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GLOBAL LIMITING EMBEDDINGS OF
LOGARITHMIC BESSEL POTENTIAL SPACES

PETR GURKA AND BOHUMIR OPIC

(communicated by V. Burenkov)

Abstract. The paper is a continuation of [EGO II-IV], where it was shown that Bessel potential
spaces HOY(R™), modelled upon appropriate generalized Lorentz-Zygmund spaces Y(R")
may be embedded into Orlicz spaces Lg(Q), where ®@(¢) = exp(exp(...exptY)...)) for large
t, v>0,and Q is a subset of R"” with finite volume. Using weighted Hardy inequalities, we
modify the Young function @ near the origin so that the above embedding holds with Q replaced
by R". The resulting Young function dominates globally the Young function W (z) =, r >0,
for g sufficiently large and consequently, H°Y(R") — L9(R"). We also obtain an estimate of
the norms of the last embeddings which is sharp in their dependence upon ¢ provided that g is
large enough.

1. Introduction

In the recent paper [EGO IV] an embedding theory for certain logarithmic Bessel
potential spaces H°Y(R") modelled upon generalized Lorentz-Zygmund spaces Y (R")
was established and the role of the logarithmic terms involved in the norms of spaces
HPY(R") was clarified. Since generalized Lorentz-Zygmund spaces include many
familiar objects including Lebesgue, Lorentz, Lorentz-Zygmund, and Zygmund spaces
(see Section 2), in [EGO IV] we got the refinements of the Sobolev embedding theorems,
Trudinger’s limiting embedding as well as embeddings of Sobolev spaces into space of
A (+) -Holder-continuous functions including the result of Brézis and Wainger. In these
embedding theorems all the target spaces are spaces of functions defined on R" with
the exception of the embedding which generalizes Trudinger’s limiting embedding. In
this limiting case the result has a local character: For any bounded subset Q of R”
with finite volume we have

H°Y(R") — Lo(Q); (L.1)

the target space in (1.1) is the Orlicz space with the Young function @ given for large
t by

D(r) = exp(exp(...expt’)...)), (1.2)
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v is a positive number. (Note that the number of exponential functions appearing in
(1.2) is determined by the number of parameters of the generalized Lorentz-Zygmund
space Y(IR") which are in the limiting state.)
It is well known (cf. [A, Section 8.26] or [EE]) that the Young function ® from
Trudinger’s result
W(Q) — Lo(Q) (1.3)

(here Q is a bounded domain in R” whose boundary is sufficiently regular) can be
modified near the origin so that the embedding (1.3) holds even if the volume of Q is
infinite. This leads us to the idea that also the Young function @ from (1.2) can be
modified near the origin so that the resulting Young function ®, (equivalentto ® near
infinity) is such that

H°Y(R") — Lg,(R"), (1.4)
that is, the local embedding (1.1) can be replaced by a global one. In distinction to
[A, Section 8.26] or [EE], this modification is done by making use of convenient Hardy
inequalities with power-logarithmic weights. (Note that (1.4) with a particular choice
of the generalized Lorentz-Zygmund space Y extends to R”" the results of [EK] and
[FLS] (cf. [EGO 1V, page 133]).) Since the Young function @, from (1.4) dominates
globally the Young function ¥ given by W(z) = ¢4, t > 0, for large ¢, (1.4) implies
that

H°Y(R") — LI(R") (1.5)
provided that ¢ is large enough.

We also obtain estimates of the norms of the embeddings (1.5) which are sharp

in their dependence on ¢ (for large g ). This extends the result from [EGO V], where
such estimates were established for the embedding

HOY(R") — L(Q) (1.6)

with Q C R" having non-empty interior and finite volume.

The paper is organized as follows. Section 2 contains the basic notation and
auxiliary assertions. The main results (Theorems 3.1 and 3.4) are given in Section 3
which also contains examples. The proofs of main results can be found in Sections 4
and 5.

2. Notation and preliminaries

Let (%,u) be a totally o-finite measure space. When % C R", we shall
always take u to be n-dimensional Lebesgue measure u,, and we shall put |G| =
|G|, = u.(G) for any measurable subset G of R". The family of all extended scalar-
valued (real or complex) u -measurable functions on % will be denoted by .Z(%, u);
AT (%, u) will represent the subset of .#(Z, u) of all those functions which are non-
negative u-a.e. The symbol .Z" (a, b) with (a,b) C R will stand for .Z* ((a,b), ).

For f € #(%, 1), the distribution function uy of f is given by

W) = wra(h) = u({x € & [f W] > 1)), A >0,
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and the non-increasing rearrangement f* of f is defined by
(@ :f(;gm(t) =inf{A;ur(A) <1}, 1>0.

Recall that if f € .#(%,u), then suppf*™ C [0,u(#)], f* is non-increasing on
(0,00), and f and f* are equimeasurable (cf. [BS]). We shall also need the average
of f*, and so define

t
)=t / f*(s)ds, t>0.
0
Now let m € N and define (logarithmic) functions ¢1, ..., ¢, on (0,00) by
6(t) =L(t) =1+ |logt|, £n(t) =1+41ogly,_i1(r) (m>1). (2.1)
It is easy to see that for all 7 € (0,00) \ {1},

0i(t) =t sgn(t — 1),

i = 22
(1) = (H Kj(t)) t'sgn(t —1) (m>1). (22)
=1

Let p,g € (0,00] and @, ..., 0, € R. The generalized Lorentz-Zygmund space

Ly g.on,....om (%) consists of all functions f € .#(Z%, 1) such that the quantity
IF g = [ (TT G O)r )] (2:3)

j=1 B

is finite, where || - || (ap) is the usual L7-(quasi-) norm on an interval (a,b) C R. We

shall sometimes write

LP(logL)* ... (loglog...log L)* (%)
——— —
m  times

instead of Ly .0 00 (#). When each o = 0, the space L, .0, (%) coincides
with the classical Lorentz space L”?(%), which is just IP(#) when p = gq;if m =1,
Ly 400 (%) is the Lorentz-Zygmund space L’7(logL)* (Z) introduced in [BR] and
which, when p = g, is the Zygmund space L’ (log L)* (%) . If u(%#) < oo, then

Ly piau,....on (%) = {f € M*E,1); /,% Df\ ﬁéfj(e + [f|)rdu < oo}.
=1

The spaces L, g:0,.....0 (%) were studied in [EGO II-IV], [EOP], and [OP], where more
information can be found.

Throughout the paper the symbol I, ¢ € (0,n), is used to denote the kernel of
the Riesz potential, i.e. Is(x) = |x|°™", x € R". The Bessel kernel g5, 0 > 0, is
defined to be that function on R"” whose Fourier transform is

§o(x) = (277:)_”/2(1 + ‘x‘2)—0/27
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where the Fourier transform of a function f is given by

7o = m " [ empay.
It is known that g, is a positive, integrable function which is analytic except at the
origin (cf. [AS] or [Z]).
Let 0 >0, p € (1,0), g € [l,00], and ay,...,a, € R. The logarithmic
Bessel potential space H°L, 4.0, ..o, (R") is defined by

HLy go..oom(R") i={u=go *f3 [ € Lypgan,..0m(R")},

and is equipped with the (quasi-) norm

||”||0;p,q;a1,m,am = Hf“p,q;otl,'..,am-

Note that for o = 0, j = 1,...,m, H°L, p.0,..c;,, (R") is simply the (fractional)
Sobolev space of order o .

When k € N, p,g € (1,00), and @y,..., 0, € R then, by [EGO IV, Theorem
4.2], the space H'L, 4.0, . o (R") equals to

WkLP,q;Otlwam (R") := {u; Du € Lp ga1.....0.,(R") if || < kP,

equipped with the (quasi-) norm

Z 1D ul|p.g:cur..cm>

<k

and the corresponding (quasi-) norms are equivalent.
By a Young function © we mean a continuous, non-negative, strictly increasing

and convex function on [0, c0) satisfying

lim ®(¢)/t = lim t/®(t) = 0.

Jim @)/t = lim 1/®(r) =0
Given a Young function @ and any measurable subset Q of R", Ly (Q) will denote
the corresponding Orlicz space, equipped with the Orlicz norm || - |lo = || - [lo.q; for
details of such spaces we refer to [A].

Let @; and ®, be Young functions. Recall that ®, dominates ®, globally if
there exists a positive constant k such that

@, (1) < O (ki) (2.4)

holds for all + > 0. Similarly, ®, dominates ®, near infinity (near the origin) if
there exist positive constants k and 7 such that (2.4) holds for all 7 € (T, 00) (for all
t € (0,T)). Two Young functions are said to be equivalent globally (near infinity or
near the origin) if each dominates the other globally (near infinity or near the origin).
It is easy to see that if @, dominates (is equivalent to) ®; near infinity and near the
origin, then ®, dominates (is equivalent to) ®; globally.
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We have from [A, Theorem 8.12]: If ®; and @, are equivalent globally (or near
infinity and |Q| < c0), then

Lo, (Q) = Lo, (Q) (2.5)

and the corresponding norms are equivalent. In particular, (2.5) holds if there are Tp
and Ty, 0 < Ty < T < 00, such that

D (1) = Oy(r) forall 7€ (0,7T)) U (Too, 00).

Given two (quasi-) Banach spaces X and Y, we write X < Y if X C Y and the
natural embedding id : X — Y is continuous. The norm of the embedding is

lidl| = llid||lx—y = sup [[f ][y

I llx <1

For two non-negative expressions (i.e. functions or functionals) F; and F, we
shall write F; < F, whenever F; < CF, for some constant C € (0, 00) independent
of the variables in the expressions F; and F,. If F; < F, and F, < F), we write
Fl ~ F2 .

We shall adopt the convention that a/co = 0 and a/0 = oo forall a € (0,00).
If p € [1, 00], the conjugate number p’ is givenby 1/p+1/p' = 1.

If m € N, we define

€xp,, = €XpOoexpo...oexp .

m times
For the formal reason we put

Lo(t) = max(t,¢t71), t € (0,00), (2.6)
and,if m =1,

rﬁﬁj(t) =1 ) t € (0,00).

j=1

For p € (0,00) and x € R" let B,(x, p) denote the open ball in R" of radius p
and center x. The symbol %(B,(0,1)) stands for the set of all bounded measurable
functions on R” with supportsin B, (0, 1) (the closure of B,(0,1)). By k, we denote
the surface area of the unit ball in R”.

3. Main theorems and examples

Our first result concerns global limiting embeddings of logarithmic Bessel potential
spaces into Orlicz spaces and reads as
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3.1. THEOREM. Let ¢ € (0,n), p € [1,], and m € N. Let oy, < 1/p’,
o =0, —1/p" and if m > 1, let oy = 1/p’ for j =1,...,m — 1. Suppose that
q € |p, ) and that one of the following conditions is satisfied:

q > n/o; (3.1)
g=n/o, p>1, m>1, (3.2)
g=n/o, p>1, m=1, o, =0; (3.3)
g=n/o, p=1, 0n=0; (3.4)
Then
HLyjopan,...an(R") = Lo(R"), (3.5)
where the Young function @ is given by
11 for all small enough t >0
D(r) = { . (3.6)
exp,,t~ @ forall large enough t > 0.

3.2. COROLLARY. Let all the assumptions of Theorem 3.1 be satisfied. Then

HO-Ln/G:P§(Xl~,~~~,a)71 (R") = LA(R").

3.3. REMARK. Let all the assumptions of Theorem 3.1 be satisfied. Using the
method of [EGO III], one can prove:

(1) (i) The embedding (3.5) is not compact.
(2) (i) The space H?, (R") is not continuously embedded in any

n/o.pi0i,....0m
Orlicz space Ly(R"), where ¥ dominates @ near infinity.

The next theorem provides estimates of norms of the embeddings in Corollary 3.2.
These estimates are sharp in their dependence on g provided that g is large enough.

3.4. THEOREM. Let o € (0,n), p € [l,00], and m € N. Let oy < 1/p’,
o=0oy,—1/p" and if m>1,let o =1/p" for j=1,...,m—1. Put

X(R") = HLy/opian,....om (R")-
Then for all sufficiently large q,
X(R") — LI(R") (3.7)
and
lid||x (@) — Loy ~ £,%1(q)- (3.8)
3.5. EXAMPLE. Suppose that p € (1,00), 6 =n/p, and
either g€ (p,00), B e (—o0,1/p’)
{or q=p B €10,1/p).
Then, by Theorem 3.1,

H"PIP(log L)P(R") — Lo (R"), (3.10)
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where
11 for small ¢ >0,
D) =

expt"U*’;ﬁ*" for large > 0.
If, in addition, p = n > 1, we have from (3.9) and (3.10) that

W!L"(log L) (R") = H'L" (log L) (R") — Lo (R"),

where

11 for small ¢ >0,
(D(t - n
exptni=P-1  forlarge >0,

provided that
{either g€ (n,00) and B € (—oo,1/n)
or q=n, and B €[0,1/n).

In particular, if § = 0, we have
Wl’n(Rn) — Wan(Rn) s L@(Rn),

where
11 for small ¢ >0,
(1) {

exp " for large >0,

571

(3.11)

(3.12)

(3.13)

provided that ¢ € [n, 00), which is the result corresponding to that of [A, Section 8.26]

or [EE].

Let ||id||, |lid2||, and ||id5]| , respectively, stands for the norm of the embedding

H'P1P (log L) (R") — L/(R"),
W'L" (log L)P (R") — LI(R"),

and
W(R") — LI(R").
Then, by Theorem 3.4, for all large g,

lidy | ~ g7 —F i B <1/p,
lids|| = g™ =P if B < 1/n,

and

lids| ~ ¢"/"".



572 P. GURKA AND B. OPIC

3.6. EXAMPLE. Let p € (1,00), 0 =n/p, q € [p,o0) and B € (—o0,1/p).
Then, by Theorem 3.1,

H'P1P (log L)7 (loglog L)P (R") — Lo (R"), (3.14)
where
11 for small ¢ >0,
q)(t - n
expexpt"t—P-o  forlarge > 0.

If, moreover, p = n > 1, we have from (3.14) that

WIL"(logL)l/"/ (loglog L)P(R") < Lo (R™), (3.15)
where
14 for small >0,
(I)(l = n
expexpt"t—-A-1  forlarge ¢ >0,

provided that ¢ € [n,00) and f € (—o0,1/n). In particular, if § = 0, we obtain
WL (log L)V/" < Lo(R"), (3.16)

where
11 for small ¢ >0,
D(r) =

exp exp ' for large >0,

provided that ¢ € [n, c0).
Let ||id||, |lid2||, and ||id5]| , respectively, stands for the norm of the embedding

H"/pr(logL)l/”l (loglog L)P(R") «— LY(R"),
W'L"(log L)"/" (loglog L)P (R") — L4(R"),

and
WIL”(IOg L) 1/n (Rn) — Lq(R”).
Then, by Theorem 3.4, for all large ¢q,

lid|| ~ (log )/ ~F it B < 1/p’,
lids || ~ (logg)!/" =P if B < 1/n’,

and

lids || = (logq)""".
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4. Proofs of Theorem 3.1 and Corollary 3.2

To prove Theorem 3.1, we need the following lemmas.

4.1. LEMMA. Let ® be a Young function and let X be a (quasi-) normed linear
space satisfying X C AM(R", U,). Assume that there exist ty and too, 0 <ty < too <
00, such that for all u € X with |Jul|x <1,

/IO O (1))dt <1 and /00 O(u*(r))dr < 1. (4.1
0 too
Then

X — Lo(R"). (4.2)

Proof. Let u € X, |lullx < 1. We have (cf. [BS])

/R (fu(x) v = /0 (u* (1))dr + / O(u*(1))dr + / (" (1))dr.

to Ioo

Using monotonicity of @ o u*, we obtain

7 oty < 1 1) 0 ) < = [ o )

to t()

Consequently,

Iy o0
/ O (ju(x))dx < / O(u* (1))dr + / O(u* (1) )dr,
n 0 Too
which, together with (4.1), yields

/,, O (u(x))dx < 1.

Since, by Young’s inequality

Jullo < [ @(juta)pas+ 1.

we obtain that ||u|le < 1 and (4.2) follows. O

The next lemma provides us with an estimate for the non-increasing rearrangement
of the Bessel kernel g .

4.2. LEMMA. Let 6 € (0,n). Then thereis B € (0,00) such that

gi(t) SO exp(—Bi'") >0, (4.3)
and ojnet ]
1o/m=- te (0,1

o () < v b 4.4

wos{ Tl 44)
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Proof. The estimate (4.3) is proved in [EGO II, Lemma 3.5]. Moreover, we have
from (4.3) that

t
g5 (1) = 1! / g5(Ddr <O i e (0,1),
0

and
1 t
g;*(t):rl[/ g;(r)dw/g;(r)df} ~rlif 1 e (1,00). O
0 1

Using the well-known criterion for the validity of Hardy’s inequality (cf. [OK]),
one can prove the following lemma.

4.3. LEMMA. Let 0 € (0,n), p € [1,00], m € N, and o, ..., 0, € R. Suppose
that q € [p, 00| and that one of the following conditions is satisfied:

>n‘
q o
n
=5 oq > 0;
n
9= o =0, >0
n
=5 oG =0=...=0—2=0, 0y >0;
n
q:E7 al:a2:-~-:am—2:am—1:07 am>o-

Then there is a constant C € (0,00) such that for all h € .#*(1,0),

t m
t_l/ wwdr| <o (L6000 45
N IOT . (H Fope| o @)
and
oo o 1 m
war| <l (T o)) 46
| [ wwae]| (oo, .. 6o

The next lemma provides an estimate of f* for f from generalized Lorentz-
Zygmund space.

44.LEMMA. Let m € N, ay,...,a, € R andlet r € (0,00) and p € (0, 0], or
r = 0o = p. Thenthere exists a constant ¢ € (0,00) such thatforevery f € Ly pon,....om
and all t € (0,00),

0 <er " (T1470) I ..o
j=1
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The proof is similar to that of [EGO I, Lemma 3.3], where the case r € (1,00),
p € [1,00] was treated. O

Proof of Theorem 3.1. Put L = L,/ 0.0, (R") and X = H°L. Let u € X,
|lullx < 1. Then u = go +f , where f € L and ||f||. = |Jullx < 1.
The proof will be given in three steps:

Step 1. 'We prove that for all such u,

/ exp, (1) B dr < 1 47)
0
and -

/ W ()0de < 1. (4.8)

The estimate (4.7) with m = 2 was proved in [EGO II, Lemmas 4.2 and 4.1]; the
proof for a general m € N is analogous.
Since 1 > ||f||L, the estimate (4.8) will be proved if we show that

lu* (Dllg,1,00) S IF N2 (4.9)
We have by O’Neil’s lemma (see [O, Lemma 1.5] or [Z, Lemma 1.8.8]) that
w' () <u (1) <1gg ()7 (1) +/ 8o(T)f " (v)dr.
t

Consequently,

0l < 1185 O Ol + 1 [ €0 (Dl
(4.10)

=:N;i+N>.
Using (4.4), we obtain

Ny SO lg,0,00) = Ht_l (/Olf*(r)dr—l— /ltf*(r)dr) H%(LOO) (4.11)

1 t
<( [ r@an)i oo + [ [ 00
0 1 q,(1,00)

=: Ni1 + Nia.

Since g € (1,00), we have |7, (1.00) & 1, and thus, by H6lder’s inequality,

N §/1f*(r)dr (4.12)
A CORUIEE GO
%%H

1
<l ||s

= Wl
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Applying Lemma 4.3 (the estimate (4.5)), we obtain

Nip S

A4 ( ﬁfﬁj(t))f*(t)H%UM) <o

Together with (4.12) this yields
NS I e (4.13)

Using Lemma 4.3 (the inequality (4.6)), the estimate (4.3), and the fact that
£ exp(—Bti) <1 forall € (1,00),

we arrive at

VAN

=
=la
+

-

w5 [ (TT00)sstor o) (@14

< ||z

N
=
=l
+
< -
—~ — —
~
TR
—~
<
S~—
N—
-~
sl
|
Q
>
=)
~
I
o)
~
=
-
~
*
—
-~

and (4.9) follows from (4.10), (4.13), and (4.14).
Step 2. We prove that there is A € (0, 00) such that

u' (1) <A forevery ueX with |ulx<ILl. (4.15)

Take u € X with |ju|lx < 1. Then u = g5 *f, with [|f ||z < 1 and O’Neil’s
lemma, together with (4.4), implies

CO S0+ [ e @ (4.16)
We have from (4.12) that

) < Af e, (4.17)

P Hl E;aj(r)Hp/’(O’l) . ByLemma4.4 there is aconstant ¢ € (0, c0)
=

[«
n

where A} = HTI

(independent of f ) such that for all ¢ > 0,
« _o —q;
£ et * (H@ ’(t)) 1F Iz (4.18)
=1
Since ||f||r < 1, we have

frO<a i [[6%)  forall > 0.
j=1
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Together with (4.3) this yields
/ ga(T)f*(1)dr < c/ T*1<H€;aj(r)) exp(—Bﬁ)dr =1A; < 0. (4.19)
1 1 ,
j=1

Thus, we have from (4.16), (4.17), and (4.19) that (4.15) holds with A = A; + A, .

Step 3. By Lemma 4.1, to prove Theorem 3.1, it is enough to verify (4.1) with
some fp and 7, satisfying 0 < 7y < oo < 0.
We have from (3.5) that there are Ty and T, , 0 < Ty < T < 00 such that

D(1) = { “ + 1€ 0.To] (4.20)

exp, 1”@ , 1€ [Tay,0).

Take some 7y € (0,1) and #o, € (1,00). Let u € X, |jullx < 1.
If
u(t) > Too forall 1€ (0,1), (4.21)

then (4.20) and (4.7) imply

S
S

| et oar= [ " exp, (u* (1) ) dr < [ et tyas .

(Since [{r > 0; u*(t) > Too}hh = {x € R |u(x)] > Too}|n = t(Tx). where
W, = W,(A) stands for the distribution function of u, we have that (4.21) is equivalent
to 7y < .uu(Too) )

If (4.21) does not hold, then w,(Ts) < 7o and (4.20), (4.7), and the fact that
u* (i (Too)) < Too imply

fo Mu(Too) 1o
/ <I>(u*(t))dt:/ ...dt+/ Lo dr
0 0 Mu(Too)
uu(TOO) o
~ [T ene @ Bars [ o @
0 7

u(Too)
1
g/ expm(u*(t)_é)dt-kloq)(u*(#u(Too)))
0

S1+109(Ts) =~ 1.

R~

It remains to verify the second estimate in (4.1). To this end we make use of (4.15).
If the constant A from (4.15) satisfies A < Ty, we obtain from (4.15), (4.20), and
(4.8) that

/too O (u*(r))dr = /too u* (1)dr < /100 w*(0)%dr <1

forall u € X with |jul|x < 1.
Assume that A > T . Taking y € (Ty,A], we have with C; = ®(A)/T{ that

B(y) < D(A) = O/ T < iy,
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Together with (4.20) this implies that
d(y) < Cy?  forall ye[0,4], (4.22)

where C = max{1,C;}. Finally, using (4.15), the monotonicity of u*, (4.22), and
(4.8), we obtain

/ DO(u*(r))dt </ O(u*(r))dr < C/ u'(1)de <1
too 1 1
forall u € X, |u|lx < 1, and the proof is complete. [J

Proof of Corollary 3.2. Since the Young function @ from (3.6) dominates globally
the Young function @, givenby ®@;(r) =1, t € [0, 00), the result follows from (3.5)
by [A, Theorem 8.12]. O

5. Proof of Theorem 3.4.

Note that the embedding (3.7) of Theorem 3.4 follows from Corollary 3.2. To
prove the estimate (3.8), we need several lemmas.

5.1. LEMMA. Let m € N and v > 0. Then there is a constant Cy € (0, 00) such
that for all s € (0,1),

sup £,%,(g)s"* < C16,,"(s). (5.1)
g€ll,00)

Proof. Let m € N and v > 0. Let 5o € (0,1) be fixed.

First we show that

sup £V (q)s"9 < 0,(s) forall s € [so, 1). (5.2)
g€(l,00)

If g € [1,00), then £,,_1(q) > 1, which implies that
(V. (q) <1 forall gell,o0). (5.3)
The function ¢, is decreasing on (0, 1) and hence
0, (s0) < £, (s) forall s € [so,1). (5.4)
Since 5'/9 < 1 forall g € [1,00) and all s € (0, 1), we have from (5.3) and (5.4),
sup £V (q)s9 < 1~ €,V (s0) < £,%(s) forall s € [s,1),

q€(l,00)
which is (5.2).
It remains to show that for some sp € (0, 1),

S[lllp )zm (q)sV1 < eV(s) forall s € (0,s0). (5.5)
qe|l,00
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Take s € (0, 1) such that
so<e V. (5.6)

We claim that for any j € N,
z,_l( v ) ~ l(s)  forall s € (0,s). (5.7)

—logs

Note that it suffices to verify (5.7) for j = 1,2; the other cases follow by the induc-
tion applying the definition (2.1) of ¢, (k = 1,2,...). Since 0 < v/(—logs) <
v/(—logso) < 1 for s € (0,s0), we have (cf. (2.6))

—1
EO(—I\(/)gs) — Sgs ~1—logs=/¢(s) forall se€ (0,s0), (5.8)

which is (5.7) with j = 1. The case j = 2 follows from the fact that

lim (L)/zz(s) ~1.

5—0; —logs

For a fixed s € (0,s9) we define the function

Fy(1) = z,;zl(ilzgs)e-f, € (0, logs], (5.9)

and we want to prove that

Fy(1) < CL¥(s), 1€ (0, logs] (5.10)

m

with a constant C independentof s and 7.
As v < —logs (cf. (5.6)), we may split the interval (0, — log s] into the intervals
(0,v) and [v, —logs]. Consider first T € (0, v). Then

t/(—logs) < v/(—logs) < 1. (5.11)

Since the function ¢, ¥, is increasing on (0,1), we have from (5.11) and (5.7) that for
all 7€ (0,v),

Fy(1) =€, (%gs)e_f < gzl(—l‘;gs) ~ 0V(s). (5.12)

Using (2.2), we obtain for all 7 € (0, —logs) that

@ = (o) [ 1 11 5(=rg)) 7

<ot (Siege) [ =144

and consequently, F(7) is decreasing on [v, —logs]. Thus, for all 7 € [v, —logs],

)e-v <Y (71§gs) ~ 0V (s). (5.13)

Fy(t) < F(v) = gzl(

—logs
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The estimate (5.10) follows from (5.12) and (5.13).
Taking 7 = 7,, = (—logs)/q with g € [1,00), we have 7,, € (0, —logs| and,
by (5.10) and (5.9),

1 1
0" () R Fi(Tog) = £,%, (5)“"’ =lnls (g)sl/ 1= 0" (g)s

and (5.5) follows. O

The proof of the next lemma is analogous to that of [EGO II, Lemma 4.1], where
the case m = 2 was treated.

5.2. LEMMA. Let 0 € (0,n), p € [l,00|, and m € N. Let o, < 1/p’,
o=0y —1/p and if m > 1, let o =1/p" for j=1,...,m— 1. Then there exists
a positive constant Cy such that for all u € HL,, /5 p.q, ..., (R"),

sup 631(5)”*(5) < C2||”||0';n/0',p;(11,m,am' (5~14)
s€(0,1)

An upper estimate of the norm of embedding (3.7) is given in the following
assertion.

5.3. LEMMA. Let all the assumptions of Theorem 3.1 be satisfied. Then there exists
a constant ¢ € (0,00) such that for all u € H°Ly /5 .00 (R"),

—o

H”‘H%R” <c gm—l(q)||u||0';”/57[7;a17»--705m (5.15)
(where || - ||qrn stands for the norm in the Lebesgue space L(R") ).

Proof. Put X = H°L, /5.0, ..., (R") and take u € X . Then

o]l gz = (/OOO u*(s)qu)l/q < Iy(u) + L (u), (5.16)

where
B =l lgen  and D) = [0y 100 (5.17)
Using Lemmas 5.1 and 5.2, we have for all u € X and all g € [1,0),

sup s'/9u*(s) < £,%,(q) sup [ sup £ (p)s"/P] u*(s)

5€(0,1) el 5€(0,1) pe[l,00)

< G, % (g) sup Guls) u™(s) < C1Co6, % (q) |l x-
s€(0,1)

Consequently, forall u € X and all ¢ € [1,00),

Li(u) = (/1 s1/2[s1/(2q)u*(s)]q@)l/q (5.18)

0 S

! 1/q
<acat@al( [ 5as) " < 0 @)l
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Since u € X, wehave u = goxf withf € L :=L,/5p.0,,...0,,(R") and [Ju|x = [|[f ||z
Using (4.10), (4.13), and (4.14), we obtain

L(u) SIFlle = llullx
Together with (5.18), (5.17), and (5.16) this implies that for all # € X and all ¢ €
(max{p,n/c},o0),
lullgrr S (€,%(q) + Dllullx < 26,%(q)llullx
and the result follows. [

To find a lower estimate of the norm of embedding (3.7) we need the following
lemma.

5.4. LEMMA. Let g be a positive function which is continuous on (0,1] and
non-increasing in some interval (0,ry] C (0,1]. Let o € (0,n), p € [1,0], m € N,
and o, ...,0, € R. Then there exists a number ri € (0,ry) such that the functions
hy, r € (0,r1), definedin R" by

g, r<hl<l
h.(y) = 5.19
0) { 0 , otherwise ( )
satisfy
M/r e ol
(I + h) (x) :K,,/X (%) g(%)vg(r)dr (5.20)
1
+ K,,/ 1°g(t)at, x| < r,
where vy € L'(0,00),
Hhan/o,oo;oq 44444 O N sup 1° g H (5'21)
te(r1) j=1
and, if p € [1,00),
||han/G,p;051,»--,am S Vl(r) + V2(r) (5'22)
with
pde\ 1/
Vi(r) = / °g(t Eaj
(), I H 0 7)
and

=) [0
j=1

Proof is an easy modification of that of [EGO III, Lemma 4.1], where we replace
the function L(s) by

m

s):sp%-lﬂffaf(s) , se(0,00) (pell,)),
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and the function L(z) by

Lty =17 [[67() . 1€(0,00). 0
=1

5.5. COROLLARY. Suppose that ¢ € (0,n), p € [1,], and m € N. Let
O < 1/p" and, if m > 1,let o =1/p’ forj=1,...,m—1. For y < 04, +1/p put

m—1

g(t) = fff( I1 zj(t))flz,;y(t) . e (0,1 (5.23)

J=1

Then there exists ry € (0,1] such that for all r € (0,r) the function h, defined by
(5.19) sarisfy:
(I % h)(x) 2 077 (r) x| < r, (5.24)

el /oo S E 7P (1) (5.25)

Proof is analogous to that of [EGO III, Examples 4.2] and thus it is omitted. [

5.6. COROLLARY. Let 0 € (0,n), p € [1,00], and m € N. Let o, < 1/p’,

o =0y —1/p" and, if m > 1, let oy = 1/p’ for j=1,...,m — 1. Then there exist

a number ry € (0,1) and non-negative functions f, € B(B,(0,1)), r € (0,r), such
that

(s *fr)(x) 2 £, %(r)  forall x € B,(0,r) (5.26)

and
Hfr”n/O',p;ocl,m,ocm <L (527)

Proof. Take h, from Corollary 5.5. Then, by (5.25) and (5.24), there are constants
¢, C € (0,00) independent of r € (0, r;) such that

(I * hy)(x) = cﬁ}n_y(r) , xl <,

and
Hhi’”n/o;p;ocl,m,ocm < ng,,,nyrl/p(r)'
Hence, putting f, = C~ 15, /"~" (+)h, , we obtain (5.26) and (5.27). O
Now, we are able to establish a lower estimate of the norm of embedding (3.7).

5.7. LEMMA. Let 0 € (0,n), p € [l,00], and m € N. Let oy < 1/p’,
o =0y, —1/p and if m > 1, let o = 1/p' for j=1,...,m — 1. Then there is
a constant C € (0,00) such that for any sufficiently large q € (1,00) there exists a
function u, € H°L, /., ... 00, (R") satisfying

||”qH6;n/o,p;a1,m,am <1 and |ugllgrn > Cgr;fl(‘ﬂ
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Proof. By Corollary 5.6, there exist 71 € (0, 1) and functions f, € #(B,(0,1)),
r € (0,r;), such that (5.27) and (5.26) hold. Putting F, = g5 *f-, r € (0,r(), and
using the fact that

(gU *fr)(x) ~ (IO' *fr)(x) ’ |x| < 17

we obtain

and

HFrHo;n/cy,p;oq,...,ozm = Hfr”n/o,p;al,...,am <1

Fr(x)20,%(r) forall xe€ B,(0,r). (5.28)

Choose q; € (1,00) such that exp(l —q1) = r. If g € (q1,00), set

r=exp(l —q). (5.29)

Obviously, r € (0,r;) and the function u, := F, satisfies

||uq||0';n/0',p;a1 AAAAA O < 1

and (cf. (5.28))

1/q
oz > ( Fy (o))

x;|x|<r}

2 6, ()| B (0, )|V 2 £,%(r)

m

atoras) = (

x;|x|<r}

since [B,(0,1)]'/7 — 1 as ¢ — oo and, by (5.29), /4 = "1=9/4 — ¢~ ag
qg— . O

Proof of Theorem 3.4. Theorem 3.4 follows from Lemmas 5.3 and 5.7. [
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