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MEASURES OF ALGEBRAIC SUMS OF SETS
GAVIN BROWN, CHARLES E. M. PEARCE, JOSIP PECARIC AND QINGHE YIN

(communicated by J. Marshall Ash)

Abstract. A variety of measure—theoretic inequalities are derived for algebraic sum sets involving
sets with fractal structure. The derivations are based on combinatorial inequalities which in turn
are derived from canonical univariate algebraic inequalities for polynomials in noninteger powers.
A systematic procedure is presented and some known results generalized.

1. Introduction

Measure—theoretic properties of algebraic sums of sets have been studied by a
number of authors (see, for example, [2], [5-9], [12] and [15-17]). One typical problem
is the following. If two sets E, F are very thin in some sense (for example, they have
Lebesgue measure zero) how “thick" will their sum set E + F be? By the algebraic
sumset E + F we signify the set

E+F = {x+y:x€E, yeF}.

Suppose m denotes Lebesgue measure and . Cantor-Lebesgue measure, that is,
the uniform distribution on the Cantor subset C of [0,1] formed by repeated removal of
middle thirds. The following result has been established by Brown and Moran [5].

THEOREM A. If E, F are Borel subsets of [0,1], then
m(E + F) = 2uc(E)*ue(F)*, (L.1)
where oo = log3/log4.

An immediate corollary is that . is a basic measure (see [25] and [6]).
A related result has been derived by Oberlin [16]. Suppose that £ C [0, 1] and
F C C are Borel sets. Then

m(E+F) > 2m(E) ¢/ 183y (F).
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In [16] this result appears without the factor 2 on the right, since the sum E + F is taken
on the circle group T = [0, 1]. If sums are so evaluated, the factor 2 disappears from
(1.1) also.

Brown and Moran’s proof in [5] follows from the inequality

xy*+max{x*(1-y)* (1 -x)t + (1 =01 =y)* > 1 (0<xy<1) (1.2)

established by Woodall [26].

Woodall and subsequently Hajela and Seymour [11] derived a variety of interesting
results in combinatorial geometry from the latter inequality, which is therefore of some
interest in its own right. The history of these results and related ideas pertaining to a
multivariate extension of (1.2) (see [14], [4]) is quite colourful. A brief accountis given
by Brown [2].

In [2] Brown also stated that (1.2) follows from a simpler canonical univariate
inequality.

PROPOSITION B. Suppose that s, t > 1 and s~ +1t~! =1log3/log2. Then
1+x+x2 > (1 +x)50 ) (1.3)

SJorallfor 0 <x< 1 ifandonlyif 3(s+1) < 8.

Proposition B has also proved seminal. Kemp [13] has given a simpler proof and
noted that the domain 0 < x < 1 can be replaced by x > 0, since (1.3) is invariant
under the tranformation x — 1/x. She proved also that for x > 0 (1.3) holds in the
overlapping regions

sV <log3/log2,  s>=s1, t>=s,

and
sTh4rl <15, s>, t>1,

where 5; = 1.0246 . . . is the (unique) solution of s~ ! +7~! =log3/log?2, s+1 = 8/3,
s <TI.

The condition s,z > 1 in Proposition B derives from Lemma 4 of [7]. In [18] an
improvement of this lemma was proved without the restriction on s,7 (see also [19],
[22]). From [18] it follows that this restriction is equivalent to s,¢ > 0. The results of
[18] and [19] have been taken further by Alzer [1].

In the following section we establish a generalization of (1.1) which allows two
different exponents ¢, 3 on the right-hand side. We show how this follows from a
two—exponent version of (1.2), which will in turn be derived from Proposition B. In
fact, these results can be strengthened by working from an appropriate generalization
of Proposition B. So as to emphasize the simplicity of the approach, this strengthening
is postponed to Section 3.

In the remainder of the paper we show how our technique leads directly to a number
of other measure—theoretic inequalities of the type

m(E+F) > ku(E)*v(F)P (1.4)
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for appropriately chosen measures p, v and constants ¢, . In Section 4 we extend
some canonical univariate inequalities established in [2]. Associated multivariate in-
equalities are derived in Section 5. The consequent measure—theoretic inequalities for
sumsets are presented in Section 6.

To minimize the appearance of the intrusive constant k in specific instances of
(1.4), we shall follow Oberlin and throughout take the addition of sets as being modulo
[0,1].

2. Generalizing Theorem A

We begin with a generalization of Proposition B.
PROPOSITION 2.1. Suppose 0 < o, < 1 with a + = log3/log2 and
3(a '+ B1) < 8. Then
2P max{x(1 = )P, (1 =0} + (1 -x0)* (1 =) > 1

Sforall x,y €[0,1].
Proof. As 0 < a,f < 1, the desired result holds when x = 1 or y = 1, so

without loss of generality we may assume x,y < 1. Again by symmetry, we may
assume without loss of generality that

(1= y)f > (1—-x)%P (2.1)
or 5
o
X > Y '
1—x 1—y
We wish to show that
x4 1=y (1 —0)*(1—y)f > 1. (2.2)

Obviously (2.2) holds when y = 0, since o@ < 1. Also the second derivative of
the left-hand side with respect to y is nonpositive since 8 < 1. Hence the left-hand
side of (2.2) is concave in y and we need only check that (2.2) is satisfied when (2.1)
holds with equality, that is, when

x \%/P
()

< )O(/ﬁ.
1+
1—x

y:

We need to verify that
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If x < 1/2, divide both sides of (2.3) by (1 —x)* and let u = (x/(1 — x))%, while
when x > 1/2 multiply both sides by (1 — x)%/x** and let u = ((1 — x)/x)%
either case the condition is

L+ u+u? > (14 u/%1 4+ u/P)P.

The desired result follows from Proposition B. [

We are now ready to extend Theorem A.

THEOREM 2.2. Suppose that 0 < o, 8 < 1 and E, F are Borel subsets of [0, 1].
Then

m(E + F) > pe(E)* ue(F)P (24)
whenever o+ 8 = log3/log?2 and 3(a~ '+ B7!) <8

Proof. Since ., and m are regular measures, it suffices to prove the result for E,
F closed and contained in C. Let

An = {’21%
i=1
Ajn+1 {Z 3 € Apsi

i=1

o0
. €
there exists x € E such that x = E 3—’1., € =0 or 2}7
i=1

ln+1 —2’]} (]:0’1)

and let B, B{l denote the corresponding quantities for x € F'.
We can establish by induction that

|An+Bn‘ 2 |An‘a‘Bn|ﬁ7 (2-5)

where as subsequently |A| = card A. By a direct check, this holds for n = 1. Suppose
the result is true for some n > 1. By considering the last digit in the base 3 expansion
of A,+1 + B,+1, we obtain that

|Ani1+Bn1| = |A 1B, +1|+‘A +11+B, +1\+max{|A +17TB, +1‘ ‘A +11+B, +1‘}
2 |An+1‘ ‘B +1|ﬁ + |An+1‘ |Bn+1‘B
+ max{|A] 1l ‘Bn+l|ﬁ A, 1l ‘Bn+l|ﬁ}'

Here the second step follows from the inductive assumption. To derive (2.5) it suffices
to show that

(|AH> (|BH> +(|AH> (|B,,H>)”
|An+l‘ |Bn+1‘ |An+l‘ ‘BnH‘
- (|An+1) (|Bn+1> (A m) (|B,1+1>B -
|An+1 | |Bn+1 ‘ ‘AnJrl | |Bn+1 ‘
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Since A{q +1 CApyr and B’n +1 C Bny1, the inductive step now follows from Proposition
2.1.

Define
E, = An + [07 37"}7 F,=B,+ [07 3*"]'

Then E = (2, E,, F =), F, and by compactness E + F = () (E, + F,).
Since 2% = 3 we have

m(E +F)

lirllnm(En—&—Fn)

= lim|A, + B,[37"

> lim |A,||B,[P37"

= lim[4,[*27"* x lirrln\Bn|B2_"B

= Ue(E)*pe(F)P.

Since all measures under consideration are probability measures, (2.4) entails that
forany y > o and § > 3 we have

m(E+F) > pe(E) e(F)°,

which provides an extension of Theorem 2.2. However we can do better. This is is the
aim of the next section.

To complete our preliminary overview, we now list several other measure—theoretic
results like Theorem 2.2 and the multivariate inequalities in order from which they derive.
The derivation is in each case closely similar to that presented in this section. We return
to the question of proving the multivariate inequalities in Section 5, where we establish
strengthened versions of them.

We use v, to denote the probability measure on [0,1] which is uniformly distributed
on all the numbers whose base 4 expansion contains only the digits O and 1.

THEOREM 2.3 Suppose that 0 < a, B < 1. Let E, F be any Borel subsets of
[0,1]. Then we have the following results.

log2
(i) m(E + F) = m(E)*u.(F)P whenever o + 8 98c

log3
1
(ii) m(E + F) > m(E)*v,(F)? whenever o + Eﬁ =1.

>
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PROPOSITION 2.4. Suppose that a;, b; are nonnegative numbers satisfying » ; a; =
1 = )", b;, where the summation is over the relevant set of values i appearing in the
inequality concerned. Let 0 < o, < 1.

log2
i) If o —— =1,th
() If +[310g3 en
max {agbg,ag‘bf} + max {agb[f,a‘f‘bg} + max {a‘f‘bf,a‘z"bg} > 1.
g 1
(i) If o + Eﬂ =1, then

max {agbg, ag"bf} + max {agbf, a‘f‘bg} + max {a‘f‘b?, ag‘bg}

+ max {a‘z"b[f, ag‘bg} > 1.

3. Strengthening Theorem 2.2

First we derive a sharpened form of Proposition B.

PROPOSITION 3.1. Suppose that o, 3 are positive constants satisfying
(i) 4+ B >log3/log2;
(ii) 3(a~' + B71) < 8.

Then forall x > 0,

3

2
l+x+x > 2o iP

(1 + xV*)*(1 4+ x/P)B, (3.1)

Proof. Since (3.1) is invariant under the transformation x — 1/x, it is sufficient
to establish the result for 0 < x < 1. Further, for each given value of

u=o-+p, (3.2)

we have by [7, Lemma 4] that the right-hand side of (3.1) is maximized by the extremal
values of o, B subject to (ii). Hence without loss of generality we may replace (ii) by

3+ B =8. (3.3)

We shall proceed regarding o, 8 as functions of u determined by (3.2) and (3.3).
If a and 8 were equal, then (3.3) would imply & = § = 3/4, so that u = 3/2, which
contradicts (i) since log3/log2 > 3/2. Hence «, P are distinct and we may choose
oa>p.

Set

f(u,x) = %(1 4 xM@)(1 4 /BB
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When u = log3/log2, wehave 3/2* = 1 and so by Proposition B f (u, x) < 14+x+x°.
We establish our result by showing that f (u, x) is decreasing in u. For convenience of

calculation we consider the logarithm of f (u,x). Let

glu,x) :=Inf(u) =In3 —uln2+ aln(1+x* )+ BlIn(l +x5 ).

Then
a*l
- Inx da
/ — —In2 In(14x% ) 1% 4%
) =2 4 {1 ) o
_ 87" dp
X nx
+ |In(1+xF7 = =
( X ) ﬁ(l+xﬁl)] dl/l
From (3.2) and (3.3) we get
do _ o»  dp_ B
du o —p?’ du o2 —pB°
Therefore
1 - x* 'nx
/ . o
gu(u,x)—flnz + m[a (Ocln(l+x )m)

— B Inx
_ Py ).

Let h(u,x) denote the expression in brackets. Then

, ox® Tl x¢ T x4 oox® -1 20 Iy
h(u,x) = 1 a1 a1 - a—1\2
+x 1+x (I +x*7)

Bx371_1 xﬁil_llnx—&—ﬁxﬁil_l B linx

IRCEE 1+xB" (LB

> 0,
since y/(1 4 y)? increases as y increases on [0,1] and x* ' > xP" for o > B and
x €[0,1]. Hence
1
!/ —
8u(u,x) < —In2+ mh(u’ 1)=0,

which completes the proof. [
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This result enables us to derive the following further extension of Woodall’s in-
equality.

PROPOSITION 3.2. Suppose that o, B are positive constants satisfying

. log3
>-_° _1;
(i) ouﬁ/logz ;

log3
(i) o+ B> o
log2
(iii) 3(a" '+ B < 8;
(iv) at least one of o, B does not exceed unity.
Then for a,b € [0,1] we have

a®bP + max{a®(1 — b)P, (1 — a)*bP} + (1 — a)*(1 — b)P > o (3.4)
Proof. First we remark that (if) is equivalent to
3
30+B < (35)

We now observe that (3.4) holds when either a or b is an endpoint of [0, 1]. For
by symmetry it suffices to consider a = 0, 1. We then require

B (1= ) > —

> 25 (3.6)

The left-hand side is convex or concave accordingas 3 > 1 or § < 1, so by symmetry
it suffices to verify (3.6) for b = 0,1/2,1. The first and last cases are immediate by
(3.5), while for 5 =1/2, (3.6) becomes

B
1 3
2 (E) > 2a+p
which follows from (i) . We may therefore suppose that a,b € (0,1).
A relation equivalent to (3.4) is obtained by dividing both sides by (1—a)*(1—b)P

and setting
x=la/(1-a)*,  y=[b/(1-b)F.

We derive

3 1 1
1+max(x,y)+xy>N—+B(1+xa)a(1+xﬁ)ﬁ7 x,y > 0.

The cases where one of x, y is zero or infinity correspond respectively to one of a, b
being zero or unity and have been dealt with.
Referring to condition (iv), let us take for definiteness 8 < 1 and consider

=

3 L
Fx,y) =1+ (6y) 42y = gomp (L+2m) (1 +y0)P
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for 0 < x, y < oo. Since f < 1, F is a concave function of y on (0,x) and
on (x,00), so to verify that F(x,y) > 0 it is sufficient to check that this holds for
y = 0,x,00. The first and last cases have already been established, so it remains to

show that 3
1 L
1+x+x2>2a—+ﬁ(l+xa)°‘(1+xﬁ)ﬁ for x >0
giventhat (if) and (7ii) hold. This is the content of Proposition 3.1, so we are done. [

An argument parallel to that of Theorem 2.2 now establishes the following result.

THEOREM 3.3. Let E, F C [0, 1] be Borel sets and suppose o, 3 are real numbers
satisfying
log3
log2’
8,
log3
log?2 B

a+p >
3a '+ B
a, B

N

WV

Then
m(E +F) > p.(E)*u.(F)P.

This does not entail the restriction o, f < 1. To see that it really has broadened
the domain of values (¢, B) to which (2.4) applies, note that o = log3/log2 — 1,
B = 2 satisfy the restrictions on o,  in Theorem 3.3. However, since

log3 !
3 -1 1 8
((105;2 ) i >> ’

we cannot obtain this pair (¢, ) by incrementing a pair satisfying Theorem 2.2 as
proposed at the end of the preceding section.

An exactly similar development to the foregoing may be used to derive the follow-
ing.

THEOREM 3.4. Denote by v, the probability measure spread uniformly on on all
numbers on [0,1] in whose base 4 expansion no digit 3 appears. Let E,F C [0,1] be
Borel sets and suppose o, 3 are real numbers satisfying
log3
log2’

8,
log3 |
log2

at+p >
3a '+ B
o, B

N

WV

Then
va(E + F) = vi(E)*vi(F)P.
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This reflects the fact that a natural measure—preserving isomorphism & exists
between subsets of full measure of the supports of v; and u.. The subset of v; of full
measure is the set of points x = Y, a;4" with a; € {0, 1} and a; = 0 for infinitely
many values of i. If x = Y77 a;4~" with @; € {0,1} then o(x) = Y%, ;37" with
b; = 2a;. If E, F are Borel subsets of supp ( vy ), then E + F is Lebesgue measurable
and »(E+ F) =m(c(E+F)).

4. Canonical univariate inequalities

Our starting point is a collection of results proved in [2] (see also [13]).
PROPOSITION 4.1. Suppose that s,t > 1. Then for 0 < x < 1 we have
log2

(i) 1+x+x2 > 1+ +x +x2)Y" whenever ] 35_1 +rl=1;
og
(i) 14 x+2+2 > (14+ )51+ + 5% + )Y whenever %s71 +1l=1;
log4
(iii) 14x+x2 42> > (144235145 +x2)" whenever s™' + 17! = o8 ;
oo 3 log3
(iv) T+x+x24x3 = (1420 +x2) V3 (14 -+ +23) V7 whenever 10g4s_1 +rl=1.
og
To these we add the following result.
1 log3
PROPOSITION 4.2. Suppose that s, t > 0 and satisfy —s~' + &t_l = 1. Then
2 log4
og
or 0 < x <1 we have
Je
L+x+2 43> (14+20)5 0 +x + 2 (4.1)

if and only if 3s + 8t < 15.

Sketch of Proof. First consider necessity. Let x = 1 — y. By a second—order
Taylor expansion with respect to y we get that

L4+ x4+ x> 4+x° =4 —6y+4y* + 0(y?)

and
35+ 8t+9
(1 +xs)1/s(1 +xt+sz‘)1/r :4*6y+ S+6 + y2+0(y2).
3s+8t+9
Hence if (4.1) holds then we must have % < 4, thatis, 3s + 8¢ < 15.

For sufficiency, note that by Lemma 4 of [7] we need prove (4.1) only when
3s+ 8t =15. From
1 _, log3 _,
- —=¢
2* T ioga
3s+ 8t =15,

:17
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we get that
8
s:S—gt, H =1.0126..., L =14673... .

Let

1
Fy(x) =log(l +x+ x> +x°) — —log(1 +x') — —log(1 + x4 ).

1
s(7)
Then (3.1) is equivalent to F,(x) > 0 when 0 < x < 1. We have F;(0) = F;(1) =0
and F}(0) =1, F/(1) = 0. If F/(x) has at most one zero in (0,1), then the desired
result follows. To show this, we consider G,(x) = H,(x)F](x), where G,(x) and H,(x)
are sums of nonnegative powers of x whose exponents are functions of 7. We have
H,(x) > 0 forall x € [0,1]. Then G,(x) and F,(x) have the same zeros in(0,1). For
t = t; we consider

D(x) = )flG,l (x)
and when t = 1,
Y(x) =x2G,, ().

By studying up to the fourth derivative of ®(x) and the sixth of ¥(x), we can show
that G;, (x) and G, (x) have the required properties. For example, we can calculate that

¥(0) = ¥'(0) = ¥"(0) = oo

and
Y(1)=¥'(1)=¥"(1) =0.

If we can show that ¥ (x) > 0 for x € (0,1), then ¥”(x) is convex on (0,1)
and we can obtain the required result. In fact, if ¥ (x) is convex on (0,1) then it is
either positive on (0,1) or first positive and then negative on (0,1). If ¥"(x) > 0 for
0 <x <1 then ¥(x) <0 for 0 < x < 1. Therefore ¥(x) > 0 for 0 < x < 1.
Thus we get that ‘¥'(x), then Gy, (x) and then F7, (x) has no zero on (0,1). If ¥ (x) is
initially positive, G;,(x) and then F; (x) has only one zero on (0,1).

To show ¥®(x) > 0 we first derive

YH(0) =00, YI(0)=—-00, ¥H1)=6, ¥O)=—6.

The last step is checking that ¥(®)(x) > 0 for 0 < x < 1 by comparing the coefficients
of positive and negative terms. Because ¥ (x) has 16 terms and the coefficients
(except the first) are polynomials of 7, of degree 6, the checking process entails tedious
calculation and some numerical testing. The details are given in [10]. A simple proof
would be welcome.

We now extend these canonical results.
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PROPOSITION 4.3. Let o, B be positive numbers. Then the following apply for all
x €[0,1].

() If B <

3
1+x+x° mm{l,W}(l+x1/ﬁ)ﬁ(l+xl/“+x2/°‘)°‘.
(i) If B < 2, then

4
1+x+x*+x° mln{l>W}(l+xl/B)B(l+x1/o‘+x2/°‘+x3/°‘)°‘-
(iii) I o, B < (a +ﬁ)— then

4
L+x+x +x° mln{l,m}(l+x1/ﬁ +x2/B)B(1+x1/O‘+x2/O‘)0‘_

. log3
< —
(iv)If B < a+ﬁ10g4,then

4
L+x+x2+x° mm{l,w}(lerl/ﬁ +x2/ﬁ)ﬁ(1+x1/a+x2/a+x3/a)a.
(V) If wiB < o < uzp, then
4
T4x+x>+x° mm{l,w}(1+x1/ﬁ)ﬁ(1+x1/a+x2/a)a’

where uy, u, are respectively the lesser and greater solutions of

6u* — (27 log; 4 — 16)u + 8logy 4 = 0.

Proof. To prove (v), first make the substitutions x — x'/%, s = k/B, t = k/a in
(4.1), which then becomes

(1 + xV/BYB/K(1 4 xV/o 4 x2/ayalk g Uk g (2fk 4 3k

or
(1 +x1/ﬁ)ﬁ(l +x1/a 2/0{)0{ (1 +xl/k 2/k 3/k)k (42)

For (4.1) to hold we need 1s=! 4+ ¢ 'log3/log4 = 1 and 3s + 8¢ < 15, which
translate into k = 2B + olog 3/ log4 and

1 log3 3 8
2 2i2) <1
(2B+log4“> <B+a> :
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or
(6log3)u* — (27log4 — 161og3)u + 8log4 < 0,

where u = o/f3. Since log;4 = log4/log3, this is simply the condition stated for
(v).
For k > 1, the function f (w) = wk is convex and by Jensen’s inequality, (4.2)
gives
(14 xM% 4 20 1 PR <411 x4+ 22 + 00, (4.3)

while for & < 1 itis concave and by Petrovi¢’s inequality (4.2) yields
(14 x5 2R B 4 x 22+ X5, (4.4)

On combining (4.2), (4.3) and (4.4) we get (v), since 4* = 2A3%,

The other parts are established in a closely similar way, with most interest residing
in the conditions. For example, (i) uses the conditions 5,7 > 1 and s~!log2/log3+¢!
of the corresponding part of Proposition 4.1. The second condition provides k =
o+ Plog2/log3. The first gives 3, o < k. The latter of these requirements is trivial,
leaving the former as the stated condition § < o + flog2/log3 in (i). O

For our further consideration we shall also need the following.
PROPOSITION 4.4. Let o, B be two positive numbers such that 3 < 20.. Then

ot > min {1,310 0] (14 2P (14 /e (45)

and

Ut > min {1,410 301 (14 2P (14 /ey (46)
forall 0 <x< 1.
Proof. Set k = o + g If k=1, by [7, Lemma 4] for (4.5) we need only prove

that
T4+x+x2 > (14+x/PYP 4 xl/oye

holds for B =0 and 8 = 1, that s,

14+ x+x° >max{1+x,(1+x)\/l+x2}.

This is immediate. The rest of the proof of (4.5) is similar to that of Proposition 4.3.
That (4.6) holds now follows from

min {1,31‘“‘%3} > min {1,41—“-%3} .
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5. Multivariate inequalities

In this section we give first the following extension of Proposition (2.4)(i).
THEOREM 5.1. Suppose a; (i =0,1,2), b; (i = 0, 1) are nonnegative numbers
with
ao+ay +ay =1=bo+ by,

and o, B positive numbers satisfying

log?2

B<1l and B<oa+P .
log3

Then

. 3
max(ag‘bg,a‘z"b?) + max(ag‘b[f, a‘f‘bg) + max(a‘f‘b[f,a‘z"bg) > min { 1, W} . (5.1)

Proof. For by =0 or by =0, (5.1) reduces to
o o o > s 1 3
a + a + a, z min 5 W .

For o < 1, this is true since af + af + a¥ > 1, while for & > 1 Jensen’s inequality
provides a$ + af + a¥ > 317% > 2533a . Hence we may assume without loss of
generality that 0 < by,b; < 1.

Set by = 1 — by. Except where one pair of parentheses contains two equal
numbers, the second derivative of the left-hand side of (5.1) exists and is nonpositive,
since B < 1. The left-hand side of (5.1) is thus piecewise concave in by and to
establish (5.1) it suffices to show that inequality subsists when a pair of parentheses
contains two equal numbers. By symmetry, any of the three cases is representative, and
may as well choose

agbf = agnP. (5.2)
If a; =0, then ap = 0 and a; = 1 so that (5.1) reduces to

B B . 3
bO +b1 2mln{l,W},

which is trivial since f < 1. So we assume that a, # 0 and accordingly from (5.2)
that ag # 0.
Define x and y by

x=(ao/ax)”,  y=(ar/az)".
From (5.2) we derive that

x=((1=bo)/bo)’,  by=(1+x"/P)"1.
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Since ap # 0, we may take x > 0 and by interchanging ay and a, if necessary
guarantee 0 < x < 1. As by # 0 we have 0 < y < co. In terms of our new variables,
(5.1) becomes

3
e max(2,y) + man(ay, 1) > min {1, 22 (D) (53
forO0<x<land 0 <y < o0.
Again we may argue via second derivatives in y that it suffices to check (5.3) for

y = 0,x%, 1/x. The first case requires
3
I+x+x*> mm{l,W}(l—&-xl/B)B(l—&-x”“)"‘, (5.4)
the second
3 1
1+ x+ 2 mm{l,W}(l—F BYP(1 + x@ + x)® (5.5)

and the third (on multiplication by x) (5.5) again. Proposition 4.3(i) gives that (5.5)
holds under the assumptions made on o and (. Since (5.5) implies (5.4), we are
done. [

Proposition 2.4(i) entails the conditions 0 < &, f < 1 and a+f1log2/log3 =1.
If a, B satisfy these conditions, then f < 1 < o+ flog2/log3 and so the conditions
of Theorem 5.1 are satisfied. This shows that Theorem 5.1 is a generalization of
Proposition 2.4(i).

The following result gives a generalization of Proposition 2.4 (ii).

THEOREM 5.2. Suppose that o, B are positive numbers such that f < 1 and
B <2a, andthat a,b,c,d,u,v are nonnegative with a+b+c+d=1=u-+v. Then

max(a%uP | d*VP) + max(b*uP, a*vP) + max(c®uP  b*VP)

4
B B
+ max(d®u”, ¢*v’) > min { 1, W} . (5.6)
Proof. For u=0 or v=0, (5.6) reduces to

4
o o o
a +b +C +d mln{l7m}.

If a < 1 then a®*+b%+c*+d* > 1, while for o« > 1 we have by Jensen’s inequality
that a%* + b* + ¢® 4+ d% > 41—« > 4/2340‘. Hence we may assume without loss of
generality that 0 < u, v < 1.

Put v = 1 — u. The second derivative of the left-hand side of (5.6) with respect
to u exists and is nonpositive except when auf = d*(1 — u)P or b%uP = a®(1 — u)P
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or c®uP = b*(1 —u)P or d*uP = ¢*(1 — u)P. By symmetry, any one of these is
representative so the task is reduced to proving (5.6) under the hypothesis

a®uP = d*(1 —u)P. (5.7)
Suppose d = 0. Then ¢ =0, b+ ¢ =1 and (5.6) becomes
. 4
(1 —¢)%uP + max {c“uﬁ, (1 —0c)%(1— u)ﬁ} +c*(1—u)f > mm{l7 W} . (5.8)
This in turn is true if it holds when
“uf = (1—c)*(1 —u)P.

In this situation set x = [(1 — u)/u]®. Then (5.8) becomes
4 o B
2 - 1 1/B
1 4x+x >mm{1,m}(1+xm) (l-l-x/) , (5.9)

which holds by Proposition 4.4. So without loss of generality we may require d # 0 in
(5.7).
Write x = (a/d)*, y = (b/d)*, z = (c/d)*. Since d # 0, we have x,y,z < c0.
Also 1
x=((1—u)/u)P; u=(1+xF)""
By interchanging a and d if necessary we may suppose without loss of generality that
0 < x < 1. The required task is to show that

x 4 max(y, x*) + max(z, xy) + max(1, xz)

4
> min {1, W} (14 xYPYP(1 4 x4yl 4 g1y, (5.10)
By taking all the terms of (5.10) to the left and differentiating with respect to z, we can
reduce the problem to the cases z = 0, xy, x~ !, co. The last case has already been
dealt with.
The first demands that we consider

4
x 4+ max(y, x*) + xy + 1 > min {17 W} (14 xBYB(1 4 x4ty
Differentiation with respect to y allows us to consider only y = 0, X2, 00, and again
the last possibility has been treated. The first subcase is

. 4
1+x+x2>mln{l7m}(l+xl/ﬁ)ﬁ(l+x1/06)057 (511)
which holds by Proposition 4.4. The middle subcase y = x> corresponds to

}(1 + xBYB(1 4 e g 2y (5.12)

4
2, .3 :
I +x+x"+x 2m1n{1,w



MEASURES OF ALGEBRAIC SUMS OF SETS 41

which is subsumed under Proposition 4.4, since

1 4 > mind 1 4
min 730‘—+B Z min 7W .

Now we must consider z = xy, which gives
x 4+ max(y, x*) + xy + max(1, x%y)

}(1erl/ﬁ)ﬁ(l+x1/a+yl/a+(xy)l/a)a.

> minq 1 4
zmin b 2

Differentiation with respect to y yields the cases y = 0, x>, x~2, 0o, of which the last
can be removed. The first case is (5.11) once more, and the second subcase reduces to
Proposition 4.3 (ii), as does the third on multiplication by x>.

Next we take z = x~!, and must consider

}(1_’_)61/[3)B(1_"_xl/oz_"_yl/oc_’_xl/oc)oc7

4
2 -1 -
x+ (%) + (x ,xy)—&-l)mm{l,w

with the subcases y = 0, X2, x2

y = 0, we must consider

, 00, of which the last is again resolved. When

4 _
1’W}(1+xl/ﬁ)ﬁ(l+xl/a+x l/a)a.

T+x+x'+22 > min{
Multiplication by x converts this to (5.12), which has already been dealt with. We
consider next y = x? and the inequality

}(1+xl/B)B(1+xl/a +x2/a _’_x—l/a)a7

4
l+x4+x"" +x >m1n{1,—2ﬁ4a

2

which is covered by Proposition 4.3(ii) on multiplication by x. When y = x~*, we

multiply both sides by x? to recover the same inequality. [

Suppose that o, § satisfy the conditions o + %[3 =1land 0 < o,B <1 of
Proposition 2.4(ii). Then
p=1- l05 > l > la
2772727
so the requirements of Theorem 5.2 are satisfied. Clearly the reverse implication does

not hold in general. Thus Theorem 5.2 is a generalization of Proposition 2.4(ii).

The concluding theorem in this section hangs on Propositions 3.2 and 4.3(v) and
so requires the assumptions of both. There is some overlap here. It is convenient to
separate out the following from the argument.
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LEMMA 5.3. Suppose o, B are positive numbers satisfying o < 1 and o + 3 >
log2/log3. Then

o / B < u,.
Proof. The given conditions imply that

ap<1) ({25 -1) = 55

where L = log4/log3. From Proposition 4.3(v), it suffices to show that

[6u® — (271 — 16)u + 8L] < 0.

=L/(2—L)
The left-hand side can be written as

L

m(5L —8)(7L — 8).

It is readily seen that 8/5 > L > 8/7, whence the required result. [J

THEOREM 5.4. Suppose o, 3 are positive numbers such that

a, B <1, (5.13)
10g4/3
10g3/2 (5.14)
log3/2
= ) 1
B og2 (5.15)
log3
= ; 1
o+p Tog2 (5.16)
a4+ B <8, (5.17)
wp < a. (5.18)

Suppose further that a;, b; are nonnegative numbers satisfying ap +a; +a; =1 =
by + by. Then

4
230"

agph -+ max {agbf aof b + max {agof, agof } + agl > (5.19)
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Proof.. Asapreliminary, we remark that (5.14), (5.16) entail respectively (3/2)* >
4/3 and 2*# > 3. Multiplication gives

3928 > 4, (5.20)
or equivalently
B log3
L > 1. .
5 o logd 1 (5.21)

This enables us to deal with some special cases. For by = 0 or b; = 0, (5.19)
reduces to

al +af +a% > (5.22)

3a2B°
Since o < 1, the left—hand side is at least unity. Now (5.22) is immediate from (5.20).
Hence we need only establish (5.19) for 0 < by, by < 1.

Also, if a, = 0, then (5.19) becomes

4
atph -+ max {agnf, atf } + agol) > o5 (5.23)
with ag +a; = 1 = by + by . Since 2222 > 123 _ 1 (513)_(5.17) give that , 3

log3/2 log2
satisfy the conditions of Proposition 3.2ga1{d hencge the left-hand side of (5.23) is at least
3/29+B . But (5.14) entails that 3/2%*F > 4/(3%28) . Hence (5.19) holds. Similarly
there is no problem if ap = 0.

Put by = 1 —by. The second derivative of the left-hand side of (5.19) with respect
to by exists and is nonpositive except when

agb[f = a‘lxbg or a‘f‘b? = ag‘bg.
By symmetry, either is representative and it suffices to prove (5.19) under the condition
abP = afoP. (5.24)

We have seen that we may take ay, az, by, by > 0, so we can also assume a; > 0.
Put x = (by/b1)P, so x = (ap/a))P too, by (5.24). Also put y = (az/a;)*. Then
1/by = 14+x"% and 1/a; = 1 +x"/%+y!/*  Under (5.24), inequality (5.19) becomes

22+ x + max(1,xy) +y > (14 2By (1 4 5/ - yl/eya,

3028

Differentiation with respect to y allows us to reduce this to the cases y = 0, 1 /x, 0o,
the first and last of which have already been dealt with under the banners a; = 0 and
a; = 0. Thus we need to establish

4
3a2p

x2+x+1+l/x> (1+x1/B)B(1+x1/0‘ _|_x—l/a)a.
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Multiplication by x converts this to

A x4l (14 xVBYP (1 4 1o Py, (5.25)

4
328
By (5.13) and (5.16), Lemma 5.3 applies, so that by (5.18) we have

uf < a<uf.

This ensures that Proposition 4.3(v) applies for 0 < x < 1. As (5.25) holds when x is
replaced by 1/x, it therefore applies for all x > 0, and we are done. [

6. Measure-theoretic results

The three theorems of the previous section lead immediately to the following
measure—theoretic results for sum sets.

THEOREM 6.1. Suppose E,F C [0, 1] are Borel sets.

(a) If o0 + }gggﬁ >land oo >1— }gzg, then

m(E + F) = m(E)*uc(F)P.

(b)If o+ 3B >1and o> %, then
m(E + F) = m(E)*v (F)P.

(c)If aa > ay, B> Po, where o, PBo satisfy (5.13)~(5.18), then
m(E + F) > v, (E)*v,(F)P.
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