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AN APPLICATION OF THE HAUSDORFF-YOUNG INEQUALITY

ZIVORAD TOMOVSKI

(communicated by H. M. Srivastava)

Abstract. In this paper a generalization theorem of Zahid of a [8] has been obtained, by consid-
ering the condition S,(5), p > 1 instead of S(J).

1. Introduction

A sequence {a;} of positive numbers is said to be quasi-monotone if kPap | 0
for some 3, or equivalently if Aaq; > —[5% .

A sequence {ay} is said to be & —quasi-monotone if ay — 0, a; > 0 ultimately
and Aa; > —&, where {J;} is a sequence of positive numbers.
A sequence {ay} is said to satisfy condition S’ if @y — 0 as k — oo and there

(oo}
exists a sequence {Ax} such that {As} is quasi-monotone, Y Ay < 00, |Aax| < Ay,

k=1
forall k.

On the other hand, a sequence {a;} is said to satisfy condition S(8), if ax — 0
as k — oo and there exists a sequence {A;} such that {A;} is O —quasi-monotone,
STk& <00, > Ap < oo, and |Aax| < Ag, forall k.
k=1 k=1

Now, we say that a sequence {a;} of numbers satisfies conditions S,(d) or
ar € S,(6),if ax — 0 as k — oo and there exists a sequence of numbers {A;} such
that:

(a) {Ax} is 6 —qusi-monotone and > k& < oo,
k=1

(b) io:Ak < 00,

k=1
1 & Al
(c) =3

ni= AR
Thus, in view of the above definitions it is obvious that §' C S(8) C S,(9).

=0(1).
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2. Preliminaries

ap > . . . .
Let f (x) = — + >_ aycosnx be the cosine trigonometric series.
n=1

Quite recently, S. Zahid Ali Zenei [8] proved the following theorem.

THEOREM A. [8] Let the coefficients of the series f (x) satisfy the condition S(J).
Then the series is a Fourier series and the following relation holds:

T oo
[rwlar<cya,
0 n=0

where C is an absolute constant.

LEMMA 1. [3] (Hausdorff—Young). Let the sequence of complex numbers {c,} €
IP. Then {c,} is the sequence of Fourier coefficients of some @ € L1 (l% + é = 1),

(% /2”|<P(x)|qu)é < ( i ‘Cn|p)ll"
0

and

LEMMA 2. ([8] case v = 1) If {a,} is a O—quasi-monotone sequence with

o0
>~ nd, < 0o, then the convergence of . a, implies that na, = o(1), n — 0.
n=1 n=1

o0
LEMMA 3. [8] Let {a,} be a §—quasi-monotone sequence with »_ nd, < oo. If

n=1

doa, < oo, then Y (n+ 1)|Aa,| < oo.

n=1 n=1

3. Main results

THEOREM. Let the coefficients of the series f (x) satisfy the condition S,(8). Then
the series is a Fourier series and the following relation holds:

/lf(x)\dx <C) A,
0 n=0

where C is an absolute constant.

Proof. By virtue of hypothesis AA, > —§,, we have
|AA,| < AA, + 26,
We suppose that
Ao = max(ay, 81, 8 + 28,8 + 28, +383,...,8 + 28 + ... +nby), n=no.
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We see that > k& < Ag < Y Ar, n €N.
k=1 k=0
By summation by parts, we have:

; |Aak| = ZA/C‘?AL:|
_ ZlAAk\ Z |A“J| TA,- Z |A“J|

S 1 Z*A“" ) (i)

rn—1
=0(1)| > klAA| +nAn}
“k=1

rn—1
< O(1) > k(AAL) +28) + nAn}

k=1
rn—1 n—1

= O0(1) ) k(AA) +2 kS + nAn}
-k=1 k=1

n n—1
1) (ZAk —nA, + 2Zk5k + nA,,)
n—1

<2Ak +2 Z k(Sk)

o]
Letting n — oo we get > |Aa,| < 0o.

n=1

Thus % + > a, cosnx converges to f(x) for all x except possibly x = 0. By
n=1
summation by parts, we have:

f(x) = lim ? + Zak cos kx]

n—oo L

. [ao ap
= nlgrolo > + ;Dk(x)Aak + a,D,(x) — 7}

n—1

= lim ZDk(x)Aak+anDn(x)}
k=1
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by the fact that lim a,D,(x) =0, if x # 0 where D, (x) is the Dirichlet kernel. Now
applications of Abel’s transformation yield,

ﬂ oo T oo
/‘% —&-Zancosnx‘dx: /‘ZAaka(x)‘dx
o n=1 k=0
Aak
\ZAk—Dk )| ax

Then

Recalling the uniform estimate of the Dirichlet kernel we have:

Ak( Z\Aak\ ) 7

=~

where A is an absolute constant.
Let us estimate the second integral:

A Aag; Y Ag;
Je = ‘E —JD<x‘dx—/ ‘E —J51n(+ )’dx
‘ / — A /) sin & A oV

z U= 2 j=0

1 1
We shall first apply the Holder inequality, where — + — =1,
P 9

1 Tk 1

1 N\ |7 Aa; . 1\ |4 q

Jy < ( dx /‘ —’sm('—&-—)x’ dx] .
<[ gl [ b

¥
. dx dx
Since /7[7 < — <
T (Sin %) T v p=
% %
¥ 1

k 1

P _ A . q q

I < (%) K {/Z‘A—?sin(j—k%)x‘ dx] .
0

Jj=0

/

; kK1 it follows that

1
1
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Then using the Hausdorff-Young inequality we get:

V

15 sl 3)ad < [ 5 ferfa] < (550

1 & |Aa:l?
Finally, J; < Bk(% > | :;‘ > , Where B is an absolute constant.
=0 A
Thus,
T k A
132 5oi0] = ot
j=0
Then,
ﬂ oo r o0
ao
/‘?—kz;ancosnx‘dxg kz; AAk|+(n+1)An]
0 n= =

<M Z( 1)|AA] + (n+1 imk]
k=n

k=0
<SM|D (k+1)|AA| + Z(k + I)AAk@ .
k=0 k=n

Application of Lemma 3 yields

n oo
ap
/‘7 + E ancosnx‘dx< 0.
0 n=1

On the other hand,

n n

D (k1) [AA] < (k4 1) A + 2Zn:(k +1)8

k=0 k=0 k=0

=D A= (1 DA 2D (k+ 1S
k=0 k=0

< ZAk —(n+ 1) A +4Zk5k
k=0

k=0
< ZAk —(n+ 1) A +4ZA1<~
k=0 k=0

From Lemma 2, we have: (n+ 1)A,11 =o(l), n — co.

Thus, 3 (k + 1) |AAy] = O(liAk) .
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[1]

(8]

Finally, the following inequality is satisfied:

ﬂ oo oo
ap
/‘E—i— E akcoskx‘dxécg Ay.
s k=1 k=0
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