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Abstract. In the article, some inequalities of the incomplete gamma function
∫ x
0 e−tpdt =[

Γ(1/p) − Γ(1/p, xp)
]
/p and the related function

∫ x
0 et

p
dt for x > 0 , p > 0 are established

by using Hermite-Hadamard inequality.

1. Introduction

It is well-known that the function 2√
π

∫ x
0 e−t2dt is called the error function or

probability integral denoted by erf (x) , and 2√
π

∫ ∞
x e−t2dt the complementary error

function denoted by erfc (x) . Moreover, the function E1(x) = Γ(0, x) =
∫ ∞

x e−t/tdt
is called the exponential integral.

The study of these functions and inequalities involving them and related functions
have a rich literature. A survey of some recent development can be found in references
listed in this paper.

Inequalities of these functions have been extended and refined in many different
directions using different principles or devices. These results are related to Mills’ ratio.

In [2], J. T. Chu presented sharp upper and lower bounds for erf (x) as follows

[
1 − e−rx2]1/2 � erf (x) �

[
1 − e−sx2]1/2 (1)

are valid for all x � 0 if and only if 0 � r � 1 and s � 4/π .
In [5, 7], W. Gautschi provided upper and lower bounds for the general expression

Ip(x) = exp
∫ ∞

x
e−tpdt. (2)
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He established that the double-inequality

1
2

[
(xp + 2)1/p − x

]
< Ip(x) � cp

[
(xp + 1/cp)1/p − x

]
(3)

holds for all real numbers p > 1 and x � 0 , where cp =
[
Γ(1 + 1/p)

]p/(p−1)
.

In 1997, Horst Alzer [1] extended and refined the above results (1) and (3) and
determined all real numbers α = α(p) and β = β(p) such that the inequalities

Γ(1 + 1/p)
[
1 − e−βxp]1/p

<

∫ x

0
e−tpdt < Γ(1 + 1/p)

[
1 − e−αxp]1/p (4)

are valid for all x > 0 and for a positive real number p �= 1 , where

α = 1, β =
[
Γ(1 + 1/p)

]−p
, if 0 < p < 1 , (5)

and
α =

[
Γ(1 + 1/p)

]−p
, β = 1, if p > 1 . (6)

Meanwhile, he also verified that inequality

− ln(1 − e−ax) � E1(x) � − ln(1 − e−bx) (7)

are valid for all positive real x if and only if a � eC and 0 < b � 1 , where
C = 0.5772 · · · is Euler’s constant.

It has been pointed out in [5] that the integral in (2) for p = 3 occurs in heat
transfer problems, and for p = 4 in the study of electrical discharge through gases.

For all x > 0 , we have, in [3, p. 229], [6, pp. 591–593] and [7, pp. 177–181]

(
x +

x2

24
+

x3

12

)
e−3x2/4 < e−x2

∫ x

0
et2dt � π2

8x
(1 − e−x2

), x > 0. (8)

Inequality (8) is called Conte’s inequality. It is also related to Mills’ ratio.
In [6, pp. 591–593], [7, pp. 291–292] and other references, more related inequalities

were given, for instance

∫ π/2

0
e−x2 sin2 t sin tdt � π2

8x2
(1 − e−x2

), x > 0. (9)

Recently, the first author in [4, 9], among other things, improved the upper bounds
of inequalities (8) and (9) using Tchebycheff’s integral inequality below

∫ t
0 ex2

dx < 1
t (e

t2 − 1), t > 0, (10)
∫ π/2

0 e−t2 sin2 x sin xdx � 1−e−t2

t2 , t �= 0. (11)

Inequality (10) refines the upper bound of (8), and inequality (11) improves the upper
bound of inequality (9).
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Moreover, in [4, 9], the following more general results were obtained

∫ x

0
e−tα dt � 1 − e−xα

xα−1
, x > 0, α � 1, (12)

and ∫ x

0
etα dt � exα − 1

xα−1
, x > 0, α � 1. (13)

Note that the integral
∫ ∞

x e−tpdt can be expressed in terms of the incomplete
gamma function ∫ ∞

x
e−tpdt =

1
p
Γ
(1

p
, xp

)
, (14)

where

Γ(a, x) =
∫ ∞

x
ta−1e−tdt. (15)

Therefore, we have ∫ x

0
e−tpdt =

1
p

[
Γ
(1

p

)
− Γ

(1
p
, xp

)]
. (16)

The main purpose of this paper is to establish new inequalities for the integrals∫ x
0 e−tpdt and

∫ x
0 etpdt . In Section 2., we give upper and lower bounds of these integrals

by using Hermite-Hadamard inequality. Finally, in Section 3., we compare our bounds
with those given above.

2. Main Results

The following Lemma is necessary

LEMMA. Let f : [a, b] −→ R be a convex function, then

f
(a + b

2

)
� 1

b − a

∫ b

a
f (t)dt � f (a) + f (b)

2
. (17)

Inequality (17) is called the Hermite-Hadamard inequality in [8, p. 10].

THEOREM 1. Let p be a positive number.
(1) If 0 < p � 1 , for all x > 0 , we have

xe−(x/2)p �
∫ x

0
e−tpdt � 1

2
x(1 + e−xp

); (18)

(2) If p > 1 , for 0 < x < p
√

1 − 1
p , the inequalities in (18) reverse;
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(3) If p > 1 , for x > p
√

1 − 1
p , we have

1
2

p
√

1 − 1
p

(
1 + e1/p−1

)
+

(
x − p

√
1 − 1

p

)
e−

(
x+ p
√

1−1/p
)p

/2p
(19)

�
∫ x

0
e−tpdt � 1

2

(
x − p

√
1 − 1

p

)(
e−xp

+ e1/p−1
)

+ p
√

1 − 1
p e(1−p)/2pp.

Proof. Let f (t) = e−tp for p > 0 and t > 0 . By direct calculation we get

f ′′(t) = ptp−2(ptp − p + 1)e−tp . (20)

It is easy to see that, if 0 < p � 1 , then f ′′(t) > 0, f (t) is convex on (0, +∞) .

If p > 1 , on the interval
(

p
√

1 − 1
p , +∞

)
, f ′′(t) > 0, f (t) is also convex; and on(

0, p
√

1 − 1
p

)
, f ′′(t) < 0, f (t) is concave. From Hermite-Hadamard inequality (17),

if 0 < p � 1 , we obtain

xe−(x/2)p �
∫ x

0
e−tpdt � (1 + e−xp

)x
2

(21)

for all x > 0 . If p > 1 , for 0 < x < p
√

1 − 1
p , using the inequality (17), we have the

reversed double-inequality of (21); for x > p
√

1 − 1
p , we find

1
2

p
√

1 − 1
p

(
1 + e1/p−1

)
+

(
x − p

√
1 − 1

p

)
e−

[(
x+ p

√
1− 1

p

)
/2

]p

�
∫ x

0
e−tpdt =

∫ p
√

1− 1
p

0
e−tpdt +

∫ x

p
√

1− 1
p

e−tpdt (22)

� p
√

1 − 1
p e(1−p)/2pp +

1
2

(
x − p

√
1 − 1

p

)(
e−xp

+ e1/p−1
)
.

This completes the proof of Theorem 1.

THEOREM 2. Let p be a positive number.
(1) If p � 1 , for all x > 0 , we have

xe(x/2)p �
∫ x

0
etpdt � 1

2
x(1 + exp

); (23)

(2) If p < 1 , for all 0 < x < p
√

1
p − 1 , the inequalities in (23) reverse;

(3) If p < 1 , for all x > p
√

1
p − 1 , we have

1
2

p
√

1
p − 1

(
1 + e1/p−1

)
+

(
x − p

√
1
p − 1

)
e
(

x+ p
√

1/p−1
)p

/2p

�
∫ x

0
etpdt � 1

2

(
x − p

√
1
p − 1

)(
exp

+ e1/p−1
)

+ p
√

1
p − 1 e(1−p)/2pp. (24)
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Proof. Let g(t) = etp for p > 0 and t > 0 . By straightforward calculation we
obtain

g′′(t) = ptp−2(ptp + p − 1)etp . (25)

If p � 1 , then g′′(t) > 0, g(t) is convex on (0, +∞) . If p < 1 , on the

interval
(

p
√

1
p − 1, +∞

)
, g′′(t) > 0, g(t) is also convex; and on

(
0, p

√
1
p − 1

)
,

g′′(t) < 0, g(t) is concave. From Hermite-Hadamard inequality (17), if p � 1 , we
obtain

xe(x/2)p �
∫ x

0
etpdt � (1 + exp

)x
2

(26)

for all x > 0 . If p < 1 , for 0 < x < p
√

1
p − 1 , using the inequality (17), we have the

reversed double-inequality of (26); for x > p
√

1
p − 1 , we have

1
2

p
√

1
p − 1

(
1 + e1/p−1

)
+

(
x − p

√
1
p − 1

)
e
[(

x+ p
√

1
p−1

)
/2

]p

�
∫ x

0
etpdt =

∫ p
√

1
p−1

0
etpdt +

∫ x

p
√

1
p−1

etpdt (27)

� p
√

1
p − 1 e(1−p)/2pp +

1
2

(
x − p

√
1
p − 1

)(
exp

+ e1/p−1
)
.

The proof of Theorem 2 is completed.

3. Comparisons and Remarks

3.1. We first claim that, if 0 < p < 1 , the upper bounds of inequalities (4) and
(18) do not imply each other.

Taking p = 1/2 in inequalities (4) and (18), then the upper bounds reduce to

2
(
1 − e−

√
x
)2

and x
(
1 + e−

√
x
)
/2 , respectively.

Let φ(x) = 2
(
1 − e−

√
x
)2 − x

(
1 + e−

√
x
)
/2, x > 0 . Direct calculation yields

φ(x) =
1
2
e−2

√
x
[
4(e

√
x − 1)2 − xe

√
x(e

√
x + 1)

]

=
1
2
e−2t

[
(4 − t2)e2t − (t2 + 8)et + 4

] (√
x = t

)
(28)

≡ 1
2
e−2tφ1(t),

φ ′
1(t) =

[
2(4 − t − t2)et − (t2 + 2t + 8)

]
et

≡ etφ2(t), (29)

φ ′
2(t) = 2[(3 − 3t − t2)et − t − 1], (30)

φ ′′
2 (t) = −2[t(t + 5)et + 1] < 0. (31)
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Therefore, φ ′
2(t) is decreasing, and since φ ′

2(0) = 4, lim
t→+∞ φ ′

2(t) = −∞ , thus

φ ′
2(t) has only one zero, φ2(t) has one unique maximum. Furthermore, since φ2(0) =

0, lim
t→+∞ φ2(t) = −∞ , hence φ2(t) has only one zero, namely φ ′

1(t) has an unique zero,

φ1(t) has an unique maximum. Since φ1(0) = 0, lim
t→+∞ φ1(t) = −∞ , therefore φ1(t)

has an unique zero θ ∈ (0, +∞) , namely φ(x) has an unique zero θ ∈ (0, +∞) , and
φ(x) > 0 on (0, θ) , φ(x) < 0 on (θ, +∞) . That is, the function φ(x) does not keep
the same sign for x > 0 . This completes the proof of the above claim.

3.2. The lower bounds of inequalities (4) and (18) do not imply each other.
The difference between the logarithms of the lower bounds in inequalities (4) and

(18) is

ψ(p; x) = lnΓ
(
1 +

1
p

)
+

1
p

ln
[
1 − e−(x/Γ(1+1/p))p] − ln x +

( x
2

)p
(32)

for 0 < p < 1 and 0 < x < +∞ . Calculating directly leads to

∂ψ(p; x)
∂x

=
1

x
[
e(x/Γ)p − 1

][( x
Γ

)p
+

(
p
( x

2

)p
− 1

)(
e(x/Γ)p − 1

)]

=
1

x(et − 1)

[(
1 − pΓ

2

)
t +

((Γ
2

)p
pt − 1

)
et + 1

]
(33)

≡ 1
x(et − 1)

ψ1(p; t),

∂ψ1(p; t)
∂t

= 1 − pΓ
2

+
[(Γ

2

)p
pt +

(Γ
2

)p
p − 1

]
et, (34)

∂2ψ1(p; t)
∂t2

=
[(Γ

2

)p
pt + 2p

(Γ
2

)p
− 1

]
et, (35)

where Γ = Γ
(
1 + 1/p

)
and

(
x/Γ

)p = t .
If 0 < t < (2/Γ)p/p − 2 , then ∂2ψ1/∂t2 < 0, ∂ψ1/∂t is decreasing with t ; if

t > (2/Γ)p/p− 2, ∂ψ1/∂t is increasing with t ; thus ∂ψ1/∂t has one unique minimum
at t0 = (2/Γ)p/p − 2 . Since

∂ψ1(p; t)
∂t

∣∣∣∣
t=0

= p
(Γ

2

)p(
1 −

(Γ
2

)1−p)
, lim

t→+∞
∂ψ1(p; t)

∂t
= +∞,

therefore, when Γ(1 + 1/p) > 2, ∂ψ1/∂t has only one zero with t , namely ψ1(p; t)
has an unique minimum. Since ψ1(p; 0) = 0, lim

t→+∞ψ1(p; t) = +∞ , hence ψ1(p; t)

has only one zero with t , i.e., ∂ψ(p; x)/∂x has an unique zero with x , henceforth,
ψ(p; x) has only one minimum with x .

From ex − 1 ∼ x(x → 0) , the standard arguments produce lim
x→0+

ψ(p; x) =

0, lim
x→+∞ψ(p; x) = +∞ . Therefore ψ(p; x) do not keep the same sign. This implies

that the lower bounds in inequalities (4) and (18) do not include each other.
3.3. By the similar arguments, we can prove that the results of Theorem 1 do not

be implied by those derived by Mr. H. Alzer in [1] and by Professor W. Gautschi in [5].
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REMARK 1. In the upper and lower bounds of the inequalities in Theorem 1 and 2,
the gamma function is not involved.

REMARK 2. The results in Theorem 2 extend and refine the Conte’s inequality (8)
and related inequalities in [3, 4, 6, 7, 9].

REMARK 3. Some inequalities for the error function and for the complementary
error function are proved in [10].
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