x* M n(x")dx — In(J}) / xo‘_ldx] }
b b

= exp{ylnb + l%y/ x* " nxdx + ln(J;)} . (37)
b
Elementary calculus gives

o0 b /1
/ X Mnxdy = — (— — lnb) .
b a \o

Hence, the last equality in (37) is equal to

1
exp{ylnb+}/ <a —lnb> +1n(J;,‘)} = eéjg‘

and, finally, we have

/ x"_lexp{_—g/ to‘_llnf(t)dt} dxéeé/ XU (x)dx.
b X Jx b

So, (35) holds by taking lim,_,q . O

Note that the most recent proof of Theorem 15 is given by G.—S. Yang and Y.-J.
Lin in [19].

REMARK 5. Inequality (35) can also be derived directly from Theorem 14 using
the same sequence of substitutions mentioned in the proof of Lemma 2.
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