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A NOTE ON SOME CLASSES OF FOURIER COEFFICIENTS

ZIVORAD TOMOVSKI

(communicated by H. M. Srivastava)

Abstract. It is shown that the class Sp (p > 1) is a subclass of C N BV, where C is the
Garret—Stanojevi¢ class and BV the class of sequences of bounded variation. A new direct proof
of this theorem is given.

1. Introduction

A sequence {a;} belongs to the class S, if @y — 0 as k — oo and there exists

a monotonically decreasing sequence {Ax} such that ZAk < oo and |Aay| < Ag for

k=1
all k.

Now, we say that a sequence {ax} belongs to the class S, or a; € S, if ax — 0
as k — oo and there exists a monotonically decreasing sequence {A;} such that

ZAk < 0o and Z‘Aa"‘ o(1).

Thus in view of the above definitions, it is obvious that S C S, .
The class C was defined in [3] as follows: {a,} € C if forevery € > 0 there is a
0 > 0 such that

§
/ Aaka ) dx < g,
0

k=n

for all n, where
1 n
D,(x) = 3 + E cos kx

is the Dirichlet kernel.

2. Main result
THEOREM. S, C CNBYV.
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Proof. Tt suffices to show that

n
c,,:/
0 k=

For each n, let k, be the least natural number such that n < 2% — 1.
Then C, can be majorized by

=o(1), n— 0.

T |okn _q 0o Tlpl+t_y
C </ > AaiD;(x) dx+Z/ > AqDy(x)|dx =1y + .
0 j=n I1=ky, 0 j= 2l
The second term is written as follows:
o (2 ) |
=31 [+ [ X sapw|ar—x+x
I=kn 0 1/2l+1 j= 2

For the first term, the uniform estimate |D,(x)| < n+ % , is applied, i.e.

00 2l+1_1
1 |
2 g 3 a1+ 5)

I=ky, j=2!
2i—1 2i—1
>4 Z|Aa,| (1+3) < Z Z\Aa]\zz
kn kn
020 2i—1 -
=3 > |Ag).

i=2kn j=i

By summation by parts, we have:

|Aal| SN
Z\M—Z Ai= D MY Ay Y
i=2kn i=2kn i=2kn —1 Jj=1 J Jj=1 J
- 1/p S 1/p
< Z Z |Aaj| + 2knA2kn Z |Aaj|
i=2kn —1 j=1
=0(1) | Y i(AA)+2%Ay,
i=2kn —1

Since ZA" < 00, both terms on the right-hand side of the above inequality are o(1),

n=1
as n— o0.

Thus ) = o(1),as n — oo
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Let
S A A | IAg|
22 = Z / Z 4 AJDJ(.X) dx.
l:k"1/21+1 j:21
Applyng Abel’s transformation, we get
g 21+1 1 A 21+172 T j A
b Tap| de< Y- aay [ ST 2D () ax
1241 | = 2 j=2 1/20+1 =1
T 21 A
+Ay 3 Aaerr(x) dx, e
1/2+1 r=1
oo 212 T J o T ol
Aa, Aa,
LYY a4 ZA—D ()| dx+ > Ay ZA—Dr(x) dx.
I=ky j=2l 1 =t g Ik |1 ’

Applyng the Holder inequality, we get:
b1 1
1 | Aa, . 1
—sin | r+ 2 x|dx

Y
Aa,
N e
r=1 n r=1
1/21+l 1/21+1 2
. . /p x| N 1 g V4
< / % / ZA—arrsin<r+§>x dx
1/21+1 (Sln E) 1/21+1 r=1
where 1/p+1/g=1.
Since
Vs ¥
dx dx _
/ . X\? < / x_ngp(le)p 17
1/21+l (Sln E) 1/21+1

(M, is absolute constant depending on p ), it follows that

q 1/q
I < (2’“)1/‘1(Mp)1/p / Z ( 2>x dx
1 /21+1 r=1
Applying the Hausdorff—Young inequality to the last integral we get
q Va 1/p
|Aar|p

21
ZAAar sin <r+%>x dx Z

/21+1 r=1
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Thus
1/p
1 \Aa,\
<2™'c, 7T 2 (G, >0).

Then

0o 21+1

5L=001) ) Z JAA; +222’A21
I=kn ]721 I=kn

Applying the Cauchy condensation test,

Z2IA21 =o(1), n — oo.

Z:kn
But
21+1_2 21+1_1
D A= > A= (2 = DAy, <24y — 2 Ay
=2 =2
Thus
0o 21+1_2
> mai< Z[zlAzl —2M Ay =2MAn, = 0(1),  n— oo,
I=ky j=2! I=kn

ie. 2y =0(1), n— oo. Finally I, = o(1), n— oo.
The same method applied to /; yields the estimate

2kn 1 2kn 1
L<0(1) Y |Aa|+0(1) | Y jAd;+2nA,
I=n j=n

Letting n — o0, the proof of the theorem follows.

REFERENCES

(1] G. A. FOMINE, A class of trigonometric series, Mat. Zametki 23 (1978), 213-222.

[2] J. W. GARRET AND C. V. STANOJEVIC, On L! convergence of certain cosine sums, Proc. Amer. Math.
Soc. 54 (1976), 102-105.

3] C. V. STANOIEVIC, Classes of L' convergence of Fourier and Fourier Stiltjes series, Proc. Amer. Math.
Soc. 82 (1981), 209-215.

(Received April 15, 1998) Faculty of Mathematical
and Natural Sciences

P.O. Box 162

91000 Skopje

Macedonia

e-mail: tomovski@iunona.pmf.ukim.edu.mk

Mathematical Inequalities & Applications



