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Abstract. Okayasu [12] proved the useful Lowner-Heinz inequality in Banach s -algebra as
follows. Let A be a unital hermitian Banach x -algebra with continuous involution and a,b € A .
If a>b>0,then @ > bP for p € (0,1]. For a > 0, a* =exp( oeloga ),where log is
the principal branch of the complex logarithm. As a nice application of this result, K.Tanahashi
and M.Uchiyama [15] proved the following very interesting inequality. Let a,b € A. Let
R>p,q,r >0 satisfty (1+r)g>p+randg>1.

1 L
(b2a’b2)7 > (b21Pb2)4 if a2 b> 0.

This inequality may be called to be “Banach x -algebra version" of Furuta inequality. By
using this result and Lowner-Heinz inequality in Banach s -algebra in Okayasu [12], we show
the following generalized Furuta inequality. Let a,b € A. If a > b > 0, then for each
12qg>2t>0andp>gq

r =t —t . _4—tr
qd—tr >{a(a WwaT )Sai L =05+

holds for s > 1 and r > t. Moreover as an application of this inequality, we show that if
a>b>0,foreach 1€ [0,1], ¢ >0 and p >1,

—r o, =t o=t oy 4=
Gpgila,b,r,s) =a {a2(a2 B’a? a2} P=057a72

is decreasing for r >t and s > 1 such that (p —1)s > q—1.

1. Introduction

Let A and B be bounded linear operators on a Hilbert space H. We have obtained

[4] the following order preserving operator inequalities as an extension of Lowner-Heinz
inequality [9] and [11].
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(1+r)g=p+r
14
=1 p=q
THEOREM F (Furuta inequality).
If A> B >0, then for each r > 0,
(i) (BPAYBY)7 > (BSB'BY)S m
and
(ii)  (ASAPA%)T > (A5BPAY)d
hold for p > 0 and q > 1 with (10)
(0,-r)
(I+rg=p+r
Figure

Alternative proofs of Theorem F are given in [2] and [10] and also an elementary
one page proof in [5]. The domain drawn for p, g and r in the Figure is the best
possible one for Theorem F in [13]. In [6, Theorem 1.1] we established the following
Theorem G as extensions of Theorem F and Ando-Hiai [1, Theorem 3.5].

THEOREM G [6]. If A > B > 0 with A > 0, then for each t € [0,1] and p > 1,
AT S (AF (AT BPAT P AS Yo (1.1)
holds for any s > 1 and r such that r > t.

Another mean theoretic proof of Theorem G is given in [3]. The best possibility of
(1.1) is proved in [14] by using skillful technique.

Let A be a unital Banach *-algebra with unit ¢ and a,b € A. A is said to be
hermitian if a* = a then the spectrum 6(a) C R. a > 0 means that ¢ = a* and
o(a) C [0,00). a> 0 means a > 0 and 0 € o(a). For a > 0, a* =exp(aloga),
where log is the principal branch of the complex logarithm. Recently Okayasu [12]
proved the following useful Lowner-Heinz inequality in Banach * -algebra.

THEOREM A [12]. Let A be a unital hermitian Banach * -algebra with continuous
involution. Let a,b € A and p € (0,1]. Then & > b" if a>b >0, and a® > b° if
a>b>0.

Using Theorem A, Tanahashi and Uchiyama [15] proved the following interesting
inequality.

THEOREM B [15]. Let A be a unital hermitian Banach  -algebra with continuous
involution and a,b € A. Let R > p,q,r > 0 satisfy (1+r)g>=p+r and q > 1.
Then L L

(i) (bza?b2)d > (b2DPD2)d ifa>b>0

S1-

(i) (b5aPb%)7 > (b5bPb5)T  ifa>b > 0.
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In this paper we shall give an extension of Theorem B by applying Theorem A and
Theorem B and also we shall show an application of this extension.

2. Results

THEOREM 1. Let A be a unital hermitian Banach x-algebra with continuous

involution. Let a,b € A and R> p,q,r,s,t >0 satisfy 1 >2q>t>20,p>q, s> 1
dr>t. Th

and r > en e .

(@) a?’™ """ > {ar(aT bPaz Par} 0 ifazb>0
and

r, — = ry d=ur

(ii) @ > {af (a7 Pa T VY aEY T ifa> b > 0.

Theorem 1 implies the following Corollary 2 which is essentially equivalent to
Theorem B (see Remark 3).

COROLLARY 2. Let A be a unital hermitian Banach *-algebra with continuous
involution. Let a,b € A, p > 1 and r > 0. Then the following (i), (i), (iii) and
(iv) hold.

(i) (afalai)rr > (agb”ag)ll’%r’ ifazb>0

(i) (b5aPb5)7 7 > (b5bPb5)PT  ifa>b>0

(iif) (aga”ag)% > (agb”ag)ll’%r’ ifa>b>0
and 14+r 14r

(iv) (b2aPb?) P > (b5BPH5)r T if a>b> 0.

As an application of Theorem 1, we show the following Theorem 3 associated with
functions implying Theorem 1 (see Remark 5).

THEOREM 3. Let A be a unital hermitian Banach x-algebra with continuous
involution and a,b € A. If a > b > 0, then for each t € [0,1], ¢ > 0 and p > t,

=r

—r r —t —t . r., _4=ttr
Gpas(a,b,7,5) = a7 {a (% B pab } 5 7
is decreasing for r > t and s > 1 suchthat (p —t)s > q — 1.

COROLLARY 4. Let A be a unital hermitian Banach *-algebra with continuous
involutionand a,b € A. If a > b > 0, then for each t € [0,1] and p > 1,

a' =" > {a? (a%’bpa%’)“ag}ﬁ

holds for s > 1 and r > t. Moreover, if a 2 b > 0, then for each t € [0,1] and
pz1,

—r . r, —t Zhg L= —r
Gpqila,b,r,s) =a7 {a?(aTbla™)a?}v157g™
is decreasing for r >t and s > 1.

REMARK 1. Incase for bounded linear operators on a Hilbert space, (i) of Theorem
1 is shown in [8], Theorem 3 is obtained in [7] and Corollary 4 is also shown in [6] and
3]
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3. Proofs of results

In what follows, a small letter means an element in Banach *-algebra A. We need
the following usefull lemmas to give proofs of the results in 2.

LEMMA C [15]. Let a,b > 0. For any real number A
(bab)* = ba%(a%bza%)l_la%b.
LEMMA D [15]. If a > b > 0, then b=' > a™' > 0. Alsoif a > b > 0, then
b '>a!>0.

LEMMA E [15]. If a > b > 0 and ¢ > 0, then cac > cbc. Also if a > b >0
and ¢ > 0, then cac > cbc.

LEMMAF [12]. If a,b € A , then either a > b > 0 or a > b > 0 implies a > 0.

Proof of Theorem 1. We shall show (7). Let a > b > 0. Then a > 0 by Lemma
F. We have only to consider the case g # 0 since the result is trivial in case g = 0.
First of all we remark the following (3.0);

d=a7WaT >0 (3.0)
since d = a T a7 = (bga%)*(bgcfz ). Next we prove thatif a > b > 0, then
a? > {a%(a%b”a%’)“a%}@j)ﬂf for1>2qg>t>0,p>qgand s> 1. (3.1)

Incase 2 > s > 1. Werecall @’ > b' > 0 by Theorem A since ¢ € [0, 1], so
b~" > a" > 0 by Lemma D and we have

O < bl = {g%(a%rbpa%r)va%}ﬁ (32)
= (b5 (b5a'b5 Y pE YT by Lemma C

< (B BEp b 5 o
= bq
<al’=a; for1>2g>t>20,p>qgand2>s>1
because the first inequality follows by (3.0) and Theorem A since ﬁ € (0,1] and
the second one follows by Lemma E and Theorem A since s — 1, =5 € (0,1], and
the last one follows by Theorem A since 1 > g > 0.
Repeating (3.2) for a; > b; > 0, then we have
_1 Zho oo a1
{al (a,* Pi'a;* )"af =i > 0 (33)
for 1 >q; >t >0, p1>q1and2>s1>l.Put1:q1> é 0 and
pr=2 23“ g1 = 1in (3.3). Then
al > {a%[a%a%(a%tbpa%t)‘va%a%t]“la%}#w (3.4)

= {a%(a%rbpa%)ssla%}@*f?ﬂl” >0
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for 1 >q>t>0,p>gqand 4 >ss; > 1. Repeating this process from (3.2) to
(3.4), consequently we obtain (3.1)for 1 > ¢>¢t>0,p >q andany s > 1.

Put @, = a? and b, = {a%(a%’bpai)sa%}v’*?)ﬁf > 0 in (3.1). Then applying
(i) of Theorem B for a; > b, >0for 1 > qg>t>0,p>q andany s > 1 by (3.1),
so we have

n n

@™ > (a; ¥ra; )77 holds for py > 1 and 1y > 0. (3.5)

We have only to put r, = T >0and p; = > 1 in (3.5) to obtain the desired
inequality (i) in Theorem 1. (if) in Theorem 1 is obtained by the similar method.

Whence the proof of Theorem 1 is complete.

—1)s+t
q

Proof of Corollary 2.
(i) Wehaveonlytoput t =0, g=1 and s = 1 in (i) of Theorem 1.
(i) a> b >0 implies b~! > a~! > 0 by Lemma D, so by (i)

L7

(BT b PV = (bTa Ph T ifa=b>0
taking inverses of both sides
(bEaPb5)rT > (bEbPBS)PT ifa>b >0,

holds by Lemma D, so that we obtain (ii) .
(iii) We have only toput t =0, g =1 and s =1 in (ii) of Theorem I.
(iv) (iv) follows from (iii) by the similar way as the proof of (i) = (ii).

REMARK 2. In Corollary 2, by scrutinizing (i) = (ii) and the reverse implica-
tion (if) = (i) holds, we remark that (/) <= (ii) and also (iii) <= (iv) holds
by the similar method.

REMARK 3. (i) of Corollary 2 is essentially equivalent to (i) of Theorem B
since Theorem B for 1 > p > 0 is obvious by Theorem A and Lemma E. Also
(iv) of Corollary 2 is essentially equivalent to (ii) of Theorem B by the same reason.
Consequently Corollary 2 is essentially equivalent to Theorem B together with Remark
2.

Proof of Theorem 3. Put g =t in Theorem 1. Then if a > b > 0 , then for each
€0,1]and p >t

a > {ag(a%tbpa T )ai } on 77 >0 for s> 1 and r > (3.6)

(a) Decreasing of G, 4.(a,b,r,s) for s. Put d = aTbaT in (3.6). We remark that
d=aTbhaT >0 by (3.0). Applying Lemma C to (3.6), and then by using Lemma
D, Lemma E and Theorem A, we obtain foreach ¢ € [0,1], p > ¢ and r > ¢

(p—t)w

(did'd?) =757 >d" >0 fors>w>0. (3.7)
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Then we have
£(s) = {af (@ PPa™ yab )75
= (a5dab) 7T

(p—0)(s+w)+r q—t+r
= {(azd az) p—ns+r }(p HE+w)+r

— (dd (Badh) T a5 7T by Lemma C
> (a%dwwa%)%
=f(s+w)

and the last inequality holds by (3.7), Lemma E and Theorem A since #ﬁm €

[0,1] holds, so the proof of (a) is complete by Lemma E since G, 4,(a,b,r,s) =
aTf(s)aT.

(b) Decreasing of Gy q4:(a,b,r,s) for r. Applying Theorem A to (3.6),if a > b > 0,
then foreach r € [0,1] , p >t and s > 1

a" > {agd“ag}v’*%ﬁ‘” >0 forr>u>0. (3.8)
Then we have
—r r —t —t I —r
Gpgila,b,r,s) =a™ {a*(a= VPa™)’ az}(ﬂ nstrq T
s s 4=t=(p=0s
=d}(did'd?) s 43 byLemmaC
(p—1)s+r+u —t—(p—

_dz{(d% d%) p=0str }(p t)s+r+u d:

—t—(p—1)s
=d} {d*a’ (a’d’a?) P ’Wazdz}(f’ e 45 by Lemma C

(p—1):

> di (daad) T g
pai(@ b, r+u,s)

and the last inequality holds by (3.8), Lemma E , Theorem A and Lemma D since
% € [-1,0]. Consequently G, ,(a,b,r,s) is decreasing for r > t. Whence
the proof of Theorem 2 is complete by (@) and (b).

Proof of Corollary 4. We have only to put ¢ = 1 in Theorem 1 and Theorem 3
respectively in order to obtain the first half and the latter half of Corollary 4.

REMARK 4. In Theorem 3 and Corollary 4, when the hypothesis a > b > 0 is
replaced by a > b > 0, it turns out by scrutinizing of the proof of Theorem 3 that
Gy qi(a,b,r,s) is strictly decreasing of r and s.

REMARK 5. Take p,q,r and ¢ in Theorem 3 as follows; 1 > g >t >0, p > ¢,
and r > t. Then we have

@ > aTblaT = = Gpqi(a,b,t,1) > Gy 4.(a,b,r,s)
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and the second inequality follows by the monotonicity of G, :(a, b, r,s) and the first
inequality follows by Theorem A and Lemma E, so that we have (i) of Theorem 1. (ii)
of Theorem 1 is also obtained by the similar method together with Remark 4. Whence
Theorem 3 can be considered as an extension of Theorem 1.

Acknowledgment. We would like to express our cordial thanks to Professor

T.Okayasu and Professor K.Tanahashi for their kind advices after reading our first
draft of this paper and also for giving us an opportunity to read their preprints [12] and
[15] before publication.

[10]
[11]
[12]
[13]
[14]
(15]

REFERENCES

T. ANDO AND F. HIAl, Log-majorization and complementary Golden-Thompson type inequalities, Linear
Alg. and Its Appl. 197, 198 (1994), 113-131.

M. Fuil, Furuta’s inequality and its mean theoretic approach, J. Operator Theory 23 (1990), 67-72.
M. Fusit AND E. KAMEIL, Mean theoretic approach to the grand Furuta inequality, Proc. Amer. Math.
Soc. 124 (1996), 2751-2756.

T. FURUTA, A > B > 0 assures (BrAI’Br)l/q > BWP+2n)/q for r =2 0,p > 0,qg > 1 with
(1+2r)g > p+ 2r, Proc. Amer. Math. Soc. 101 (1987), 85-88.

T. FURUTA, Elementary proof of an order preserving inequality, Proc. Japan Acad. 65 (1989), 126.

T. FURUTA, Extension of the Furuta inequality and Ando-Hiai log-majorization, Linear Alg. and Its
Appl. 219 (1995), 139-155.

T. FURUTA, T. YAMAZAKI AND M. YANAGIDA, Operator functions implying generalized Furuta inequality,
Mathematical Inequality and Applications 1 (1998), 123-130.

T. FURUTA, T. YAMAZAKI AND M. YANAGIDA, Order preserving operator inequalities via Furuta
inequality, to appear in Math. Japon.

E. HEINZ, Beitriige zur Storungstheorie der Spektralzerlegung, Math. Ann. 123 (1951), 415-438.

E. KAMEL A satellite to Furuta’s inequality, Math. Japon 33 (1988), 883-886.

K. LOWNER, Uber monotone Matrixfunktionen, Math. Z. 38 (1934), 177-216.

T. OKAYASU, The Lowner-Heinz inequality in Banach x -algebra, to appear in Glasgow Math. J.

K. TANAHASHI, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc. 124 (1996), 141-146.
K. TANAHASHI, The best possibility of the grand Furuta inequality, to appear in Proc. Amer. Math. Soc.
K. TANAHASHI AND A. UCHIYAMA, The Furuta inequality in Banach x-algebra, to appear in Proc.
Amer. Math. Soc.

(Received December 7, 1998) Department of Applied Mathematics

Faculty of Science
Science University of Tokyo, Kagurazaka
Shinjuku 162, Tokyo, Japan

e-mail: furuta@rs.kagu.sut.ac.jp

Mathematical Inequalities & Applications



