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A STRENGTHENED CAUCHY—SCHWARZ
INEQUALITY FOR BIORTHOGONAL WAVELETS

ALESSANDRA DE ROSSI

(communicated by A. Laforgia)

Abstract. A strengthened Cauchy—Schwarz inequality for spaces of biorthogonal wavelets de-
fined on the real line and on the interval is proved. The strengthened Cauchy—Schwarz inequality
is a fundamental tool in the analysis of the multilevel methods and, in particular, plays an
important role in the a posteriori error estimates for hierarchical methods.

1. Introduction

The fundamental tool in the analysis of multilevel finite elements methods is the
strengthened Cauchy-Schwarz inequality. The usual Cauchy-Schwarz inequality

(v, w)] < V(v v) v (w, w)

is refined by the strengthened one in the sense that it states the existence of a constant

y € [0, 1) such that
(GRS AVACRYAVAUATE

forve V, we W, where V, W are linear spaces with VN W = {0}, and y depends
only on the spaces V and W, and not on the choice of the functions v and w.

Such inequalities have been widely used in the analysis of hierarchical finite
elements methods (see for example [Y], [BDY], [EV]). It is possible to observe that the
existence of such inequalities is a natural consequence of the construction of hierarchical
basis functions. On the contrary, they have been rarely used in the context of the a
posteriori error estimates, where they instead play an important role. Moreover, it has
been proved in [De2] that the strengthened Cauchy—Schwarz inequality for biorthogonal
wavelets is a necessary hypothesis to obtain a posteriori error estimates for the wavelet—
based adaptive finite elements method ([CC], [Del]). We recall that a certain number
of forms and proofs of the strengthened Cauchy—Schwarz inequality for finite element
spaces, corresponding to different needs, already exist ([Y], [EV], [MT]). We point out
that a new approach to the multiscale theory, in which the strengthened Cauchy—Schwarz
inequality becomes fundamental, has been proposed in [Dah].
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In this paper a strengthened Cauchy—Schwarz inequality is proved for spaces of
biorthogonal wavelets defined on the real line and, afterwards, on the interval. At first,
the most important results on wavelet analysis are recalled. The hypotheses made are
general and well known to the wavelet specialists.

2. Biorthogonal wavelets

We introduce ([CDF], [Dau]) a biorthogonal system of compactly supported wavalets
by assigning two functions my, g satisfying the following conditions:
MI1. myg, iy are two 2z —periodic functions. The Fourier expansions of mg and 7
are of the type

Z hye 71"& 7710(5):7 Z il e*iné'

n—foo

M2. my and 7ng satisfy the identity

mo(S)o(§) +mo(S + mimg(§ +7) =1, VS eR

and
mo(O) = ﬁ10(0) = 1, Wlo(TL’) = ﬁlo(ﬂ) =0.

M3. my and 7y vanish at 7 with a zero of order L—1 and L— 1 (< k), respectively.
In particular such polynomials can be factorized as

e = () e, mi - (L) e

where .# and .% are 2m—periodic functions.
M4. There exist two integers p, p > 0 such that, if we set

max | F(§).. F@E) = 2"
max | F(€)... F(Q78)| = 27,

thenwehave 6=L—1-7>0,6=L—-31—-7>0,and 7, 7 >0.

The condition M2 can be translated into a property of the coefficients 4, and f,
(filters). In fact we have

Zhnzn—Zk = 6w, VkeZ,
> hi=> hy=V2
S (=1)"hy =Y (=1)"h, = 0.

n n
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The orthogonal case follows when my and 7/ coincide; it can be proved that in

this case m( generates an orthogonal system.
Now we define the functions

171()(27]'5).

u::g

) = L T8, 06 = L

From the definition we have the following important relations

$28) = ¢(&)mo(&),  §(28) = ¢(E)mo(§), (2.1)
and |
$(0) = 7 ¢(0) = E
@(x) are the scaling functions in the biorthogonal

The anti—transforms (p( ) and
decomposition of L?(R). By (2.1)

=V2) mo@2x—n), @) =v2> h¢2x—n), (2.2)

we obtain the refinement equations

and the normalization conditions
/ o(x)dx =1, / P(x)dx = 1. (2.3)
R R

Moreover ¢, ¢ verify the biorthogonality relation

(@, ¢(- — k) = o

Next we define the functions

Po(x) = p(x — k), keZ,

and we set
Vo = spangg){@oc : k € Z}.
In order to define the spaces V; and \7j, for j # 0, we introduce the isometries in
L*(R)
Ti(v)(x) = 2v(27y)
and similarly for 7;. Then
Vi ={Tpv:v € Vo} = spanp g {p : k € Z}, (2.4)

and
Vi={Tpv:ve Vo} = spanp g { @3 : k € Z}, (2.5)
where, for j,k € Z,

and
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It is possible to prove that, for every j € Z, we have
fx)eVie=fx-27k) eV, Vkel,
fx) €V <= f(27'x) € Vy,

‘/j C ‘/j+17

and moreover

Avi=1{} v =r®);

j€zZ JEZ
the same results naturally hold for the \7j .
Now, we consider the function (wavelet mother)

W) = VIS grol2x—n),

where
8n = (71)"7117,,
and set )
Wi (x) = 27y (2x — k).
We define
W, = spangag (W : & € Z}
and

W; = spang; g { Wi : k € Z},

(2.6)
(2.7)

(2.8)

where the ;. are defined as the yj; . Thus we have the orthogonal decompositions

Vi =VieWw, Via=Vaw,

with
Wy LV, WLV,

The Fourier transform of y is

The wavelets satisfy the relation
(v W) = 8.

The wavelet representation of a generic function f € L*(R) is
fx) = Z (fs Wir) Wi (),
Jik

or

L) =0 Bon) Gior) + > (W) Wi ().
k

JZjosk
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The following relation is also used

(pj+1,k = Z((pj+1,/€a (Z)jm)(pjm + Z((pj+l,k7 lrfjm)u/jm (210)

m
and the analogue for @k .

Now we enunciate some results that will be used in the sequel ([CDF]). They
establish regularity, exponential decay to infinity and an inequality verified by @, ¢,
respectively.

PROPOSITION 2.1. The functions ¢, ¢ belong to the space €*(R), where k is
the order of regularity of mg and fig .

PROPOSITION 2.2. Let o, G be as in M4—hipothesis. There exists a constant
C > 0 suchthat V€ € R

PROPOSITION 2.3. There exist two constants Cy, C, > 0 such that

C <Y IPE+2mm) < G, VEER,

m

G <Y [GE+2mmP < G, VEER

m

The following theorem, which covers the case when m( and 71y are trigonometric
polynomials, is very important. (A first consequence of this hypothesis is that ¢, v,
@, ¥ have compact support.)

THEOREM 2.4. The following conditions are equivalent:
(i)
dlmo
— (1) =0, 0<K<IK<L-1;
d& ( ) ?

(ii) {@(x — k) }rez generate on R the algebraic polynomials of degree < L—1;
(iii) we have

/xllff(x)dx:O, 0<I<L—1. (2.11)
R

Note that the condition (i) is equal to the M3-hypothesis on my .
Another result, which will be fundamental to prove the strengthened Cauchy—

Schwarz inequality for biorthogonal wavelets defined on the interval, is the following
one.
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PROPOSITION 2.5. For every j we have

{owdle = 1) ouiellizmy
k

and thus

V= {Z i : {ou} € 12} .
k

Now we consider the wavelets defined on an interval. There are a lot of ways
to construct biorthogonal wavelet bases on an interval ([CDV], [DKU]). In this paper
the construction presented in [AHJP] is considered. This includes general situations
like biorthogonal wavelets and intervals of the real line. Let us consider two scaling
functions satisfying the refinement relations

2L—1 2L—
=V2> mo2x—k), ¢ Z p(2x — k
k=0 k=0

where 2L and 2L are coefficients different to zero. This implies that
supp@ = [0,2L — 1], supp @ = [0,2L — 1].
At first, we construct V;[0,1] and ¥;[0, 1]. To make this we consider
Si={k:supp@u N (0,1) £ 0} ={k:(—2L—-2) <k<2 -1}
Let 8., 8z, O., O be fixed non negative integers and define
Sir={k:—Q2L—-2) <k< 6 —1},
Sp=1{k:2 —(2L—-2) - <k<2 -1},
Sip={k:8 <k<2—(2L—1)— &}.
These three subsets of S; contain the indices of the basis functions at the left extreme,

at the interior and at the nght extreme. We assume the parameter j is sufficiently large
to guarantee that the sets S;; and §; are disjoint. Thus we have

Sj - Sj7L U SjJ U Sij.

The sets S;, Sz, Sz, Sz are defined in the same way. The integers &, Ok, O,
5k are important since with an appropriate choice it is possible to have a symmetric
construction.

By Theorem 2.4 we know that all polynomials P;_; of degree < L — 1 can be
obtained as linear combinations of the functions {@j}rcz. Because this property is
strictly related to the approximation property of the wavelets, every construction on the
interval must preserve it. This observation is the starting point of the procedure. Every

monomial Pf(x) = 21(2x)*, a < L — 1, admits the representation

P (x) = Z (P%, @jx) @i (x).

k
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The restriction to the interval [0, 1] can be written in the form

P (x)|o.0) = Z + Z + Z (PY, @) @i (x)][0,1-

kESj"L kESjﬁ[ kESj‘R

Setting
Ol (%) = Z (P, i) @ix(x)]0,17,
kES;L
Ol r(x) = Z (P, @) O ()] 0.1,
kES;R
we have

P(x)jo.1) = @fr (x) + Z (P, @) @) |jo,1] + P ().
kES; 1

Now we define the space

Vi[0, 1] = {9}, 1 Ya<i—1 U { @i hees, U { @ b aci1-

In the same way we compute the functions {qﬁfa’L}agz,l, {(Z)J’.ja’R}agz,l, and we
define the spaces \7j[0, 1]. Now we impose the biorthogonal condition and determine
functions, linear combinations of the last defined ones, which satisfy it. It is easy to
verify that the spaces defined in this way form an increasing succession.

To have the corresponding wavelets, let W;[0, 1] be the orthogonal complement of
V;[0,1] in V;41[0,1]. The wavelets yj , with k suchthat L — 1 < k <2 — L, arein
Vi+1[0,1]. The remaining 2L — 2 wavelets can be found using (2.10). In the same way
we define the spaces Wj[O, 1] and the wavelets j; belonging to such spaces. Again,
it is necessary to impose the biorthogonality condition. Now we have a biorthogonal
wavelet basis on the interval [0, 1]. Itis clear that the construction might be generalized
to the case of a generic interval (a, b) of the real line.

3. Strengthened Cauchy-Schwarz inequality
for biorthogonal wavelets on the real line

Since we are interested in derivable wavelets, we consider the case of wavelets
satisfying the M4-hypothesis with o > 1 (for the spline biorthogonal wavelets this is
true if L > 2, because T =0).

LEMMA 3.1. Let V;, V; be defined as in (2.5), (2.6) and W;, W; biorthogonal
wavelet spaces on R be defined by (2.8), (2.9). If we consider the function

B S($)S(E +27)
€)= A(E)S2(E) + B(E)S2(E + 2m) + C(E)S(E)S(E + 2m) 3
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where

then there exists Y < 1 such that

(N <y I IE N, ¥f € Vi, Ve e W
if and only if there exists {* such that

C&) = >0, VEelo,2m).

Proof. From the characterization of the spaces Vy and Wy
feEVoe=f(x)=> ougu(x) with {og} el
k
= (&) =) e *p(&)
k

=F(&)@(E) with F e L*(0,2n),

gEW) = 3(¢) = fi%G(é)’hO <§ + n)(ﬁ (§>

=G(E)y(E), with G e L*(0,2n);

then we have
TFQn)e2 ),
G2y (27n),

since

g(x) € Wy <= g(27x) € Wo
= [¢270)]" () = Gy (n).
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From the Parseval formula for the left-hand side of (3.2) we have

Wﬂwh:Aﬂ@M(M
=Awwwmwmwmm\

= /Rnf(n) Wn)dn’

e jﬁrfFK2-“DCKan)¢(2jn)¢(2fn)dn‘

=7

A?n@&TW@WTﬁW
For the right-hand side, in the same way we find
1oy / X 2 X
1= [ 1P
= [ nlfmPan
R
=27 [ aplE@ ) Plo( ) P
R
—2 [ 2IFEPI0E) ez,
R

and, equivalently,
¢)=2 [ E6EPIELdE
R

For (3.2) to hold, there must exista ¥ < 1 such that

. E2F(E)G(E)(E) W (8)dE

<y (/g F(&) <p(§)2d5> (/5 Gl |l,,(g)|2d5> (33)

with F, G € L*(0,2m).
Now, (2.1) and (2.9) imply
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Substituing them in (3.3), we have

sirieioeim (3 (5 o) o ()
< (ferer i (E)]o(5)] )
x (/R&zIG(é)z o (542 o (£)

and remembering that F' and G are 27 —periodic functions, we find

2n
TRy 2,i(5+km) ¢
’/0 F(E)G(E) Zk:(é + 2k) 0 (2 + kn) X

X g <§ —|—7T+k71')

2

£
7 )| %

1

2 3
d5>

dg

qﬁ(é +k7r> 2

oo )
2

(§+kn>
x(/zﬂ O (& + 2km)? [ (§+n+kn) (ﬁ(§+kn>2d§>%.
k
(3.4)

Therefore, if the strengthened Cauchy—Schwarz inequality is proved, there exists y < 1

such that
D&+ 2kme (377) g (g + kn) o (% + 7+ kﬂ) (g + kn)
2)% .

k
mo <§+kn) (ﬁ<§+kn)
oo (& om o) o (£ an) )

Now we consider odd k& and even k, and we divide the sum
(€
2 4+ 21
0] < ) + 2im

2

21
<y &P > (€ +2km)
([ e 2t s

2
¢

2

<y (Z(é +2km)?

k

x (Z(& + 2km)?

k

2
+

&+ 4lﬂ)2ei<§+2’") my (% + 2ln) fitg (% + 7+ 2ln)

l
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v zl:(g 27 + aim)2e (3 mHam) <§ 4 2ln)
(5
(5 v2m) Jo (5 vm)
( +n+217r> ¢ (i +n+2ln)
(i +n+2ln) @( +2ln) 2

2
o <§+2m> @( +7r+2ln)

From periodicity of mg and 7, we obtain
ié 5 ~ 5 2| A 5 2
é 2
) > (E+2m+4in) |§ (E + 7+ 2171)
1
2 2
Nas
=421
‘ 0] (2 +2irn
1
2\ 2
) »

0
Z & +4lm)?
? g

qﬁ(z +7r+217r>

£ 2
(p<2 +7r+217r>

<y (Z(& + 4im)? mo
!

..

+ > (& + 27 + 4im)?
!

X (Z(& + 4im)? |
1

NSRRI

[

1
2)2

+ > (& + 27+ 4im)?
1

[\

7!

s
2

(
!

&+ 2m + 4im)?

(
>

< +217r> 2
( +7r+2ln)
(ﬁ(%—&-ﬂn) 2,

P>

¢

3 41
2 E+ 7r
)‘ Z (€ + 27 + 4lm)?

+
R
S

Y

S(E) = (& +4im)’
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S(E) + ]m (5) ]25@ +2n)>
d then
’mo (g) g (% + ﬁ)S(é) — my % + 77:>m (g)S(é +2m)
o {m(E) (35 0
- ’mo (g + n) 2 Tt (%) ’252(5 +2m)
+ ’mo <§) 2 ’ﬁzo (% ’2 + |mo <§ + n) i (% + 7r> 2] S(&)S(& +2n)}.
For the left—han quality, we find 50

Moreover, by the M2-hypothesis

(oo

|
—_
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Substituing it in (3.7)

b ()0 (5-+2)508) o (5 ) (£) 2+ 20
() () 05 52 (5
a0 (& 2

2
- 1] S(8)S(¢ + 2m),

2
’ mo(g—s—n)rho(é—kn) ’

_ A(§)S*(E) + B(E)S*(E +2m) + [C(§) — 1]S(E)S(& +2m)
A(E)S*(E) + B(E)S2(E + 2m) + C(E)S(E)S(E + 2m)
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2

(&Y E. ). (&
mo (E + |mp 5 + 7 |moy 5 +7 .
If the strengthened Cauchy—Schwarz inequality is satisfied, there exists a ¥, such that

v <yl <1, VEe(0,2m).
To prove that the reverse holds, it is sufficient to verify that, if there exists a point where
(3.5) is not satisfied, then there are no functions F, G € L*(0,27) such that (3.4)
holds with y < 1.
Let £&* € [0,27) be such that (3.5) holds with ¥ = 1. This means that, if we
denote by x(&) the left-hand side of (3.5), and by T'(§) and A(&) the factors in the
right-hand side, then we have Ve > 0

(1 =e)T(E)A(E) < 2(8) < (1 + &) (E)A(E), VE €B=B(S",5).

Now let F¢, G be two functionsin L?(0,27) such that supp Fe,supp Ge C B. Then

(1-¢) [ |Fe@G@ r@)ag)a
AZCIAGIPIELE

<(1+£)/

Fe(8) = He(E)I(E),

Ge(8) = He(E)A(E),
where H, € L*(0,27), supp He C B, then we have

(1-¢) / He(E)T(E)A(E) dE
< / n(é)@(é)\x(é)d&
1+¢ /|H5 \ )" dE,

<

Fe(8)Ge(@)| T(E)AE)AE, VE € B.

Set

(1-e) ( / IHs(é)F(é)A(é)lzdé> ( / IHe(é)F(é)A(é)lzdéY
< [ |Fe(&)G@] a()a

<(+e) ( / Hg@)r(é)A(é)Vdéf ( / He(é)F(é)A(é)zdé)%
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and
(- ([ Ir@n |d5) ([Ier d&)
/ Fo(&)Gel >\x<é>d5
vee) ([ dé) (/ Ge(i)F(i)lzdé)%-
Thus

[ rere@nea < ([ ire |d5) ([ e dé)

and

2n ) % 2n ) %
<(/ Fe(E)AE)] d&) (/ Ge(E)T(E)] d5>,

which implies the assertion. [

2n
/0 Fe(8)Go(@)1(8)dE

LEMMA 3.2. The function

2

S(8) = Y& +4in)?

l

¢ (% + 2ln)

is continuous on the interval [0,41].

Proof. For & € [0,4n] fixed, let [y € Z satisfy both conditions

‘lo| > 1, > 1.

’€+2m+)

Then
S(8) = $1(&) + $2(8)
= > (E+4in)’

111<lo

2

+ ) (€ +4in)

|l|>l()

2

(5 +2ln) ¢ (% +2ln) )

The finite sum S; is continuous due to Proposition 2.1. Moreover, the exponential
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decay to infinity of ¢ in Proposition 2.2, implies

[0 (% + 2171)

2

52(8) = Z(é + 4in)?

|l|>lo
1
C Z + 4l71' £ 1+20
1>l (1 + ‘5 + 217rD
(& +4Im)?
g 1+20
1>l % + 2171’

1
= K _—
Z |E + 4ln|2"*1

|1|>lo

KZ| ‘201

|1|>lo
which is convergent because ¢ > 1. [

LEMMA 3.3. There exists §* such that
£¢)=¢ >0, vgelo2nm),

where (&) is defined by (3.1).

Proof. Letbe & € (0,2m). Inthiscase A(E), B(E) > 0, and, by M2-hypothesis,
C(&) > 0. Continuity of A, B, C implies that these functions have maximum in
[0,27] . Moreover, if S(§) = 0, with § € (0,4rm), this would mean @(& + 2In) =0
for every [ € Z, and then we have

> @ +2m) =0
1

contrary to Proposition 2.3. Note that for £ = 0, {(£) is an indeterminate form, since

A(0) = B(0) = S(0) = S(27) =0, C(0) = 1.

With regard to S(& + 27), in a sufficiently small neighbourhood of 0, we have (using
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(2.1) and dividing the sum)

S(E +2m) :Zj(§+2n+4ln)2 ) <§+n+21n>
:zl:(§+2n+4ln)2 mo(i +7—2Z+ln> 2 ¢)<§+%+m> 2
:Xk:(§+zn+8kn)2 my (%+7—2Z+2k7r> 2 @<§+g+2kn) 2
+Zk:(5+6n+8kn)2 mo (§+3§+2kn> 2 @<§+37 2/<7T) 27

and using the periodicity of mg and g, we find

E =n
mo (4 + 3
3\ P
mo é—k— (& + 67 + 8km)?
4 2 -
¢ m\[
mo (4 + 3 Z 3
3n
m (5 + ) [0 (5435 +2un)
k
From the M2-hypothesis, we have

m0(§+7—2r>7$0 or m0(§+3§)7§0,

and then we obtain (by Proposition 2.3)
& 3m\|
my < 1 + 3

(59

) —1 for £ —0.

In conclusion, by Lemma 3.2, in all cases {() is greater than a positive constant. [

2

S(E+2m) = > (& + 27 + 8km)?
k

¢(€+2+2kn)
¢<€+3—+2k>

2
(ﬁ(é + = +2kn)

2
+

2
> (2m)

2
+ m?

2

S(§+277:)>cl + 3 >c3>0.

Thus

Now it is possible to formulate the fundamental result.

THEOREM 3.4. The strengthened Cauchy-Schwarz inequality holds for biorthogo-
nal wavelet spaces V;(R) and W;(R) satisfying the hypothesis M1-M2-M3-MA4.
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4. A strengthened Cauchy-Schwarz inequality
for biorthogonal wavelets on the interval

In this paragraph a strengthened Cauchy—Schwarz inequality for biorthogonal
wavelets defined on an interval is proved. In the proof we use the previous result for
biorthogonal wavelets defined on the real line.

THEOREM 4.1. Let V;([0, 1]) and W;i([0,1]) be respectively the spaces of scaling
Sfunctions and biorthogonal wavelets, defined on the interval [0, 1]. There exists y < 1
such that

(o)l <7 IV Il Yue Vi0,1], vw e W0, 1],
where || - || is the semi—norm in H'([0,1]) and ((u,u)) = ||ul[*.

Proof. First we note that we can consider the interval [0, 4+00). Moreover, T; is
an isometry for all j, and this implies that it is sufficient to prove inequality at level

j=0. Let
Y= sup  ((v,w)),
veVo, [v||=1
weWo, [lw]|=1

where Vo = V5[0, +00), Wy = Wy[0, +00) . By usual Cauchy—Schwarz inequality we
have that ¥ < 1. Now we set ¥ = 1. Then there exist sequences
{vn} C V5[0, +00),
{wa} C Wo[0, +00),
such that
[vall = 1, [[wal| = 1,

and
((Vm W) — 1.

Moreover, we observe that

Ve — WnHz = ||Vn||2 + ||Wn||2 = 2((va, wn))
=21 = ((va,wn))]
and thus
[V — wal| — 0. (4.1)
We note that
Vo[0, +00), Wo[0, +00) C V4]0, +00)

and thus we have

v(x) =3 ().

k>0

wa(x) = Bl @ue(x).

k=0
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Moreover, from Proposition 2.5,

v — WnH2 = chm?k - ﬁfk‘;

k>0

For all k, it follows from (4.1) that

Now we fix a K € N and define the finite dimensional spaces
V[0, +00) = Vo[0, +00) N span{gi; 0 <
W10, +00) = W[0, +00) N span{@y; 0 <
The disjointness of the spaces V[0, +00) and Wy[0, +oc0) implies
VE[0, +00) N WE0, +00) = {0}.
Let V[0, +00) and WJ[0, +00) be infinite dimensional spaces such that
Vo[0, +00) = V§[0, 4+00) @ V§[0, +00),
Wol0, +00) = WE[0, +00) @ W0, +00).
Hence, for every n, it is possible to consider the decompositions of v, and w,
Vp = vnK + \),117
Wy = wf + wf,.
We notice that
||v;11< - WnKH -0,

and thus

lvall =0, lwyll =0,
vall = 1, [lwll = 1.

But v/ and w! could be considered as elements of Vo(R) and Wy(R), respectively,
and hence they have coefficients not equal to zero only from a certain point on. This
implies that for v, € Vo(R) and w! € Wy(R) we have

(v w2))

[Vall 1w

contrary to Theorem 3.4 about the strengthened Cauchy—Schwarz inequality for biorthog-
onal wavelets on the real line. [
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